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Preface 


This book has its origins in two short courses given by the author in Bologna 
and Torino, Italy during the Fall of 1985. At that time, connections between 
statistical physics and the Jones polynomial were just beginning to appear, and 
it seemed to be a good idea to write a book of lecture notes entitled Knots and 
Physics. 

The subject of knot polynomials was opening up, with the Jones polynomial 
as the first link polynomial able to distinguish knots from their mirror images. We 
were looking at the ttp of an iceberg! The field has grown by leaps and bounds 
with remarkable contributions from mathematicians and physicists — a wonderful 
interdisciplinary interplay. 

In writing this book I wanted to preserve the flavor of those old Bologna/Torino 
notes, and I wanted to provide a pathway into the more recent events. After a good 
deal of exploration, I decided, in 1989, to design a book divided into two parts. 
The first part would be combinatorial, elementary, devoted to the bracket polyno- 
mial as state model, partition function, vacuum-vacuum amplitude, Yang-Baxter 
model. The bracket also provides an entry point into the subject of quantum 
groups, and it is the beginning of a significant generalization of the Penrose spin- 
networks (see Part II, section 13°.) Part II is an exposition of a set of related 
topics, and provides room for recent developments. In its first incarnation, Part 
II held material on the Potts model and on spin-networks. 

Part I grew to include expositions of Yang-Baxter models for the Homfly and 
Kauffman polynomials — as discovered by Jones and Turaev, and a treatment of 
the Alexander polynomial based on work of Francois Jaeger, Hubert Saleur and the 
author. By using Yang-Baxter models, we obtain an induction-free introduction 
to the existence of the Jones polynomial and its generalizations. Later, Part I grew 
some more and picked up a chapter on the 3-manifold invariants of Reshetikhin 
and Turaev as reformulated by Raymond Lickorish. The Lickorish model is com- 
pletely elementary, using nothing but the bracket, trickery with link diagrams, 
and the tangle diagrammatic interpretation of the Temperley-Lieb algebra. These 
3-manifold invariants were foretold by Edward Witten in his landmark paper on 
quantum field theory and the Jones polynomial. Part I ends with an introduction 


to Witten’s functional integral formalism, and shows how the knot polynomials 


viil 


arise in that context. An appendix computes the Yang-Baxter solutions for spin- 
preserving R-matrices in dimension two. From this place the Jones and Alexander 
polynomials appear as twins! © 

Part II begins with Bayman’s theory of hitches — how to prove that your 
horse can not get away if you tie him with a well constructed clove hitch. Then 
follows a discussion of the experiments available with a rubber band. In sections 
3° and 4° we discuss attempts to burrow beneath the usual Reidemeister moves 
for link diagrams. There are undiscovered realms beneath our feet. Then comes 
a, discussion of the Penrose chromatic recursion (for colorations of planar three- 
valent graphs) and its generalizations. This provides an elementary entrance into 
spin networks, coloring and recoupling theory. Sections 7° and 8° on coloring and 
the Potts model are taken directly from the course in Torino. They show how 
the bracket model encompasses the dichromatic polynomial, the Jones polynomial 
and the Potts model. Section 9° is a notebook on spin, quantum mechanics, and 
special relativity. Sections 10° and 11° play with the quaternions, Cayley numbers 
and the Dirac string trick. Section 11° gives instructions for building your very 
own topological/mechanical quaternion demonstrator with nothing but scissors, 
paper and tape. Sections 12° and 13° discuss spin networks and g-deformed spin 
networks. The end of section 13° outlines work of the author and Sostenes Lins, 
constructing 3-manifold invariants of Turaev-Viro type via g-spin networks. Part 
II ends with three essays: Strings, DNA, Lorenz Attractor. These parting essays 
contain numerous suggestions for further play. 

Much is left unsaid. I would particularly like to have had the space to dis- 
cuss Louis Crane’s approach to defining Witten’s invariants using conformal field 
theory, and Lee Smolin’s approach to quantum gravity — where the states of the 
theory are functionals on knots and links. This will have to wait for the next time! 
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PART I 


PART I. A SHORT COURSE OF KNOTS AND PHYSICS. 


This first part of the book is a short course on knots and physics. It is a rapid 
penetration into key ideas and examples. The second half of the book consists in 
a series of excursions into special topics (such as the Potts Model, map coloring, 
spin-networks, topology of 3-manifolds, and special examples). These topics can 
be read by themselves, but they are informed by Part I. 

Acts of abstraction, changes of mathematical mood, shifts of viewpoint are 
the rule rather than the exception in this short course. The course is a rapid 
guided ascent straight up the side of a cliff! Later, we shall use this perspective - 
both for the planning of more leisurely walks, and for the plotting of more complex 
ascents. 

Here is the plan of the short course. First we discuss the diagrammatic model 
for knot theory. Then we construct the bracket polynomial [LK4], and obtain from 
it the original Jones polynomial. We then back-track to the diagrams and uncover 
abstract tensors, the Yang-Baxter equation and the concept of the quantum group. 
With state and tensor models for the bracket in hand, we then introduce other 
(generalized) link polynomials. Then comes a sketch of the Witten invariants, first 
via combinatorial models, then using functional integrals and gauge field theory. 
The ideas and techniques spiral outward toward field theory and three-dimensional 
topology. Statistical mechanics models occur in the middle, and continue to weave 
in and out throughout the play. Underneath all this structure of topology and 
physical ideas there sounds a theme of combinatorics - graphs, matroids, coloring 
problems, chromatic polynomials, combinatorial structures, enumerations. And 
finally, throughout there is a deep underlying movement in the relation between 
space and sign, geometry and symbol, the source common to mathematics, physics, 
language and all. 

And so we begin. It is customary to begin physics texts either with math- 
ematical background, or with the results of experiments. But this is a book of 
knots. Could we then begin with the physics of knots? Frictional properties? The 
design of the clove-hitch and the bow-line? Here is the palpable and practical 


4 
physics of the knots. 


1°. Physical Knots. 


The clove-hitch is used to secure a line to a post or tree-trunk. The illus- 


tration in Figure 1 shows how it is made. 


Clove Hitch 
Figure 1 


A little experimentation with the clove hitch shows that it holds very well indeed, 
with tension at A causing the line at C to grab B - and keep the assemblage from 
slipping. 

Some physical mathematics can be put in back of these remarks - a project 
that we defer to Part II. At this stage, I wish to encourage experimentation. For 
example, just wind the rope around the post (as also in Figure 1). You will discover 
easily that the amount of tension needed at A to make the rope slide on the post 
increases exponentially with the number of windings. (The rope is held lightly at 
B with a fixed tension.) With the introduction of weaving - as in the clove hitch 
- interlocking tensions and frictions can produce an excellent bind. 


In Figure 2 we find a sequence of drawings that show the tying of the bowline. 


The Bowline 
Figure 2 


In the bowline we have an excellent knot for securing a line. The concentrated 
part of the knot allows the loop yu to be of arbitrary size. This loop is secure under 
tension at A. Pulling at A causes the loop \ to shrink and grab tightly the two 
lines passing through it. This secures y. Relax tension at A and the knot is easily 


undone, making loop adjustment easy. 


The Square Knot 
Figure 3 


In Figure 3 we find the square knot, excellent for splicing two lengths of 
rope. Tension at A and B creates an effect of mutual constriction - keeping the 
knot from slipping. 

And finally in this rogue’s gallery of knots and hitches we have the granny 
(Figure 4), a relative of the square knot, but quite treacherous. The granny will 
not hold. No mutual interlock here. A pull facilitates a flow of rope through the 
knot’s pattern until it is undone. 

It is important to come to some practical understanding of how these knots 
work. The facts that the square knot holds, and that the granny does not hold 
are best observed with actual rope models. It is a tremendous challenge to give a 
good mathematical analysis of these phenomena. Tension, friction and topology 
conspire to give the configuration a form - and within that form the events of 


slippage or interlock can occur. 


The Granny Knot 
Figure 4 


I raise these direct physical questions about knotting, not because we shall 
answer them, but rather as an indication of the difficulty in which we stand. A 
book on knots and physics cannot ignore the physicality of knots of rope in space. 
Yet all of our successes will be more abstract, more linguistic, patterned and 
poised between the internal logic of patterns and their external realizations. And 
yet these excursions will strike deeply into topological and physical questions for 
knots and other realms as well. 

There are other direct physical questions for knotting. We shall return to 


them in the course of the conversation. 


8 
2°, Diagrams and Moves. 


The transition from matters of practical knotwork to the associated topolog- 
ical problems is facilitated by deciding that a knot shall correspond to a single 
closed loop of rope (A link is composed of a number of such loops.). Thus 
the square knot is depicted as the closed loop shown in Figure 5. This figure also 


shows the loop-form for the granny knot. 


Two Unknots 


Figure 5 


9 


The advantage for topological exploration of the loop-form is obvious. One 
can make a knot, splice the ends, and then proceed to experiment with various 
deformations of it - without fear of losing the pattern as it slips off the end of the 
rope. : 

On the other hand, some of the original motivation for using the knot may 
be lost as we go to the closed loop form. The square knot is used to secure two 
lengths of rope. This is nowhere apparent in the loop form. 

For topology, the mathematical advantages of the closed form are over- 
whelming. We have a uniform definition of a knot or link and correspondingly, a 
definition of unknottedness. A standard ring, as shown in Figure 5 is the canon- 
ical unknot. Any knot that can be continuously deformed to this ring (without 
tearing the rope) is said to be unknotted. 

Note that we have not yet abstracted a mathematical definition of knot and 
link (although this is now relatively easy). Rather, I wish to emphasize the advan- 
tages of the closed loop form in doing experimental topological work. For example, 
one can form both the trefoil T, as shown in Figures 5 and 6, and its mirror image 
T* (as shown in Figure 6). The trefoil T cannot be continuously deformed into its 
mirror image T*. It is a remarkably subtle matter to prove this fact. One should 


try to actually create the deformation with a model - to appreciate this problem. 


fs = 


Trefoil and its Mirror Image 


Figure 6 


A knot is said to be chiral if it is topologically distinct from its mirror image, and 


achiral if it can be deformed into its mirror image. Remarkably, the figure eight 
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knot (see Figure 5) can be deformed into its mirror image (Exercise: Create this 
deformation.). Thus the figure eight knot is achiral, while the trefoil is chiral. 
Yet, before jumping ahead to the chirality of the trefoil, we need to have a 
mathematical model in which facts such as chirality or knottedness can be proved 
or disproved. 
One way to create such a model is through the use of diagrams and moves. 
A diagram is an abstract and schematized picture of a knot or link composed of 


curves in the plane that cross transversely in 4-fold vertices: 


x 


Each vertex is equipped with extra structure in the form of a deleted segment: 


> a D4 


The deletion indicates the undercrossing line. Thus in 


Se 


the line labelled a crosses over the line labelled 6. The diagram for the trefoil T 


ED 


(of Figure 6) is therefore: 
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Because we have deleted small segments at each crossing, the knot or link diagram 
can be viewed as an interrelated collection of arcs. Thus for the trefoil T, I have 


labelled below the arcs a, b,c on the diagram: 
we. s 
; \L) 
¢ 
ose aaa & 
=. 


Each arc begins at an undercrossing, and continues, without break, until it reaches 
another undercrossing. 

The diagram is a compact weaving pattern from which one can make an 
unambiguous rope model. It has the appearance of a projection or shadow of the 
knot in the plane. I shall, however, take shadow as a technical term that indicates 
the knot/link diagram without the breaks, hence without under or over-crossing 
information. Thus in Figure 7, we have shown the trefoil, the Hopf link, the 
Borromean rings and their shadows. The shadows are plane graphs with 4-valent 
vertices. Here I mean a graph in the sense of graph theory (technically a multi- 
graph). A graph G consists of two sets: a set of vertices V(G) and a set of edges 
E(G). To each edge is associated a set of one or two vertices (the endpoints of 
that edge). Graphs are commonly realized by letting the edges be curve segments, 


and the endpoints of these edges are the vertices. 
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Trefoil Hopf Link Borromean Rings 
Trefoil Shadow Hopf Shadow Borromean Shadow : 


Figure 7 


In the trefoil shadow, the graph G that it delineates can be described via the 


labelled diagram shown below: 


A 


E(G) = {A, B,C, D, E, F} 
V(G) = {i,3, k} 
bA={i,k} bE = {i,j} 
bB={i,j} bF = {j,k} 
bC = {j,k} 
bD = {i, k}. 
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Here bX denotes the set of end-points of the edge X. The algebraic data shown 
above is still insufficient to specify the shadow, since we require the graph to be 


realized as a planar embedding. For example, the diagram 


has the same abstract graph as the trefoil shadow. 


The matter of encoding the information in the shadow, and in the diagram 
is a fascinating topic. For the present I shall let the diagrams (presented in the 
plane) speak for themselves. It is, however, worth mentioning, that the planar 


embedding of a vertex 


d 


* 
& 


b 


can be specified by giving the (counter-clockwise) order of the edges incident to 


that vertex. Thus (7 : a,b,c,d) can denote the vertex as drawn above, while 


b 


(2 : a,d,c, b) indicates the vertex 
nr - 


d 


Note that both (2 : a,b,c, d) and (7 : a,d,c, 6) have the same cross-lines (a > c and 
b — d). One is obtained from the other by picking up the pattern and putting it 
back in the plane after turning it over. An augmentation of this code can indicate 


the over and undercrossing states. Thus we can write (i : G, b, c,d) to indicate that 
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the segment ac crosses over bd. d 
; 


Let the diagram take precedence. The diagram is to be regarded as a nota- 


(1:4,b,é,d)o a 


But this is enough said about graph-encodement. 


tional device at the same level as the letters and other symbols used in mathemat- 
ical writing. Now I ask that you view these diagrams with the eyes of a topologist. 


Those topological eyes see no difference between 


7 7 d 


or between 


9 


You will find that for a smoothly drawn simple closed curve in the plane (no self- 
intersections) there is a direction so that lines perpendicular to this direction (v) 
intersect the curve either transversally (linearly independent tangent vectors) or 


tangentially. 
v 
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With respect to this special direction the moves 


can be used repeatedly to simplify the curve until it has only one (local) maximum 


Later, this way of thinking will be very useful to us. We have just sketched 


and one (local) minimum: 


a proof of the Jordan Curve Theorem [ST] for smooth (differentiable, non-zero 
tangent vector) curves in the plane. The Jordan Curve Theorem states that such 
a curve divides the plane into two disjoint regions, each homeomorphic to a disk. 
By moving the curve to a standard form, we accomplish these homeomorphisms. 

Notationally the Jordan curve theorem is a fact about the plane upon which 
we write. It is the fundamental underlying fact that makes the diagrammatics of 
knots and links correspond to their mathematics. This is a remarkable situation — 
a fundamental theorem of mathematics is the underpinning of a notation for that 


same mathematics. 
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In any case, I shall refer to the basic topological deformations of a plane curve 


as Move Zero: 


amen Sd a ee 
ee OT ee - 


We then have the Reidemeister Moves for knot and link diagrams - as shown 


in Figure 8. 


LO tax. a 


we. Trey Fe | 
re wlar 


neva 
RK 


The Reidemeister Moves 


Figure 8 
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The three moves on diagrams (I, II, III) change the graphical structure of the 


diagram while leaving the topological type of the embedding of the corresponding 


knot or link the same. That is, we understand that each move is to be performed 


locally on a diagram without changing that part of the diagram not depicted in 


the move. For example, here is a sequence of moves from a diagram K to the 


standard unknot U 9 


ad 
II 
C& 


s. 


[} 2 


In this sequence I have only used the moves II and III (and the “zero move”). The 


equivalence relation generated by II and III is called regular isotopy. Because 
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it is possible to cancel curls (-—7—) of opposite type - as shown above - I single 
out the regular isotopy relation. 

The equivalence relation on diagrams that is generated by all four Reidemeis- 
ter moves is called ambient isotopy. In fact, Reidemeister [REI] showed that 
two knots or links in three-dimensional space can be deformed continuously one 
into the other (the usual notion of ambient isotopy) if and only if any diagram 
(obtained by projection to a plane) of one link can be transformed into a diagram 
for the other link via a sequence of Reidemeister moves (< ,I,II,III). Thus these 
moves capture the full topological scenario for links in three-space. | 

For a modern proof of Reidemeister’s Theorem, see [BZ]. 

In order to become familiar with the diagrammatic formal system of these 
link diagrams together with the moves, it is very helpful to make drawings and 


exercises. Here are a few for starters: 


Exercises. 


1. Give a sequence of Reidemeister moves (ambient isotopy) from the knot below 


— 


to the unknot. 


2. Give a sequence of Reidemeister moves from the figure eight knot E to its 


y & 


3. A knot or link is said to be oriented if each arc in its diagram is assigned a 


mirror image E”. 
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direction so that at each crossing the orientations appear either as 


ys 
~ i ae 


Note that each of these oriented crossings has been labelled with a sign of 
plus (+) or minus (—). Call this the sign of the (oriented) crossing. 

Let L = {a, 8} be a link of two components a and #. Define the linking 
number ¢k(L) = 2k(a, 8) by the formula 


h(a,B)=5 S> ep) 


peans 


where a! # denotes the set of crossings of a with # (no self-crossings) and e(p) 


denotes the sign of the crossing. 
Thus 


LE &=50+=1 


ek(L') = —1. 


Prove: If L,; and Lz are oriented two-component link diagrams and if L, is 
ambient isotopic to L2, then @k(L,) = lk(L2). (Check the oriented picture for 
oriented moves.) 
4. Let K be any oriented link diagram. Let the writhe of K (or twist number 
of K) be defined by the formula w(K) = a e(p) where C(K’) denotes the 
pec 
set of crossings in the diagram K. Thus v( ) = +3. 


Show that regularly isotopic links have the same writhe. 
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5. Check that the link W below has zero linking number - no matter how you 


orient its components. 


Cp 


6. ( . The Borromean rings (shown here and in Figure 7) 


oO) 


have the property that they are linked, but the removal of any component 
leaves two unlinked rings. Create a link of 4 components that is linked, and 
so that the removal of any component leaves three unlinked rings. Generalize 


to n components. 


7. What is wrong with the following argument? The trefoil T 


has no Reidemeister moves except ones that make the diagram more complex 


such as 


] 
II 


Thus the diagram T is in a minimal form, and therefore T is truly knotted 
(not equivalent to the unknot). 


8. What is lacking in the following argument? The trefoil T has writhe 
w(T) = +3 (independent of how T is oriented), while its mirror image T™ has 


writhe w(T*) = —3. Therefore T is not ambient isotopic to I”. 


9. A diagram is said to be alternating if the pattern of over and undercrossings 
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alternates as one traverses a component. 


Take any knot or link shadow 


Attempt to draw an alternating diagram that overlies this shadow. 


ZO 
= 


Will this always work? When are alternating knot diagrams knotted? (Inves- 
tigate empirically.) Does every knot have an alternating diagram? (Answer: No. 


The least example has eight crossings. ) 


Discussion. 


Exercises 1. — 4. are integral to the rest of the work. I shall assume that the 
reader has done these exercises. I shall comment later on 5. and 6. The fallacy 
in 7. derives from the fact that it is possible to have a diagram that represents an 
unknot admitting no simplifying moves. 


We shall discuss 8. and 9. in due course. 


The Trefoil is Knotted. 


I conclude this section with a description of how to prove that the trefoil is 


knotted. Here is a trefoil diagram with its arcs colored (labelled) in three distinct 


colors (R-red, B-blue, P-purple). 


R 


I claim that, with an appropriate notion of coloring, this property of being 


three-colored can be preserved under the Reidemeister moves. For example: 


B 


R P 
CL" — 
C> S 


However, note that under a type I move we may be forced to retain only one color 


at a vertex: 


Thus I shall say that a knot diagram K is three-colored if each arc in K is 
assigned one of the three colors (R, B, P), all three colors occur on the diagram and 
each crossing carries either three colors or one color. (Two-colored crossings 
are not allowed.) 

It follows at once from these coloring rules, that we can never transform a 


singly colored diagram to a three-colored diagram by local changes 


O ~ (Ore OP 
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(obeying the three or one rule). For example, 


Se: 


The arc in question must be colored R since two R’s already occur at each neigh- 


boring vertex. 
Each Reidemeister move affords an opportunity for a local color change - by 
coloring new arcs created by the move, or deleting some colored arcs. Consider 


the type III move: 


RAF P Ry ®\/ 


R al & \R 


Note that in preserving the (non-local) inputs (R, B,P) and output (R, P, R) we 
were forced to introduce a single-color vertex in the resultant of the triangle move. 
Check (exercise) that all color inputs do re-configure under the type III move - and 


that three-coloration is preserved. Finally, you must worry about the following 


i « aeninee a 


Upon performing a simplifying type II move, a colored arc is lost! Could we also 


scenario: 
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lose three-coloration as in the link below? 


«cy 9 & 


Well, knots do not allow this difficulty. In a knot the two arcs labelled R and 


: : 4 
B must eventually meet at a crossing: 1p 


Ah 
ee ae B 

The transversal arc at this crossing will be colored P in a three-colored diagram. 
Thus, while purple could be lost from the local arc, it will necessarily occur else- 
where in the diagram. 

This completes the sketch of the proof that the trefoil is knotted. If T were 
ambient isotopic to the unknot, then the above observations plus the sequence of 
Reidemeister moves from T to unknot would yield a proof that 3 = 1 and hence a 


contradiction. // 


A coloration could be called a state of the knot diagram in analogy to the 
energetic states of a physical system. In this case the system admits topological 
deformations, and in the case of three-coloring, we have seen that there is a way 
to preserve the state structure as the system is deformed. Invariant properties of 
states then become topological invariants of the knot or link. 

It is also possible to obtain topological invariants by considering all possible 
states (in some interpretation of that term-state) of a given diagram. Invariants 
emerge by summing (averaging) or integrating over the set of states for one dia- 
gram. We shall take up this viewpoint in the next section. 

These two points of view - topological evolution of states versus integration 
over the space of states for a given system - appear to be quite complementary 
in studying the topology of knots and links. Keep watching this theme as we go 
along. The evolution of states is most closely related to the fundamental group 
of the knot and allied generalizations (section 13°). The integration over states is 
the fundamental theme of this book. 
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3°. States and the Bracket Polynomial. 


Consider a crossing in an unoriented link diagram: ~~ Two associated 


diagrams can be obtained by splicing the crossing: 


pr, 


s 


1 Ed 


4 
AT 
For example: H 


# XO 


One can repeat this process, and obtain a whole family of diagrams whose 


one ancestor is the original link diagram. (Figure 9). 
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In Figure 9 I have indicated this splitting process with an indication of the type 


of split - as shown below 
s ad 
of 


iA 
na, 


That is, a given split is said to be of type A or type B according to the convention 
that an A-split joins the regions labelled A at the crossing. The regions 
labelled A are those that appear on the left to an observer walking toward the 
crossing along the undercrossing segments. The B-regions appear on the right for 
this observer. 


Another way to specify the A-regions is that the A-regions are swept out 
when you turn the overcrossing a 
A 


In any case, a split site labelled A or B can be reconstructed to form its ancestral 


crossing: 


x — >< 
—— 


o_o ensayo 


Therefore, by keeping track of these A’s and B’s we can reconstruct the ancestor 


link from any of its descendants. The most primitive descendants are collections 
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of Jordan curves in the plane. Here all crossings have been spliced. In Figure 9 


we see eight such descendants. A sample reconstruction is: 


B eeitiane 


Call these final descendants of the given knot or link K the states of K. 
Each state (with its labelling) can be used to reconstruct K. We shall construct 
invariants of knots and links by averaging over these states. 

The specific form of the averaging is as follows: Let o be a state of K. Let 
(K|c) denote the product (commutative labels) of the labels attached to o. 


= & |@)-« 


[Note that we deduce the labels from the structure of the state in relation to K.] 


Let ||o|| denote one less than the number of loops in ¢. Thus 


@l-o 


Definition 3.1. We define the bracket polynomial by the formula 


(K) = (K)(A, B,d) =} (K|o)dllel 


Co 


where A, B, and d are commuting algebraic variables. Here o runs over all the 
states of K. 


Remark. The bracket state summation is an analog of a partition function [BA1] 
in discrete statistical mechanics. In fact, for appropriate choices of A, B, d the 
bracket can be used to express the partition function for the Potts model. See 


Part II sections 7° and 8° for this connection. 
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Example. From Figure 9 we see that the bracket polynomial for the trefoil dia- 
gram is given by the formula: 


(K) = Ad?! + A? Bd!) + A’Bd'“! + AB?d? + A?Bd'—) + AB?d 
AB?d?7} of BQ 
(K) = A?d! + 3A?Bd° + 3AB7d! + B'd?. 
This bracket polynomial is not a topological invariant as it stands. We investigate 


how it behaves under the Reidemeister moves - and determine conditions on A, B 


and d for it to become an invariant. 


Proposition 3.2. 


(><) ==) +2(D C) 


Remark. The meaning of this statement rests in regarding each small diagram 
as part of a larger diagram, so that the three larger diagrams are identical except 
at the three local sites indicated by the small diagrams. Thus a special case of 


Proposition 3.2 is 


(Q)- (CO) +P ) 


The labels A and B label A and B - splits, respectively. 


Proof. Since a given crossing can be split in two ways, it follows that the states 
of a diagram K are in one-to-one correspondence with the union of the states of 
K' and K" where K' and K" are obtained from K by performing A and B splits 
at a given crossing in K. It then follows at once from the definition of (A) that 
(K) = A(K') + B(K"). This completes the proof of the proposition. // 


Remark. The above proof actually applies to a more general bracket of the form 
(K) = 0 (Kle)(2) 

where (c) is any well-defined state evaluation. Here we have used (c) = dllell as 

above. We shall see momentarily that this form of state-evaluation is demanded 


by the topology of the plane. 


Remark. Proposition 3.2 can be used to compute the bracket. For example, 


= Ad?! + ABd'-! + BAd'—) + B*a-! 


= A*d' + 2ABd° + B’d’. 


pri name sap 
© (BC) =m(oc)+aX) 
+(4? +B")( 
0 (apace) 
(~6") =(4+30(— 
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Proof. (a) 


+ (A? +B) pak 


dd 
Part (b) is left for the reader. Note that O -d(—— ; and, in 
general, (OK) = d(K) where OK denotes any addition of a disjoint circle to the 


(GD) -(«@D) i 


Corollary 3.4. If B = A~! and d = —A? — A~?, then 

S (BL) = (PC) 

> CBee) 
Be hS7)) 


Proof. The first part follows at once from 3.3. The second part follows from 3.3 
and the calculation Ad + B = A(—A? — A~?)+ A? = —A’®. // 
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Remark. The formula 3.3 (a) shows that just on the basis of the assumptions 
4 ee” 
(><) = af pov )+2(D ) 
- 
32)-(2¢) 


and 


we need that AB = 1 and 
ee 4 
AB = (—A? — B? ( ) 


(A) =“) 


(7x) =) 


This shows that the rule we started with for evaluating all simple closed curves is 


whence 


or 


necessary for type II invariance. Thus from the topological viewpoint, the bracket 


unfolds completely from the recursive relation 


ee” 
(><) =4(==)+2(D C). 
We have shown that (KK) can be adjusted to be invariant under II. In fact, 


Proposition 3.5. Suppose B = A7! and d = —A? — A~? so that 


(“3 ) ~ (D> oA Then 


- (SX Y), // 
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The bracket with B = A~!, d = —A? — A~? is invariant under the moves II 
and III. If we desire an invariant of ambient isotopy (I, II and III), this is obtained 


by a normalization: 

Definition 3.6. Let K be an oriented link diagram. Define the writhe of K, 

w(K), by the equation w(K) = 5° e(p) where p runs over all crossings in K, and 
P 

e(p) is the sign of the crossing: 


— 


e=+1 | e=-l 
(Compare with exercises 3 and 4). Note that w(K) is an invariant of regular 


isotopy (II, III) and that 


Thus, we can define a normalized bracket, Cx, for oriented links K by the 
formula 


Lx = (-A*) MK) 
and we have 


Proposition 3.7. The normalized bracket polynomial Cx is an invariant of am- 


bient isotopy. 


Proof. Since w(K) is a regular isotopy invariant, and (K) is also a regular isotopy 
invariant, it follows at once that Lx is a regular isotopy invariant. Thus we need 


only check that £x is invariant under type I moves. This follows at once. For 


Finally, we have the particularly important behavior of (K) and Lx under 
mirror images: 


[Note: Unless otherwise specified, we assume that B = A~! and d = —A? — A~? 


in the bracket.] 

_ Proposition 3.8. Let K* denote the mirror image of the (oriented) link K that 

is obtained by switching all the crossings of K. Then (K*)(A) = (K)(A7?) and 
£x+(A) = L(A"). 

Proof. Reversing all crossings exchanges the roles of A and A~! in the definition 

of (K) and Lr. QED// 

Remark. In section 5° (Theorem 5.2) we show that Lyx is the original Jones 

_ polynomial after a change of variable. 


Examples. It follows from 3.8 that if we calculate Cx and find that Lx(A) # 
L(A"), then K is not ambient isotopic to K*. Thus Lx has the potential to 
detect chirality. In fact, this is the case with the trefoil knot as we shall see. 


mh IAC? deel 
tT seven sattS 
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@ — (QQ)-NAQ +4 XB ) 


= A(- 4) + A? 
(T) =—-A>— A? 447% 
w(T) = 3 (independent of the choice of orientation 
since T is a knot) 
Lr = (-A®)3(T) 
=o (—A° A? +A“) 
-ipnwa *+ 4°" -2™ 
Lr = At + A’? — A’, 


Since Lr # Lr, we conclude that the trefoil is not ambient isotopic to its mirror 


image. Incidentally, we have also shown that the trefoil is knotted and that the 
link Z is linked. 
(iii) (The Figure Eight Knot) 
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w= @) a @) 
= a(-a) @ ) + HQ ) 


ae —A*(|—A‘ — A~*) + A7}[-A® PO +Aq~"] 
= A® 41+ Ana * es” 


(FE) = A® — A*4+1-A*+A°°. 
Since w(E) = 0, we see that 
Lp =(E) and Lee = Ce. 
In fact, E is ambient isotopic to its mirror image. 
(iv) Ww (The Whitehead Link). 


The Whitehead link has linking number zero however one orients it. A bracket 


calculation shows that it is linked: 


no SY, ) GX ) 
@ ? +(47Y(-A- 1 SO 
- 4(-4%)( (ez )- 2 Oe 


= (-a4)( oy ) -A“(E" 


= (—A*)(—A~*)(T*) — A“*(E") 


“(CQ 


= (+A1)[(—A~> — A? + A] — A7*[A® — A*#4+1-A7-*4 A479] 
=—A*— At 4 AP— A*41-A*4A%-A? 
(W) = A®+A7®—2A*-—2A-*4+1-A-¥ 


oO Ss ses 
ky Ke K3 Ka 


Here K, is a torus link of type (2,n). (I will explain the terminology 
below.) 


( LES ED) AEE “ES | 


+A SOS ees ) 
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Thus (Ky) mtr A(Ky-1) £ oar 


(Kn) = —-< 
(K2) = A(—A®) + (—1)'A73?+? = — At — A-4 
(K3) = A(—A* — A~*) + (-1)?A7? = —A® ~ A~3 4 77 


(K4) = A(—A® — A? + A7") + (-1)2 A719 = —A® — Am? 4 A-8 — 4-10. 


Use this procedure to show that no torus knot of type (2,n) (n > 1) is ambient 


isotopic to its mirror image. 
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4°, Alternating Links and Checkerboard Surfaces. 


This is a long example. To begin with, take any link shadow. (No over or 


undercrossings indicated.) 


(2B | 


Shade the regions with two colors (black and white) so that the outer region 


is shaded white, and so that regions sharing an edge receive opposite colors. 


é2 


You find that this shading is possible in any example that you try. Prove that it 


always works! 
While you are working on that one, here is another puzzle. Thicken the 


shadow U so that it looks like a network of roadways with street-crossings: 


40 


Now, find a route that traverses every street in this map once, and so that it 


always turns at each cross-street. 
= fle B B a 
¥, 
re = = FoRBIDDEN 


You see that the roadway problem can be rephrased as: split each crossing of 
the diagram so that the resulting state has a single component. 

Now it is easy to prove that there exists such a splitting. Just start splitting 
the diagram making sure that you maintain connectivity at each step. 


For example 


(2 
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BY 
B-(B- 


It is always possible to maintain connectivity. For suppose that >< is discon- 
nected. Then >< must have the form 


[=> <e 


== == 
and hence Zz 2 is connected. Here, I am implicitly using the Jordan 
—<—-q — 


Curve Theorem - that a simple closed curve divides the plane into two connected 


pieces. 


Knowing that the roadway problem can be solved, we in fact know that 
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every link diagram can be two-colored. The picture is as follows: 


Split the diagram to obtain a simple closed curve. Shade the inside of the curve. 
Then shade the corresponding regions of the original link diagram! 
Knowing that link diagrams can be two-colored, we are in a position to prove 


the fundamental. 


Theorem 4.1. Let U be any link shadow. Then there is a choice of over/under 
structure for the crossings of U forming a diagram K so that K is alternating. 
(A diagram is said to be alternating if one alternates from over to under to over 


when travelling along the arcs of the diagram.) 


Proof. Shade the diagram U in two colors and set each crossing so that it has 


the form 


that is - so that the A-regions at this crossing are shaded. The picture below 


should convince you that K (as set above) is alternating: 


Ce Sei Sis 
Z at Houta eae 
Le A paras S Ran 


This completes the proof. // 


Example. 


Now we come to the center of this section. Consider the bracket polynomial, 
(K), for an alternating link diagram K. If we shade K as in the proof above, so 
that every pair of A-regions is shaded, then the state S obtained by splicing each 
shading 


will contribute 
seenehen At we ie! oad a 


where £(S) is the number of loops in this state. Let V(K) denote the number of 
crossings in the diagram K. Thus the highest power term contributed by $ 
is ) 

(—1) 5) AV 42€(8)—2_ 
I claim that this is the highest degree term in (K) and that it occurs with 
exactly this coefficient (—1)9). 


In order to see this assertion, take a good look at the state S: 


‘a? ce wy 
SS: 


a 

» AY 

0 Gd 
AS? 49,8 
4 ee 2 
ay 


QUES, esi 
CA 7 YA he: 
Bes = 
Stet SS 
# aioe nt iv0% 
sans ieo3e 
oe e . ED 
oe od avy ry 
* ane Ka 
PAR 
& 
yy K 
ey 


V =V(K)=17 


W =W(K) =10 
B=B(K)= 9 
R=R(K)=19 


By construction we see that 
S| =4(S)-1=W-] 


where W = W(K) is the number of white (unshaded) regions in the two-coloring 
of the diagram. Thus we are asserting that the maximum degree of the bracket is 


given by the formula 
max deg(K) = V(K)+2W(K) —2 


where V(K) denotes the number of crossings in K, and W(K_) denotes the number 
of white regions in the checkerboard shading of K. 

To see the truth of this formula, consider any other state S’ of K. Then 
S' can be obtained from S by switching some of the splices in S [A = CQ. 


I am assuming that the diagram K is reduced. This means that K is 


not in the form with a 2-strand bridge between pieces that contain 
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crossings. It follows from this assumption, and the construction of S, that if S’ is 
obtained from S by one switch then ||S'|| = ||S|] — 1. Hence, if S contributes 
AV(A)(_ 4? — A-?)IISIl, then S$! contributes AY(*)-2(— A? — A-?)IISII-1 and so the 
largest degree contribution from S’ is 4 less than the largest degree contribution 
from S. It is then easy to see that no state obtained by further switching S’ can 
ever get back up to the maximal degree for S. This simple argument proves our 
assertion about the maximal degree. 


By the same token, the minimal degree is given by the formula 
min deg(K) = —V(K) —-2B(K)+2 


where B(K‘) is the number of black regions in the shading. Formally, we have 


proved. 


Proposition 4.2. Let K be a reduced alternating link diagram, shaded in (white 
and black) checkerboard form with the unbounded region shaded white. Then the 


maximal and minimal degrees of (K) are given by the formulas 


maxdeg(K)= V+2W—-2 
min deg(kK) = -V -2B 42 


where V is the number of crossings in the diagram K, W is the number of white 
regions, B is the number of black regions. 

For example, we have seen that the right-handed trefoil knot T has bracket 
(T) = —A® — A~* 4+ A~’ and in the shading we have 


V=3 
W=2 
B=3 


so that 


V+2W -2= 34+4-2= 5 
—-V —-2B4+2=-3-64+2=-7 


and these are indeed the maximal and minimal degrees of (K). 
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Definition 4.3. The span of an unoriented knot diagram K is the difference 


between the highest and lowest degrees of its bracket. Thus 
span(K) = max deg(K) — mindeg(K). 


Since Le = (—A®)~“)(K) is an ambient isotopy invariant, we know that 
span(K) is an ambient isotopy invariant. 


Now let K be a reduced alternating diagram. We know that 


maxdeg(K)= V+2W-—2 
min deg(K) = —V —2B +2. 


Hence span(K) = 2V + 2(W + B) — 4. 
However, W + B = R, the total number of regions in the diagram - and it is 
easy to see that R= V + 2. Hence 


span(K) = 2V +2(V +2) —4 
span(K’) = 4V. 


Theorem 4.4. ({[LK4], [MUR1]). Let K be a reduced alternating diagram. Then 


the number of crossings V(K) in K is an ambient isotopy invariant of K. 


This is an extraordinary application of the bracket (hence of the Jones poly- 
nomial). The topological invariance of the number of crossings was conjectured 
since the tabulations of Tait, Kirkman and Little in the late 1800’s. The bracket 
is remarkably adapted to the proof. 

Note that in the process we have (not surprisingly) shown that the reduced 
alternating diagrams with crossings represent non-trivial knots and links. See 
[LICK1] for a generalization of Theorem 4.4 to so-called adequate links. 


Exercise 4.5. Using the methods of this section, obtain the best result that you 
can about the chirality of alternating knots and links. (Hint: If K* is the mirror 
image of K, then Lx+(A) = LK(A~").) 

Note that £x(A) = (—A*)-’*) (K). Hence 


max deg Le = —3w(K) + max deg(K) 
min deg Le = —3w(K) + mindeg(K). 
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If £x(A) = L(A), then max deg Lx = — mindeg Lx, whence 
6w(K) = + max deg(K) + mindeg(K). 
Thus if K is reduced and alternating, we have, by Proposition 4.2, that 
6w(K) = 2(W — B) 


whence 3w(K) = W —- B. 

For example, if K is the trefoil &D then B = 3, W:=.2, w(K) = 3. Since 
W —B=-1#9 we conclude that K is not equivalent to its mirror image. We 
have shown that if K is reduced and alternating, then K achiral implies 
that 3w(K) = W —B. One can do better than this result, but it is a good 
easy start. (Thistlethwaite [TH4] and Murasugi [MUR2] have shown that for K 
reduced and alternating, w(K) is an ambient isotopy invariant.) Note also that 
in the event that w(K) = 0 and K is achiral, we have shown that B = W. See 
[LICK1] and [TH3] for generalizations of this exercise to adequate links. 


Example 4.6. Define the graph ['(K) of a link diagram K as follows: Shade 
the diagram as a white/black checkerboard with the outer region shaded white. 
Choose a vertex for each black region and connect two vertices by an edge of I'(K) 


whenever the corresponding regions of K meet at a crossing. 


P'(&) 


The corresponding graph I'*(K’) that is constructed from the white regions is the 
planar dual of ['(K). That is, ['*(K) is obtained from I by assigning a vertex of 


P* to each region of I’, and an edge of I'* whenever two regions of I have a 
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common edge: 


In the case of the figure eight knot E we see that [(E) and I'*(£) are isomorphic 


-—- @& 


graphs: jo pee 
‘6 ; 
(¢ 
eo 
(E) M™(£) 


The fact that these graphs are isomorphic is related to the fact that the knot E is 
ambient isotopic to its mirror image. In fact, if ['(K) and I'*(K) are isomorphic 
graphs on the two-sphere S$? (that is on the plane with a point at infinity added), 
then the associated alternating knots K and K™* (its mirror image) are ambi- 
ent isotopic. (Exercise.) One possible converse to this statement is the Mirror 
Conjecture: If K is an alternating knot, and K is ambient isotopic to its mir- 
ror image, then there exists an alternating diagram K for K such that [(K) and 
['*(K) are isomorphic graphs on the two-sphere S?. 
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5°. The Jones Polynomial and its Generalizations. 


The original 1-variable Jones polynomial was discovered [JO2] via a new rep- 
resentation of the Artin braid group. We shall see this in section 6°. 

It is easy to show how the bracket polynomial gives rise to the Jones polyno- 
mial via the following definition. 
Definition 5.1. The 1-variable Jones polynomial, Vx(t), is a Laurent polynomial 
in the variable ¢ (i.e. finitely many positive and negative powers of t) assigned to 
an oriented link K. The polynomial satisfies the properties: 

(i) If K is ambient isotopic to K', then V(t) = Vxi(t). 


1 
tii) ¢72 a - eke 
(iii) Sg Me (vi =) V— 
In the last formula, the three small diagrams stand for three larger link diagrams 


that differ only as indicated by the smaller diagrams. 
For example, en = Q a Vey = 1 by (i) and (ii). Therefore, 


a gt by (vi- Wg by (iii). 


eet ORD +H 1/2) 
t= vt cue 


6 = —(vt+1/v2). 


This definition gives sufficient information to compute the Jones polynomial, re- 
cursively on link diagrams. (We will discuss this shortly.) The definition is not 
obviously well-defined, nor is it obvious that such an invariant exists. Jones proved 


(i), (ii), (iii) as theorems about his invariant. However, 
Theorem 5.2. Let £%(A) = (—A*)~“‘*)(K) as in section 4°. Then 
Ly(t7/*) = Vx(t). 


Thus the normalized bracket yields the 1-variable Jones polynomial. 
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Remark. In this context, I take this theorem to mean that if we let Vx(t) = 
Lx(t71/4), then Vx(t) satisfies the properties (i), (ii) and (iii) of Definition 5.1. 
Thus this theorem proves the existence (and well-definedness) of the 1-variable 
Jones polynomial. For the reader already familiar with Vx(t) as satisfying (1), (ii), 
and (iii) the theorem draws the connection of this polynomial with the bracket. 


Proof of 5.2. Keeping in mind that B = A7', we have the formulas for the 
bracket 


Hence 


Let w = w( =, ) so that w( >S )=wtlandu( Sh )=w-1. Let 
a = —A®. Then 


Hence 
Aa > atom ca Ata J pers? - (A? _ a-t)( a )a-* 


ae Ss | ria ~2 
Aalks —A a Lye =(A'-A \L ue 
me 7 ie F ee = ai{A* —A-*\l a 


77> 
Letting A = t~!/4, we conclude that 
1 
fede > aaa | > ={|vt-—JL 
7% = (Vin G)fo5. 


This proves property (iii) of Proposition 5.1. Properties (i) and (ii) follow directly 
from the corresponding facts about Lx. This completes the proof. // 


oo 


One effect of this approach to the Jones polynomial is that we get an imme- 


diate and simple proof of the reversing property. 


Proposition 5.3. Let K and K' be two oriented links, so that K' is obtained by 
reversing the orientation of a component K; C K. Let \ = ¢k(K,, K — K;) denote 
the total linking number of K; with the remaining components of K. (That is, 
A is the sum of the linking number of K, with the remaining components of K.) 
Then 
V(t) = t~ V(t). 
Proof. It is easy to see that the writhes of K and K’' are related by the for- 
mula: w(K') = w(K) — 4, where = 0k(K,, K — K,) as in the statement of the 
proposition. Thus 
£Lx(A) = (—A®)- MK") 
= (—A8)-((K) 
— (—- yr * +4 (k) 
L(A) = (— A?) L(A). 

Thus, by 5.2, V(t) = Le (t-1/*) = t-? Lx (t-1/*) = t- Ve (t). This completes 
the proof. // 


The reversing result for the Jones polynomial is a bit surprising (see [MO1] 


and [LM2]) if the polynomial is viewed from the vantage of the relation 


1 
t Voz — tV: = (| Vt-— }V—» 
This relation is structurally similar to the defining relations for the Alexander- 


Conway polynomial Vx(z) € Z[z] (polynomials in z with integer coefficients): 


(i) Vx(z) = Vx:(z) if the oriented links K 


and K' are ambient isotopic 
(ii) Vey = J 


(ii) Voz -Voag = 2zV— 
(iii) * V9 
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These properties are John H. Conway’s [CON] reformulation (and generalization) 
of the original Alexander polynomial [A]. We discuss the Alexander polynomial 
at some length and from various points of view in sections 12° and 13°. It was 
Conway who perceived that the three properties ((i), (ii), (iii)) above characterize 
this polynomial. ‘Moreover, V x(z) is very sensitive to changes in orientation. It 
does not simply multiply by a power of a linking number. 

Upon juxtaposing the exchange identities for the Jones and Conway-Alexander 
polynomials, one is led to ask for a common generalization. This generalization 


exists, and is called the Homfly polynomial after its many discoverers ([F], [PT]): 


. Vis —tVK_ = (Vt —1/Vt)Vx, V Ky —VxK_=2zVk, 
Conway-Alexander 


In the diagram above, I have indicated the basic exchange relation for the oriented 
2-variable polynomial Px(a,z). For a = t7', z= Vt — 1/Vt, it specializes 
to the Jones polynomial. For a = 1, it specializes to the Conway-Alexander 
polynomial. The original proofs of the existence of the Homfly polynomial were 
by induction on knot diagrams. We shall deduce its existence via generalizations 
of the bracket state model. Another approach to the Homfly polynomial is given 
by Jones in [JO3], that generalizes his original methods for Vx(t). 

Along with this oriented 2-variable polynomial there is also a semi-oriented 
2-variable polynomial F(a, z) [LK8] (the Kauffman polynomial) that general- 
izes the bracket and original Jones polynomial. This polynomial is a normalization 


of a polynomial, Lx, defined for unoriented links and satisfying the properties: 
(i) If K is regularly isotopic to K', then Lx(a,z) = Lx(a,z). 


(ii) Lyy +l =2+{ Le +lLac) 
(iv) Lo- =aL 
bag = aL 
See Figure 8 and the discussion in sections 2° and 3° for more information about 


regular isotopy. Just as with the bracket, the L-polynomial is multiplicative under 
a type I Reidemeister move. The F-polynomial is defined by the formula 


Fx(a,z) = a~" L¢(a, z) 


where w(K) is the writhe of the oriented link K. 
Again, we take up the existence of this invariant in section 14°. Given its 
existence, we can see easily that the bracket is a special case of DL and the 


Jones polynomial is a special case of F’. More precisely, 
Proposition 5.4. (K)(A) = Lx(-A®,A+A7"*) and 
Vic(t) = Fx(—t73/4, 71/4 4 #1/4), 


Proof. We have the bracket identities 


(P<) = Ss) t4(>D C) 


(Sag ) =a = )+4(D c). 
tee (><)+( DK )aurer|( == )+(>.€)} 
Therefore (K)(A) = Lx (—A*®, A+ A7?). Since Vx(t) = Lx(t7!/*) and 
L(A) = (—A8)- "9 (K)(A) | 


we have that 
Vic (t) = (—t79/4) “(Ky (4-1/4), 


Therefore V(t) = (—t~3/4)-"(4) E -(—t-3/4, ¢-1/4 4 41/4). Hence 
V(t) = Fe(—t73/4, 4-1/4 4+ 23/4). 


This completes the proof. // 


Thus we can form the chart 


Conway- Jones LMBH 


Alexander 


where the question mark denotes an unknown unification of the oriented and 
semi-oriented 2-variable polynomials. Here the invariant Qx(z) is the unoriented 
polynomial invariant of ambient isotopy discovered by Lickorish, Millett, Brandt 
and Ho ([BR], [HO]). It is, in this context, obtained by setting a = 1 in the 
L-polynomial. 

Both of these 2-variable polynomials - Px and Fx are good at distinguishing 
mirror images. Fy seems a bit better at this game. (See [LK8].) 

In this description of knot polynomial generalizations of the Jones polynomial 
I have avoided specific calculations and examples. However, it is worth mentioning 
that the oriented invariant Px(a,z) can also be regarded as the normalization of 
a regular isotopy invariant. In this way we define the regular isotopy homfly 


polynomial, Hx(a,z), by the properties 


(i) If the oriented links K and K’ are regularly isotopic, then 
Hx(a,z) = Hx(a,z). 


(ii) He =1 
(iii) 4 ~5e —— 
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(iv) H+ = ah—» 
Ss: ae 
Hag a HA, 
Again, believing in the existence of this invariant, we have 
Proposition 5.5. Px(a,z) = a~““*) Hx(a, z). 


Proof. Let Wx(a,z) = a~“\*) Hx(a,z). Then Wx is an invariant of ambient 


isotopy, and We =1. Thus it remains to check the exchange identity: 


H —H =-0H wp 
x y 3 
+1, —(w+1) —1,—(w—-1) _ yaw 
=>a™a HA =a Hs =za “"H 


where w = w( etd y Hence 


aw A — = zW —» 
7 = bres 
This completes the proof. // 


There is a conceptual advantage in working with the regular isotopy Homfly 
polynomial. For one thing, we see that the second variable originates in measuring 
the writhing of the diagrams involved in a given calculation. One can think of this 
as a measure of actual topological twist (rather than diagrammatic curl) if we 
replace the link components by embedded bands. Thus a trefoil knot can 
be replaced by a knotted band 


Q — 


Then the rule H >? = aHp—p becomes the rule: 


— =Hocxay = gooey 
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That is, the polynomial H may be interpreted as an ambient isotopy invariant 
of embedded, oriented band-links. (No Mobius bands here. Compare [HE1] 
and [HE2].) The exchange identity remains essentially the same: 


a < = oA = 2H « 
With this interpretation the variables z and a acquire separate meanings. The 
z-variable measures the splicing and shifting operations. The a-variable measures 
twisting in the bands. This point of view can then be reformulated to work with 
framed links - links with an associated normal vector field. 


To underline this discussion, let’s compute the specific examples of Hopf link 


and trefoil knot: 
(a) Heo =a"He #6) =a "Hg =a. 


(b) HY -H% =2H9 
a-a'=zH@@ 
Let 6 = (a—a™")/z. 
The same reasoning shows that 
Hox = 6H x for any K. 
H —H, si 2 
©) He - 1G) =D , EOD 
H, —6=za 
Hy, =z7\(a—a™!)+2za 


P, = a * Hie?" (a a) + za. 


(d) Hr -Ayp =z, 2); f 
i * / 
Hr —-a=2z{z l(a — a7!) + za] CL, (SOT 
Hr = (2a—a~!)+2z7a 
Pr = a3 Hr = 2a7? — a4 + z?2a7?. 


Since Px+(a,z) = Px(a~!,—z) when K* is the mirror image of K, we 
see the chirality of T reflected in this calculation of Pr. 
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In these calculations we have used a tree-like decomposition into simpler knots 
and links. Thus in the case of the trefoil, the full calculation can be hung on the 
tree in Figure 10. 


(* 
O® 
Skein Tree for the Trefoil 


Figure 10 


Each branching of this skein-tree takes the form of splicing or switching a 


os 
switch ./ \y Splice 
a. 


We can make this tree-generation process completely automatic by the following 


algorithm ({JA1], [LK13]): 


given crossing: 


Skein-Template Algorithm. 
(i) Let K be a given oriented link and let U be the universe underlying K. (U 


is the diagram for K without any indicated over or undercrossings). Label each 
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edge of U with a distinct positive integer. Call this labelled U the template 


T for the algorithm. 
(ii) Choose the least (unused) label on the template T. Begin walking along 


the diagram K (or along any diagram in the tree derived from K ) in the direction 


of the orientation and from the center of this least labelled edge. 


VRAD Pa al Ae 


Continue walking across an overpass, and decorate it (see below). 


oe 


Stop walking at an underpass. If you have stopped walking at an 


LU 
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underpass, generate two branches of the tree by switch and splice. 


on 
~ gil 


ioe 


Decorate the switched and spliced crossings as indicated above and also below: 


a6 “a 


These decorations are designed to indicate that the state of the site has been 


decided. Note that the dot «@» for a spliced crossing is placed along the arc of 
passage for the walker. 

In the switched diagram a walker would have passed over as indicated on the 
decorated crossing (using the given template). In the spliced diagram the walker 
can continue walking along the segment with the dot. 

Also decorate any overpass that you walk along in the process of the algo- 
rithm. 

(iii) If you have completed (ii) for a given diagram, go to the next level in the 
tree and apply the algorithm (ii) again — using the same template. [Since switched 
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and spliced descendants of K have the same edges (with sometimes doubled ver- 
tices), the same template can be used.] It is not necessary to start all over again 
at any of these branchings. Assume the path began from the generation node for 


your particular branch. 


If there is no next level in the tree, then every vertex in each of the final nodes 


is decorated. This is the completion of the Skein-Template Algorithm. 


Example. s (2, 
V3é 
Pa a" 
Regard the output of the Skein-Template Algorithm as the set 
D is a decorated final node (diagram) 


in the tree generated by the Skein- 


D 
STALE, 7) = 
Template Algorithm with template T. 


Thus we have 


m( Q> . Be )- 
(dD BD HD) 


61 


Note that (at least in this example) every element D € STA(K,7) is an 
unknot or unlink. This is always the case - it is a slight generalization of the fact 
that you will always draw an unknot if you follow the rule: first crossing is an 


overcrossing, while — a == one- SS. universe. 


The tree generated by the wb algorithm is sufficient to calculate 
Hx(a,z) via the exchange identity and the basic facts about Hx. 

In fact, with our decorations of the elements D € STA(K,7) we can write a 
formula: 


Hx(a,z)= 4 (K{D)st? 
DESTA(K,T) 


where 6 = (a—a™!)/z, ||D|| denotes one less than the number of link components 
in D, and (K|D) is a product of vertex weights depending upon the crossing 
types in K and the corresponding decorations in D. The local rules for these 


vertex weights are as follows: 


eae i 


Positive crossings only allow first passage on the lower leg, while negative crossings 
only allow first passage on the upper leg. These rules correspond to our generation 


process. The D’s generated by the algorithm will yield no zeros. 
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A different and simpler rule applies to the encircled vertices: 


(4 =X [> 
2G =>% [l= 


The product of these weights will give the writhe of D. Thus, we have the formula 


(K|D) = [(-1)- O24) quiD) 


where t_(D) denotes the number of splices of negative crossings (of K) in D and 
t(D) denotes the number of spliced crossings in D. 

Here it is assumed that D is obtained from STA(K,7) so that there are no 
zero-weighted crossings. 

I leave it as an exercise for the reader to check that the formula 

He= > (KIp)sll 
DESTA(K,T) 

is indeed correct (on the basis of the axioms for H x). This formula shows that the 
tree-generation process also generates a state-model for H K that is very similar in 
its form to the bracket. The real difference between this skein model for Hx and 
the state model for the bracket is that it is not at all obvious how to use the skein 
model as a logical or conceptual foundation for Hr. It is really a computational 
expression. The bracket model, on the other hand, gives us a direct entry into 
the inner logic of the Jones polynomial. I do not yet know how to build a model 
of this kind for Hx(a, z) as a whole. 


Remark. The first skein model was given by Francois J aeger [JA1], using a matrix 
inversion technique. In [LK13] I showed how to interpret and generalize this model 


as a direct consequence of skein calculation. 


Example. Returning to the trefoil, we calculate H (a, z) using the skein model. 


vrr=( BD SD | 


Hr =a+26 + az? = (2a —a7') + 27a. 
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Example. 


Sal 2 
4. —~eZzS $uzd + Lol 'Z(-Z) 
=> Hp = 1—a~!z6+a26 — 2? 
=1-—a7(a—a~')+a(a—a")— 2 


Hr =(a’ +07 —1)-2? 


Note that for this representation of the figure eight knot E, we have w(E) = 0. 
Thus Hg = Pg. He(a,z) = He(a7,—z) reflects the fact that HE ~ E*. That 
is, E is an achiral knot. Of course the fact that Px(a,z) = Px(a—*,—z) does 
not necessarily imply that K is achiral. The knot 942 (next example) is the first 
instance of an anomaly of this sort. 

This example also indicates how the Skein Template Algorithm is a typically 
dumb algorithm. At the first switch, we obtained the unknot U with H 7 a". 


The algorithm just went about its business switching and splicing U - this is 
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reflected in the calculation 1 — a~'zé = a~*. A more intelligent version of the 
algorithm would look for unknots and unlinks. This can be done in practice 
(Compare [EL].), but no theoretically complete method is available. 

The example illustrates how, after a splice, the path continuation may lead 
through a previously decorated crossing. Such crossings are left undisturbed in 


the process - just as in the process of return in drawing a standard unlink. 


Example. K = 942, the 42-nd knot of nine crossings in the Reidemeister tables: 


\ uw (K)= -1 
a 
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Here I have created (the beginning of) a skein tree for 949 by making choices and 
regular isotopies by hand. In this case the hand-choice reduces the calculation by 


an enormous amount. We see that 


2 eR) |" G&S. | 


«K = (Hr-][Hz). 


In general, it is easy to see that 


“ap ap 


ee B 


Thus Hx = Hz +z ag — za"), using the three diagrams in the tree. 


<hy = L* so that 


Hy =z '(a—a')+za7" 
Hr. = (2a7! —a) + 27a! 
Hg = (a7? +a? — 1) — 2”. 


Here I have used previous calculations in this section. 


Putting this information together, we find 


Hz = Hr- Hr 
= ((2a7! — a) +. 22a! )\(a~? + a” — 1 — 2”) 
= 2a* + 2a — 2a7! — 2a! z* 
—a!-—a®+a+az’ 


te z?a7? + zea— za! —zta7! 
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Hx = (2a~* — 3a7! + 3a — a®) + (a3 — 8am} + 2a)z* — a=} 24 


”. Hx = H+ 2z07Hy. — 2297} 
K 
= Hz + 20*(z-"(a — a7!) — za?) — z2q7! 
= Hz+0° —a—z?a— 2q7! 


= Hx + (a° —a)+27(-a — aW") 


Hy = (2a7* Sa"? + 2a) + (a~* — 4a~! + @)z? — a1 24 


PK = aHxK = (2a~? 


— 3+ 2a”) + (a? — 44 @?)z? — 24 


This calculation reveals that Px(a,z) = Px(a~*,—z) when K is the knot 949. 
Thus Px does not detect any chirality in 945. Nevertheless, 945 is chiral! (See 
[LK3], p. 207.) 

This computation is a good example of how ingenuity can sometimes over- 

come the cumbersome combinatorial complexity inherent in the skein template 
algorithm. 
Summary. This section has been an introduction to the original Jones polyno- 
mial V(t) and its 2-variable generalizations. We have shown how the recursive 
form of calculation for these polynomials leads to formal state models, herein 
called skein models, and we have discussed sample computations for the oriented 
2-variable generalization Px(a,z), including a direct computation of this polyno- 
mial for the knot 949. 


Exercise. (i) Show that Fe) 
CTs 


is inequivalent to its mirror image. 
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(ii) Compute Hx for K as shown below: 
a 


(iii) Investigate Hx when K has the form 


Exercise. Let K be an oriented link diagram and U its corresponding universe. 
Let TJ be a template for U. Let D be any diagram obtained from U by splicing 
some subset of the crossings of U. Decorate D by using the template: That is, 
traverse D by always choosing the least possible base-point from 7, and decorate 


each crossing as you first encounter it: 


PE TR 
PSK 
a 
#L Te 


Let D denote the diagram D after decoration by this procedure. Let (K |D) be 
defined as in the Skein-Template-Algorithm. (It is now possible that (K|D) = 0.) 


Show. |(K|D) #0 D € STA(K,T). 


This exercise shows that we can characterize the skein-model for Hx via 
Hx= > (K\D)élPll 
DED(K,T) 
where D(K,T) is the set of all diagrams obtained as in the exercise (splice a subset 
of crossings of U and decorate using 7) 
The result of this exercise shifts the viewpoint about Hx away from the skein- 


tree to the structure of the states themselves. For example, in computing Hy, for 


L the link, COD , we choose a template ey T, and 


then consider the set D of all diagrams obtained from L by splicing or projecting 


crossings. These are: 


(DY aD GQ, GY} -5 
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Each element of D contributes, after decoration, a term in Hx. This proce- 


dure goes as follows: 
| Galen se 
COME: 
-® -- 
CO = Gi) + 


=zat+6=zat+z '(a-—a™"). 


Example/Exercise. Finally, it is worth remarking that we can summarize our 
version of the skein model for Hx by an expansion formula similar to that for the 


bracket. Thus we write: 


Hyg . i + aH apt +. ae 
Po —- sacs a an 


to summarize the vertex weights, and 
Hex = Hk, §=(a—a™")/z 


to summarize the loop behavior. Here it is understood that the resulting states 


must be compared to a given template TJ for admissibility. Thus, if o is a state 


70 


(i.e. a decorated diagram without crossings that is obtained from the expansion) 
then Ho = ¢6!l¢!l (|\o|| = number of loops in o minus one) where € = 1 if o’s 
decorations follow from T and e = 0 if o’s decorations do not follow from T. 


It is fun to explore this a bit. For example: 


er > Wag ee yy +l» bon” Oe 


Because of necessity for choosing a template, some of these terms are zero. In 
the calculation above, we can indicate the influence of the template by showing a 


base-point (*) for the circuit calculations: Thus in 
oo 
% 
We have only the term = , giving 


H —> =a =aH ; 
And in —— we have the terms ra and Ss , giving 


ae Et aia ale 


= (26 + a” Ht, 
=(a-a'+ a HA 
= oH—~S% , 


This calculation is the core of the well-definedness of the skein model. 
In fact, we can sketch this proof of well-definedness. It is a little easier (due to 


the direct nature of the model), but of essentially the same nature as the original 
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induction proofs for the Homfly polynomial [LM1]. The main point is to see that 
Hx is independent of the choice of template. We can first let the * (above) stand 
for a template label that is least among all template labels. Then going from 


¥ ed lige 
to 
th ny 
or from 
/* to 
can denote an exchange of template labels. Let’s concentrate on the case 


sf = O¥ 


We want to show that these two choices of template will give identical calculations 


in the state summations. Now we have (assuming that \, and / are on the same 


ages Sag. 
“—-— a +H ee 


component ) 


and 


Fach right hand term is a sum over states with the given local configurations. 
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Thus it will suffice to show that 
ol See = rate + a 
holds for states with respect to these templates. Each state is weighted by the 
contributions of its decorations. To make the notation more uniform, let (c) 
denote the state’s contribution. Thus 
(o) = z42)(-1)*- (9) gut) 6illell 


if the state o is admissible, and Hx = }>(o), summing over admissible states. We 
oC 


then must show that 


(386) = (AB) + 8G) 


for individual states. 
Remember that a state o is, by construction, a standard unknot or un- 


link. Thus, if Es has both edges in the same state component, then 


ee oes indicates two components and thus, 
(TE) - (28h) 
* 


(3G) 2 (BE) (eS et =x) 


(TIS) 8G) 208g) 
==( 2G )- (536). 


[ aK denotes a neutral node that is simply carried along through all the cal- 


culations. ] 


If Sr denotes a crossing of two different components, then the same form of 
calculation ensues. Thus, we have indicated the proof that Hx is independent of 
the template labelling. 

Given this well-definedness, the proof of regular isotopy invariance is easy. 


Just position the least label correctly: 
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(H,) = (5) = 2) 
-(2G) 


Remark. I have here adopted the notation > a to indicate a neutral node - 


i.e. a node whose vertex contribution has been already cataloged. Thus 


(S.)-(DC) “a 


Speculation. In the skein models we may imagine particles moving on the di- 
agram in trajectories whose initial points are dictated by the chosen template. 
Each state o is a possible set of trajectories - with the specific vertex weights 
(hence state evaluation) determined by these starting points. Nevertheless, the 
entire summation Hx is independent of the choice of starting points. This in- 
dependence is central for the topological meaning of the model. What does this 
mean physically? 

In a setting involving the concept of local vertex weights determined by the 
global structure of trajectories (answering the question “Who arrived first?” where 
first refers to template order) the independence of choices avoids a multiplicity of 
“times”. Imagine a spacetime universe with a single self-interacting trajectory 
moving forward and backward in time. A particle set moving on this track must 
be assigned a mathematical “meta-time” - but any physical calculation related 
to the trajectory (e.g. a vacuum-vacuum expectation) must be independent of 
meta-time parameters for that particle. 

Later, we shall see natural interpretations for the knot polynomials as just 
such vacuum-vacuum expectations. In that context the skein calculation is akin 
to using meta-time coordinates in such a way that the dependence cancels out in 


the averaging. 
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6°. An Oriented State Model for Vx(t). 


We have already seen the relationship (Theorem 5.2) between the Jones poly- 
nomial Vx(t) and the bracket polynomial: 


V(t) = (-8/4)° (Kt). 


In principle this gives an oriented state model for Vx(t). Nevertheless, it is in- 
teresting to design such a model directly on the oriented diagrams. In unoriented 


diagrams we created two splits: 


x eo 


In oriented diagrams these splits become 


Drones TE Toe Jp mel 


The second split acquires orientations outside the category of link diagrams. 

It is useful to think of these new vertices as abstract Feynman dia- 
grams with a local arrow of time that is coincident with the direction of 
the diagrammatic arrows. Then represents an interaction (a pass-by) and 
and $e S represent creations and annihilations. In order to have topologi- 
cal invariance we need to be able to cancel certain combinations of creation and 


annihilation. Thus 


i i = 
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This leads to the formalism 


2 


and 


$+ +O, 


In other words, the topological diagrams know nothing (at this level of approxi- 


mation) about field effects such as 


> AALS radiation 


and the probability of each of the infinity of loops must be the same. 


2 


O 


This background for diagrammatic interactions is necessary just to begin the topol- 


ogy. Then we want the interactions x and KY" to satisfy channel and cross- 
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channel unitarity: 


7 | 
~ : (channel) 
> 


P ie 


(cross-channel) 


i. 


and triangle invariance 


RRB 


In analogy to the bracket, we posit expansions: 


— = were! + BV eS 


ae — + BV 0 oy 


Each crossing interaction is regarded as a superposition of “pass-by” and 
“annihilate-create”. We can begin the model with arbitrary weights, A, B for 


the positive crossing, and A’ and B’ for the negative crossing. The mnemonics 
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are useful. 
As in the bracket, we shall assume that an extra loop multiplies Vx by a 


parameter 6: 


Ve K= 6VK. 


Unitarity, cross-channel unitarity and triangle invariance will determine these pa- 


rameters. 


1. Unitarity. B si _< + OVS 
| v Je 


Remark. One might think that, given the tenor of the initial topological remarks 


about this theory, it would be required that 


Ae e 


However, this would trivialize the whole enterprise. Thus the “field-effects” 
occur at the level of the interaction of creation or annihilation with the 


crossing interaction. As we continue, it will happen that 


cok 
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but, fortunately, 
oom 
= 3s _— 


This is in keeping with the virtual character of the radiative part of this inter- 


R 


action. (All of these remarks are themselves virtual - to be taken as a metaphor/ 
mathematico-physical fantasy on the diagrammatic string.) 


To return to the calculation: 


¥ ma ae 


= ALA'Vy ( rave ; 


+ —— r “— } 


'f = gas ( + (AB' + BB'64+ BA')\V ¥ 


Therefore, unitarity requires 


2. Cross-Channel Unitarity. 


v = ve + a 


\ “Ss 


= ALaV zy } 
ae 


+ ney" + eZ) 


— BB'V + (AA'S + AB! + BA')Vauw 
Jit <_— 


Therefore, cross-channel unitarity requires 
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3. Annihilation and Crossing. 


gh i. PV oh, 
- ALA +B } 


+B aT | +B 


= ((A’)? + (B')? + Sara Kohl + A'BIV YE 
~V¥f = A'B'V yg = OF a 
AB 
y a — 
Similarly, 


and 


Z VA = “ir 


This is the annihilation-creation version of the triangle move, and it implies tri- 


angle invariance: 
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av rev 4 a RK) 


4. Oriented Triangles. 


There are two types of oriented triangle moves. Those like 
where the central triangle does not have a cyclic orientation, and those like 


where the central triangle does have a cyclic orientation. Call the latter a cyclic 


triangle move. 


Fact. In the presence of non-cyclic triangle moves and the two orientations of type 


IT moves, cyclic triangle moves can be generated from non-cyclic triangle moves. 


Proof. (Sketch) Observe the pictures below: 


Exercise. Show that triangle moves involving crossings of different signs can be 


accomplished by triangle moves all-same-sign by using type II moves. 
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With the help of these remarks and the exercise we see that we have now done 


enough work to ensure that the model: 


‘>< me — + V0 ok 


1 1 
Vo = —V—y -=V 
| x A —, B Does 
is a regular isotopy invariant for oriented link diagrams. 


5. Type I Invariance. 


Nee = Sia + eto. 


AB in 
Ab+B=a(-5-2)4B-= A?/B 


Thus 


It is easy to see that this condition implies that alee > od =Ve—» as well. 
Exercise. Show that this specialization contains the same topological information 


as the polynomial in A and B. 


6. The Jones Polynomial. 
We need B = —A?. 
Let A = —V/t, B = —t. Then 


i = ha - Vd % 
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All the work of this section assures us that this expansion yields an invariant 
of ambient isotopy for oriented links. Multiplying by t~! and by t, and taking the 
difference, we find | 


A oe = (-¥ +5) ex 


Therefore Vx(t) is the 1-variable Jones polynomial. 

The interest of this model is that it does not depend upon writhe- 
normalization, and it shows how the parameters t, Vt are intrinsic to the knot- 
theoretic structure of this invariant. Finally, all the issues about oriented invariants 
(channel and cross-channel unitarity, triangle moves, orientation conventions) will 
reappear later in our work with Yang-Baxter models (beginning in section 8°.) 

It is rather intriguing to compare the art of calculating within this oriented 


model with the corresponding patterns of the bracket. A key lemma is 


Lemma 6.1. 


V =tVtV 
“= » 


Proof. 
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The rest proceeds in the same way. // 
Thus the model is an ambient isotopy invariant, but regular isotopy patterns 


of calculation live inside it! 


Remark. It is sometimes convenient to use another parameterization of the Jones 


polynomial. Here we write 


“A “~ 1 \A 
tV, —1717, = (vi _- =) Va 
Note that the loop variable 6 = (Jt + Zz) for this model. The expansion is given 
by the formulas: 


) 
y 
K 


In the corresponding state expansion we have 


Ve = (Kc) (vi ~ =) ” 


—_ 


o 


where (K|c) is the product of the vertex weights (/t,1/V#,—t,—1/t) and ||o|| 
is the number of loops in the oriented state. For each state, the sign is (—1)” 
where 7 is the parity of the number of creation-annihilation splices in 
the state. This version of the Jones polynomial may lead some insight into the 


vexing problem of cancellations in the state summation. 


Unknot Problem. For a knot K, does Vx = 1(Vx = 1) imply that K is ambient 


isotopic to the unknot? 
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7°. Braids and the Jones Polynomial. 

In this section I shall demonstrate that the normalized bracket 
L(A) = (—A*)-”“)(K) is a version of the original Jones polynomial V;(t) 
by way of the theory of braids. The Jones polynomial has been subjected to 
extraordinary generalizations since it was first introduced in 1984 [JO2]. These 
generalizations will emerge in the course of discussion. Here we stay with the story 
of the original Jones polynomial and its relation with the bracket. 

Jones constructed the invariant Vx(t) by a route involving braid groups and 
von Neumann algebras. Although there is much more to say about von Neumann 
algebras, it is sufficient here to consider a sequence of algebras A, (n = 2,3,...) 
with multiplicative generators e1,¢€2,... ,€n—1 and relations: 

1) e? =e; 
Dp Sptia Cj = Te; 


3) €;€; = €;€; \2 —3| 2 


(7 is a scalar, commuting with all the other elements.) For our purposes we can let 
A,, be the free additive algebra on these generators viewed as a module over the 
ring C[r,7—*] (C denotes the complex numbers.). The scalar 7 is often taken to be 
a complex number, but for our purposes is another algebraic variable commuting 
with the e;’s. This algebra arose in the theory of classification of von Neumann 
algebras [JO7], and it can itself be construed as a von Neumann algebra. 

In this von Neumann algebra context it is natural to study a certain tower of 
algebras associated with an inclusion of algebras N C M. With Mp = N,M, = M 
one forms Mz = (Mj, ¢1) where e; : M, — Mp is projection to Mg and (Mj, e;) 
denotes an algebra generated by M, with e; adjoined. Thus we have the pattern 


My C M,C M2 = (Mj, e1), e.:M,>M, e& =e. 
This pattern can be iterated to form a tower 
Mo C Mi C M2 C M3C...C Mn C Manzi C... 


with e; : M; — Mj-1, e? = e; and Mj, = (Mj, e;). Jones constructs such a tower 


of algebras with the property that e;e;41e; = Te; and ee; = e;e; for |2 —37| > 1. 
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Here he found that r~! = [Mj : Mo] a generalized notion of index for these 
algebras. Furthermore, he defined a trace tr: M, > C (complex numbers) such 
that it satisfied the 


Markov Property: tr(we;) = 7 tr(w) 
for w in the algebra generated by Mo, e1,... fis 4 


A function from an algebra A to the complex numbers is said to be a trace (tr) 
if it satisfies the identity 

tr(ab) = tr(ba) 
for a,b, € A. Thus ordinary matrix traces are examples of trace functions. 

The tower construction is very useful for studying the index [M, : Mp] for 
special types of von Neumann algebras. While I shall not discuss von Neumann 
algebras in this short course, we shall construct a model of such a tower that is 
directly connected with the bracket polynomial. Thus the combinatorial structure 
of the tower construction will become apparent from the discussion that follows. 

Now to return to the story of the Jones polynomial: Jones was struck by the 
analogy between the relations for the algebra A, and the generating relations for 
the n-strand Artin braid group B,. View Figure 11 for a comparison of these 


sets of relations 


An 
eps & 
O707410; = O7410;0j41 
Cs€;4+1€; = TC; 


0:0; = 0;0;, l2-—37| > 1 
€;€; = €;€;, |2 —j| 4 


Jones Algebra Artin Braid Group 
Figure 11 


Jones constructed a representation py, : Bz — A, of the Artin Braid group 


to the algebra A,. The representation has the form 
Pn(oi) = ae; +6 
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with a and 6 chosen appropriately. Since A, has a trace tr: A, — C[t,t~+] one 
can obtain a mapping trop: B, — C[t,t~']. Upon appropriate normalization 
this mapping is the Jones polynomial Vx(t). It is an ambient isotopy invariant for 
oriented links. While the polynomial Vx(t) was originally defined only for braids, 
it follows from the theorems of Markov (see [B2]) and Alexander [ALEX1] that 
(due to the Markov property of the Jones trace) it is well-defined for arbitrary 
knots and links. 

These results of Markov and Alexander are worth remarking upon here. First 
of all there is Alexander’s Theorem: Each link in three-dimensional space 


is ambient isotopic to a link in the form of a closed braid. 


Braids. A braid is formed by taking n points in a plane and attaching strands to 
these points so that parallel planes intersect the strands in n points. It is usually 
assumed that the braid begins and terminates in the same arrangement of points 


so that it has the diagrammatic form 


y+ Hii 


Here I have illustrated a 3-strand braid 6 € B3, and its closure b. The closure 
b of a braid b is obtained by connecting the initial points to the end-points by a 
collection of parallel strands. 

It is interesting and appropriate to think of the braid as a diagram of a physical 
process of particles interacting or moving about in the plane. In the diagram, we 
take the arrow of time as moving up the page. Each plane (spatial plane) intersects 
the page perpendicularly in a horizontal line. Thus successive slices give a picture 
of the motions of the particles whose world-lines sweep out the braid. 

Of course, from the topological point of view one wants to regard the braid 
as a purely spatial weave of descending strands that are fixed at the top and the 
bottom of the braid. Two braids in B, are said to be equivalent (and we write 


b = Bb! for this equivalence) if there is an ambient isotopy from 6 to b' that keeps 
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the end-points fixed and does not move any strands outside the space between the 
top and bottom planes of the braids. (It is assumed that b and b' have identical 
input and output points.) 


For example, we see the following equivalence 


ee ° { 
Khe 
\ | 


The braid consisting in n parallel descending strands is called the identity braid 
in B, and is denoted by 1 or 1, if need be. B,, the collection of n-strand braids, 
up to equivalence, (i.e. the set of equivalence classes of n-strand braids) is a group 
- the Artin Braid Group. Two braids 8, 6! are multiplied by joining the output 


strands of 6 to the input strands of b! as indicated below: 


bb’ . b bb’ 


Every braid can be written as a product of the generators 0),02,... ,0n—1 
and their inverses oj 1,07',... ,0,1,. These elementary braids 0; and oy} are 


obtained by interchanging only the z-th and (i + 1)-th points in the row of inputs. 
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Thus 


Ale| PAle] Ue 


071 02 ess On—1 


Xl [Xl] We IX 


oe) gee On-1 


These generators provide a convenient way to catalog various weaving patterns. 
For example x 


1 


logo; lo207 02 


=O 


) 


A 360° twist in the strands has the appearance 


Pad 


019201920102 


(0102). 


The braid group B,, is completely described by these generators and relations. 


The relations are as follows: 


aie 7” 2, i ea Se 
Ci0i410;) = Oi410;0i41, tH l,...,n-2 


O10; = 9595, \jt-—y|>1. 
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Note that the first relation is a version of the type II move, 


‘ 


dx 
lA 010; ¢% 1 


while the second relation is a type III move: 


4 [' 


1 ) 


010201 = 020102 


I 
_ 


Note that since 01020; = 02010 is stated in the group B83, we also know that 
(010201)~* = (020,02)~1, whence of!ez1o7} = ozo; tage. 


There are, however, a few other cases of the type III move. For example: 


‘| / 


0; 1020 — 02010, 


However, this is algebraically equivalent to the relation 020102 = 01020, (multiply 
both sides by o, on the left, and a2 on the right). In fact, we can proceed directly 


as follows: 
a | le mat. 
0) 0201 = 0; (020102)05 


= 0; '(01020;)0;' 

= (0; '01)(020103") 

= 020105 i 
I emphasize this form of the equivalence because it shows that the type III move 
with a mixture of positive and negative crossings can be accomplished via a com- 
bination of type II moves and type III moves where all the crossings have the same 


sign. 
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Note that there is a homomorphism 7 of the braid group B, onto the per- 
mutation group S, on the set {1,2,...,n}. The map 7: Bn > Sp, is defined 
by taking the permutation of top to bottom rows of points afforded by the braid. 
Thus . 

er ee 

V2 ~A ss (; 2 ) 

fey ws? 

)} 2.4 
where the notation on the right indicates a permutation p : {1,2,3} — {1, 2,3} 
with p(1) = 3, p(2) = 1, p(3) = 2. If p = 7(b) for a braid 6, then p(t) = 7 where 7 
is the lower endpoint of the braid strand that begins at point ?. 


Letting r, : {1,2,...,n} — {1,2,...,n} denote the transposition of k and 
k+1: 7,(2) =2if2 £k, an 7. (k) = k+1, ay, ee = k. We have that 1(0;) = 73, 
i=1,...,n—1. In terms of these transpositions, S, has the presentation 

Ba = ‘ts os 9 in—l | 7? == 1, TiT{441Ti = Ti41 TiTi41)- 


The permutation group is the quotient of the braid group Bn, obtained by setting 
the squares of all the generators equal to the identity. 


Alexander’s Theorem. 

As we mentioned a few paragraphs ago, Alexander proved [ALEX1] that any 
knot or link could be put in the form of a closed braid (via ambient isotopy). 
Alexander proved this result by regarding a closed braid as a looping of the knot 


around an axis: — es 
ee ——a, closed braid 6 


Thinking of three-dimensional space as a union of half-planes, each sharing the 
axis, we require that 6 intersect each half-plane in the same number of points — (the 
number of braid-strands). As you move along the knot or link, you are circulating 
the axis in either a clockwise or counterclockwise orientation. Alexander’s method 


was to choose a proposed braid axis. Then follow along the knot or link, 


92 


throwing the strand over the axis whenever it began to circulate incorrectly. 
Eventually, you have the link in braid form. 

Figure 12 illustrates this process for a particular choice of axis. Note that 
it is clear that this process will not always produce the most efficient braid rep- 
resentation for a given knot or link. In the example of Figure 12 we would have 
fared considerably better if we had taken the axis at a different location - as shown 


below. 


ad 
Re * 
R ~ begins to go wrong 


«- a closed braid 


One throw over the new axis is all that is required to obtain this braid. 
These examples raise the question: How many different ways can a link 


be represented as a closed braid? 
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There are some simple ways to modify braids so that their closures are ambient 
isotopic links. First there is the Markov move: Suppose / is a braid word in B,, 
(hence a word in 01,02,... ,o,— and their inverses). Then the three braids £, 


Bon and Bom} all have ambient isotopic closures. For example, 


\ = 0; !o20;102 € B; 


— 
lA 

— eB, 
y 

5 ol 


“H) 


Thus Bo#t is obtained from 6 by a type I Reidemeister move. 

A somewhat more diabolical way to make a braid with the same closure is to 
choose any braid g in B,, and take the conjugate braid g8g—!. When we close 
991 to form gBg-! the braid g and its inverse g~' can cancel each other out 
by interacting through the closure strands. The fundamental theorem that relates 


the theory of knots and the theory of braids is the 
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Markov Theorem 7.1. Let 8, € By and f}, € Bm be two braids in the braid 
groups B, and B,, respectively. Then the links (closures of the braids 8, p') 
L =8, and L' = B', are ambient isotopic if and only if 6, can be obtained from 


B, by a series of 


1) equivalences in a given braid group. 

2) conjugation in a given braid group. (That is, replace a braid by some 
conjugate of that braid.) 

3) Markov moves: (A Markov move replaces 8 € B, by Bo* € Bn41 or the 
inverse of this operation - replacing Bo*! € Bn4i by B € Bn if 6 has no 
occurrence of on.) 

For a proof of the Markov theorem the reader may wish to consult [B2]. 

The reader may enjoy pondering the question: How can Alexander’s technique 
for converting links to braids be done in an algorithm that a computer can perform? 
(See [V].) 

With the Markov theorem, we are in possession of the information needed 
to use the presentations of the braid groups B, to extract topological 
information about knots and links. In particular, it is now possible to explain 
how the Jones polynomial works in relation to braids. For suppose that we are 
given a commutative ring R (polynomials or Laurent polynomials for example), 
and functions J, : B, — R from the n-strand braid group to the ring R, defined 
for each n = 2,3,4,... Then the Markov theorem assures us that the family of 
functions {J,} can be used to construct link invariants if the following conditions 
are satisfied: 

1. If 6 and b! are equivalent braid words, then J,(b) = J,(b'). (This is just 
another way of saying that J, is well-defined on By.) 

2. If g,b € B, then Jn(b) = Jn(gbg™"). 

3. If b € By, then there is a constant a € R, independent of n, such that 

In4i (bon) = at? J,(b) 
Insi(og,)= a Jn(d). 


We see that for the closed braid 6! = bo, the result of the Markov move b we 


is to perform a type I move on b. Furthermore, bo, corresponds to a type I move 
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of positive type, while bo;! corresponds to a type I move of negative type. It is 
for this reason that I havé chosen the conventions for a and a~! as above. Note 


also that, orienting a braid downwards, as in 


has positive crossings corresponding to o;’s with positive exponents. 
With these remarks in mind, let’s define the writhe of a braid, w(b), to be 


k 
its exponent sum. That is, we let w(b) = > ag in any braid word 
f=1 


o;. t2 eee tr 


representing 6. From our previous discussion of the writhe, it is clear that w(b) = 
w(b) where 6 is the oriented link obtained by closing the braid b (with downward- 
oriented strands). Here w(b) is the writhe of the oriented link b. 


Definition 7.2. Let {J, : B, — R} be given with properties 1., 2., 3. as listed 
above. Call {J,} a Markov trace on {B,}. For any link L, let L ~ 6, be By 
via Alexander’s theorem. Define J(L) € R via the formula 


J(L) = a~¥) J, (0). 


Call J(L) the link invariant for the Markov trace {J,}. 


Proposition 7.3. Let J be the link invariant corresponding to the Markov trace 
{Jn}. Then J is an invariant of ambient isotopy for oriented links. That is, if 
L ~ L' (~ denotes ambient isotopy) then J(L) = J(L’). 


Proof. Suppose, by Alexander’s theorem, that L ~ b and L' ~ b! where b € B, 
and 0! € B, are specific braids. Since L and L' are ambient isotopic, it follows that 
b and B’ are also ambient isotopic. Hence b/ can be obtained from b by a sequence of 
Markov moves of the type 1., 2., 3. Each such move leaves the function a~“¢*) J,(6) 
(6 € B,) invariant since the exponent sum is invariant under conjugation, braid 
moves, and it is used here to cancel the effect of the type 3. Markov move. This 


completes the proof. // 


97 


The Bracket for Braids. 

Having discussed generalities about braids, we can now look directly at the 
bracket polynomial on closed braids. In the process, the structure of the Jones 
polynomial and its associated representations of the braid groups will naturally 
emerge. 

In order to begin this discussion, let’s define ( ) : Bn + Z[A, A~*] via 
(b) = (6), the evaluation of the bracket on the closed braid 6. In terms of the 
Markov trace formalism, I am letting J, : Bn > Z[A,A~*] = R via J,(6) = (b). 
In fact, given what we know about the bracket from section 3°, it is obvious that 
{ Jn} is a Markov trace, with a = —A’. | 

Now consider the states of a braid. That is, consider the states determined 


by the recursion formula for the bracket: 


(% eA) )MCA ) 


Cite-b gle IE) = (lhe HN tt) +2 DXA) 


(o;) = A(1n) + A" (Ui) 


where 1, denotes the identity element in By (henceforth denoted by 1), and U; 


is a new element written in braid input-output form, but with a cup-U cap-fM 


combination () at the i-th and (7 + 1)-th strands: 
all 
N 
U; 


Since a state for 6, is obtained by choosing splice direction for each crossing of b, we 7 


| U | \V (for 4-strands) 
U2 Us 


~~ 


see that each state of b can be written as the closure of an (input-output) 


product of the elements U;. (See section 3° for a discussion of bracket states.) 
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For example, let L = b be the link 


K 


Then the state s of L shown below corresponds to the product U2Up. 


U 
) x J (| 
Le n\ 


In fact it is clear that we can use the following formalism: Write 


0; = A+A71U,, oz! = Aq! + AU; 


Given a braid word 6, write 6 = u(b) where (6) is a sum of products of the 
U;’s, obtained by performing the above substitutions for each o;. Each product 


of U;’s, when closed gives a collection of loops. Thus if U is such a product, then 
(U) = (UV) = 6!l¥ll where |U || = #(of loops in) 7-1 and 6 = —A?— 4-2. Finally 
if U4(b) is given by 


U(b) = D> (b|s)U, 


where s indexes all the terms in the product, and (6|s) is the product of A’s and 


A~"’s multiplying each U-product U s, then 


(b) = (U(b)) = } > (b|s) (Us) 


8 


(b) = S$” (b|s)éllel, 


8 


This is the braid-analog of the state expansion for the bracket. 
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Example. 6 = 07. 
Then 


U(b) =(A+A1U;)(A +AU) 
U(b) = A? + 2U, + A~*U? 
(b) = (U(b)) = A? (12) + 2(U1) + A~?(U7) 


| =  {l,) = 


§ 

iI 
\ es Kasai 
) =6 


U 

(=> ( 
aaa 
“.(L)= A?(—A? — A~*) +2+ A-?(-A? — A~”) 


= —f*,14+2—]—A-* 
(L) = —A* — A-*. 


U, 
U2 


1 


This is in accord with our previous calculation of the bracket for the simple 
link of two components. 

The upshot of these observations is that in calculating the bracket for braids 
in B, it is useful to have the free additive algebra A, with generators 
U;,U2,...,Un-1 and multiplicative relations coming from the interpretation of 
the U;,’s as cup-cap combinations. This algebra A, will be regarded as a module 
over the ring Z[A,A~!] with 6 = —A? — A~? € Z[A, A™~*] the designated loop 
value. I shall call A, the Temperley-Lieb Algebra (see [BA1], [LK4]). 

What are the multiplicative relations in A,? Consider the pictures in Figure 
13. They illustrate the relations: 


U;Ui41U; U; 
[A] 2 U? 6U; | 
U;U;, if |t—jy|>1 


UU; 
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U,U2U; =U, 


U U a Wn U,U3 = U3U, 
Na a 
Figure 13 


In fact, these are precisely the relations for The Temperley-Lieb algebra. Note 
that the Temperley-Lieb algebra and the Jones algebra are closely related. In fact, 
if we define e; = 6~1U;, then e? = e; and e;e;41e; = Te; where tr = 6~?. Thus, by 
considering the state expansion of the bracket polynomial for braids, we recover 
the formal structure of the original Jones polynomial. 

It is convenient to view A, in a more fundamental way: Let D,, denote the 
collection of all (topological) equivalence classes of diagrams obtained by connect- 
ing pairs of points in two parallel rows of n points. The arcs connecting these 
points must satisfy the following conditions: 

1) All arcs are drawn in the space between the two rows of points. 

2) No two arcs cross one another. 

3) Two elements a,b € D, are said to be equivalent if they are topologically 
equivalent via a planar isotopy through elements of D,. (That is, if there is a 
continuous family of embeddings of arcs - giving elements C; € D, (0 < t < 1) 
with Co = a, C; = b and C; the identity map on the subset of endpoints for 
each t, 0 <t< 1). 


Call D, the diagram monoid on 2n points. 


Example. For n = 3, D3 has the following elements: 


(he ge Oy 
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Elements of the diagram monoid D, are multiplied like braids - by attaching 
the output row of a to the input row of b - forming ab. Multiplying in this way, 
closed loops may appear in ab. Write ab = 6*c where c € D,, and k is the number 
of closed loops in the product. 


For example, in D3 U 
0 U 
rs = Q = 6 Q =: 6U>. 


Proposition 7.4. The elements 1,U;,U2,...,Un-1 generate D,. If an element 
z € D,, is equivalent to two products, P and Q, of the elements {U;}, then Q can 
be obtained from P by a series of applications of the relations [A]. 

See [LK8] for the proof of this proposition. The point of this proposition is 
that it lays bare the underlying combinatorial structure of the Temperley-Lieb 
algebra. And, for computational purposes, the multiplication table for D, can be 
obtained easily with a computer program. 


We can now define a mapping 
p:BnaAn 
by the formulas: 


p(oi;) = A+ AU; 
p(o;1) = A7! + AU;. 


We have seen that for a braid b, (6) = 5>(B|s)(U,) where p(b) = )>(b|s)U, is the 
explicit form of p(b) obtained by defining p(zy) = p(xz)p(y) on products. (s runs 
through all the different products in this expansion.) Here (U,) counts one less 
than the number of loops in U. 

Define tr: A, — Z[A,A~?] by tr(U) = (U) for U € Dy. Extend tr linearly 
to.A,. This mapping - by loop counts - is a realization of Jones’ trace on the von 
Neumann algebra A,. We then have the formula: (b) = tr(p(6)). 

This formalism explains directly how the bracket is related to the construction 
of the Jones polynomial via a trace on a representation of the braid group to the © 


Temperley-Lieb algebra. 


102 


We need to check certain things, and some comments are in order. First of 
_ all, the trace on the von Neumann algebra A, was not originally defined diagram- 
matically. It was, defined in [JO7] via normal forms for elements of the Jones 
algebra A,. Remarkably, this version of the trace matches the diagrammatic loop 
count. In the next section, we’ll see how this trace can be construed as a modified 


matrix trace in a representation of the Temperley-Lieb algebra. 
Proposition 7.5. p: By, — An, as defined above, is a representation of the Artin 
Braid group. 


Proof. It is necessary to verify that p(o;)p(o; 1) = 1, p(oi0i410;) = p(oi410;0;41) 
and that p(o;0;) = p(o;0;) when |i —j| > 1. We shall do these in the order - first, 


third, second. 


First. 


p(ai)p(o;*) = (A+ A71U;)(A™ + AU;) 
=1+4+(A~?+4+A’)U; + U? 
=1+(A~? +4 A*)U; + 6; 
=1+(A~? + A*?U; +(—-A? — AW, 
| 


Third. Given that |: — 7] > 1: 


p(710;) = p(ai)p(o;) 
= (A+A71U;)(A+A71U;) 
=(A+A™1U;)(A+A71U;), (UU; = U;U; if |i —3| > 1] 


= p(o;0;). 
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Second. 


p(oi0i410;) = (A+ A1U;)(A + A1Uj41)(A + A71U;) 

= (A? + Uig1 +U; + AU Ui41)(A + A1U;) 

= A® + AUi41 + AU; + A71UUi41 + A71U? + AU; + AW 1U 54.10; 
+ AU U 3410; 

= A? + AUj41 + (A165 + 2A)U; + AW} (UUi41 + Ui41U;) + AU; 

= A® + AUj4; + (A71(—A? — A~7) +2A+A“°)U; 
+ AW? (U,Ui41 + Ui4iU;) 

= A’ + A(Ui41 + Uj) + AW (UUi4s + Ui4i1Ui). 


Since this expression is symmetric in 7 and 2 + 1, we conclude that 
P(Ti0i410%) = P(Fi410:0141). 


This completes the proof that p: B, — A, is a representation of the Artin 
Braid Group. // 
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8°. Abstract Tensors and the Yang-Baxter Equation. 

In this section and throughout the rest of the book I begin a notational conven- 
tion that I dub abstract (diagrammatic) tensors. It is really a diagrammatic 
version of matrix algebra where the matrices have many indices. Since tensors are 
traditionally such objects - endowed with specific transformation properties - the 
subject can be called abstract tensors. 

The diagrammatic aspect is useful because it enables us to hide indices. For 
example, a matrix M = (M}) with entries M} for i and j in an index set Z will be 
a box with an upper strand for the upper index, and a lower strand for the lower 


index: 


M =(m'‘) o{[M]. 


In general, a tensor-like object has some upper and lower indices. These become 
lines or strands emanating from the corresponding diagram: 
i 

Usually, I will follow standard typographical conventions with these diagrams. 
That is, the upper indices are in correspondence with upper strands and ordered 
from left to right, the lower indices correspond to lower strands and are also 
ordered from left to right. Note that because the boundary of the diagram may © 
be taken to be a Jordan curve in the plane, the upper left-right order proceeds 
clockwise on the body of the tensor, while the lower left-right order proceeds 


counter-clockwise. 
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counter-clockwise 


If we wish to discriminate indices in some way that is free of a given convention 
of direction, then the corresponding lines can be labelled. The simplest labelling 


scheme is to put an arrow on the line. Thus we may write 


a b 


Sue qnnnh a 


C d 


to indicate “inputs” {a,b} and “outputs” {c,d}. Here we see one of the properties 
of the diagrammatic notation: Diagrammatic notation acts as a mathematical 


metaphor. The picture 


reminds us of a process (input/output, scattering). But we are free to take this 


reminder or leave it according to the demands of context and interpretation. 


Normally, I take the strand 
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to denote a Kronecker delta: 


& 


lt Afea=od 
“= 19 fads 
i 
b [ 
There are contexts in which some bending of the strand, as in a bo M,., 


will not be a Kronecker delta, but we shall deal with these later. 


Generalized Multiplication. 
Recall the definition of matrix multiplication: (MN); = 2, MjN;. This is 


often written as M iM! * where it is assumed that one sums over all occurrences of 
a pair of repeated upper and lower indices (Einstein summation convention). The 
corresponding convention in the diagrammatics is that a line that connects two 
index strands connotes the summation over all occurrences of an index 


value for that line. 


MiN* + MiNF ao 
"*e-"s a" 


trace(M) —- tr(M) —— > M} o M} o 


Thus matrix multiplication corresponds to plugging one box into another, and the 
standard matrix trace corresponds to plugging a box into itself. 


We can now write out various products diagrammatically: 


abart] Al Dk 
Mj; NyA. By 


In this last example a crossover occurs - due to index reordering. Here I adopt the 


convention that b 


e..4 
+H 626°. 
ra es 


The crossed lines are independent Kronecker deltas. 
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Exercise. Let the index set J = {1,2} and define 
7 ees 
Gj= <4 —-1 157 
0 otherwise 


and ¢') = ¢;;. Let [] be the diagram for e;; and [| the diagram for éJ. Show that 


7 d( -X% TT = &y 
Note H =I TI 


You will find that this is equivalent to saying 


ct eg = 6265 — 5962 |. 


This identity will be useful later on. 
To return to the crossed lines, they are not quite innocuous. They do repre- 


sent a permutation. Thus, if J = {1,2} as in the exercise, and 


a e 
ps 3 676° - me 
cd a-c me d 


then P is a matrix representing a transposition. Similarly, for three lines, we have 


{Meebo 9g AM oneeyiedg RIG oh HE] 


represen‘ing $3, the symmetric group on three letters. 


Knot Diagrams as Abstract Tensor Diagrams. 

By now it must have become clear that we have intended all along to interpret 
a diagram of a knot or link as an abstract tensor diagram. How can this be done? 
Actually there is more than one way to do this, but the simplest is to use an 


oriented diagram and to associate two matrices to the two types of crossing. Thus, 


b 
wo - a = Rea 
“mM 3 = Re 


With this convention, any oriented link diagram K is mapped to a specific 


contracted (no free lines) abstract tensor T(K). 


108 


Example. () Ki bey T(K). Thus, if we label the lines of T(K) with 
indices, then T(K) corresponds to a formal product - or rather a sum of products, 


' since repeated indices connote summations: 


213 es 
$ T(K)= Rakes ba 


a,b,c) d,e,F 


If there is a commutative ring R and an index set J such that a,b,c,... € J and 
R2> € R then we can write 
T(K)= )) ReRepRs, 
a,b,... ,fEZ 

and one can regard a choice of labels from TZ for the edges of T(R) as a state of 
K. That is, a state o of K is a mapping o : E(K) — Z where E denotes the edge 
set of K and TZ is the given index set. : 

In this regard, we are seeing T(K) as identical to the oriented graph that 
underlies the link diagram K with labelled nodes (black or white) corresponding 
to the crossing type in K. Such a diagram then translates directly into a formal 
product by associating R2® with positive crossings and i 6 with negative crossings. 

Using the concept of a state o we can rewrite 


T(K) = }(K|o) 


0 
where o runs over all states of K, and (K|o) denotes the product of the vertex 
weights R2 (or R) assigned to the crossings of K by the given state. 

We wish to see, under what circumstances T(K) will be invariant under the 
Reidemeister moves. In particular, the relevant question is invariance under moves 
of type II and type III (regular isotopy). We shall see that the model, using 
abstract tensors, is good for constructing representations of the Artin braid group. 
It requires modification to acquire regular isotopy invariance. 

But let’s take things one step at a time. There are two versions of the type 


II move: 
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cr 
=X 


It is necessary that the model, as a whole, be invariant under both of these 


moves. The move (IIA) corresponds to a very simple matrix condition on R and 


R: / 


\ 
\ 


channel unitarity 


& 
a 
l 


. § «7 Nd 


ab _ 3; ‘ 

R;; RY, oe 6255 
That is, (IIA) will be satisfied if R and R are inverse matrices. Call this condition 
on R channel unitarity. The direct requirements imposed by move (IIB) could 


be termed cross-channel unitarity: 


x 


a b «4 s 


cross-channel unitarity 


a 
| 


¢, d of g 


ia D. jd a 
RigRi. - oC 53 
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Recall that we already discussed the concepts of channel and cross-channel uni- 
tarity in section 6°. We showed that in order to have type III invariance, in the 
presence of channel and cross-channel unitarity, it is sufficient to demand invari- 
ance under the move of type III(A) [with all crossings positive (as shown below) 


or all crossings negative]. See Figure 14. 


%: : ( > 


i+. 


a b c¢ &, 
ve + 
rs K 
a¥ ev ¥ dv e¥v§ 
roRicRt | * A RERDRS 


The Yang-Baxter Equation Corresponding to a Move of type ITI(A) 
Figure 14 


As shown in Figure 14, there is a matrix condition that will guarantee invari- 
ance of T(K) under the moves III(A,+) and III(A,—) where the + or — signs 


refer to the crossing types in these moves. These equations are: 


m(4,+): D> RibRigRit= >> RYRGRY 


1,j, KET 1,j,kKEL 
(4,-): S> RGRGRL= >) RyRnkj 
i,j,kEL i,j,RET 


and will be referred to as the Yang-Baxter Equation for R (R). In the above 
forms, I have written these equations with a summation to indicate that the re- 
peated indices are taken from the given index set T. 


Thus we have proved the 


Theorem 8.1. If the matrices R and R satisfy 
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1) channel unitarity 
2) cross-channel unitarity and 


3) Yang-Baxter Equation 
then T(K) is a regular isotopy invariant for oriented diagrams K. 


Remark. The Yang-Baxter Equation as it arises in mathematical physics involves 
extra parameters - sometimes called rapidity or momentum. In fact, if we 


interpret the vertex 


as a particle interaction with incoming spins (or charges) a and b and outgoing 
spins (charges) c and d, then R2! can be taken to represent the scattering ampli- 
tude for this interaction. That is, it can be regarded as the probability amplitude 
for this particular combination of spins in and out. | 

Under these circumstances it is natural to also consider particle momenta and 
other factors. 

For now it is convenient to consider only the spins. The conservation of spin 
(or charge) suggests the rule that a+b = c+d whenever R* 4 0. This turns out to 
be a good starting place for the construction of solutions to the YBE (Yang-Baxter 


Equation). 


Example. Let the index set J = {1,2,3,... ,n} and let R23 = A626$4 A-1525,4, 


where n = —A? — A~?. That is, A is chosen to satisfy the equation 
nA? +A*+1=0. 


Here 6¢ and 6° are Kronecker deltas: 


‘ ’ ifa=b 
jy = < 
0 ies 4, 


graf ifa=b 
(0 ifaXd 
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Here we are transcribing this solution from the bracket model (section 3°) for the 
Jones polynomial! 
Recall that the bracket is defined by the equations: 


(KOR ) 
(0 eee 


See section 3° for the other conventions for dealing with the bracket. This suggests 


a matrix model where 


= Ab*6) + A-16% 54. 


In such a model the loop value, (O), is the trace of a Kronecker delta: (O) = 6; =n 
if J = {1,2,... ,n}. Thus we require that A satisfies the equation 


nse =A? =~ Ao. 


This completes the motivation picking the particular form of the R-matrix. Cer- 


tain consistency checks are needed. For example, if without orientation we assigned 


b 
Ree ~. time’s arrow 
Lian 


then (viewing the interaction with time’s arrow turned by 90°) we must have 
_ inp ed b 
db ~ 
c7 Nd 


@=m time’s arrow. 
Thus we need 
>c2 _ pad 
Ray a Red 


whence 
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= 0 


a — eS 
= Abs? + A-16°45,, 
= A~18255 + Ab?’ ca 


_1&yb <> 
=A dC, tia) 


Essentially the same checks that proved the regular isotopy invariance of (K) now 
go over to prove that R is the inverse of R, and that R and R satisfy the YBE. 
This is a case where R and R satisfy both channel and cross-channel unitarity. 


As far as link diagrams are concerned, we could define an R-matrix via 


R® = A625) + BS" 6.4 


o Lb 
nya) ( v4 «» R22. 


If the index set is J = {1,2,... ,n}, then the resulting “tensor contraction” T(K) 


(DX )-4(=S)+97(DC) 


T(OK) = nT(K) 
T(O) =n. 


with 


Thus T(k’) = (K) where (K) is a generalized bracket with an integer value n for 
the loop. 

A priori, specializing B = A~! and n = —A? — A~? does not guarantee that 
R will satisfy the YBE. But the fact that (K) is, under these conditions, invariant 
under the third Reidemeister move, provides strong motivation for a direct check 


on the R-matrix. 
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Checking the R-matrix. 


Let 
@® b o b 
ab J 
a 


ctatio 


where it is understood that the arcs denote Kronecker deltas with indices from an 
index set J = {1,2,... ,n}. In this case, we can perform a direct expansion of the 


triangle configuration into eight terms: 


h)-* HA) -*| A EA 


and 
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Letting n denote the loop value, we then have an equation for the difference: 


BER |elal-ln 


el 1S 
‘a ‘a 

matty 

= (A?B + nAB? + B*) a In 


Thus in order for R to satisfy the YBE it is sufficient for 

B(A? + nAB + B*) =0. 
Thus B = 0 gives a trivial solution to YBE (a multiple of the identity matrix). 
Otherwise, we require that A? +nAB + B? = 0 and so (assuming A # 0 $ B) we 
haven = —(4 + 3) for the loop value. 


Given this choice of loop value it is interesting to go back and examine the 


behavior of the bracket under a type II move: 


oe _ AB(D> C) +(A? + B? 4 ABn)( =< ) 


= AB(D> > 


Thus, even if B 4 A~', this model for the bracket will be invariant under the type 
II move up to a multiplication by a power of AB. I leave it as an exercise for the 
reader to see that normalization to an ambient isotopy invariant yields the usual 
version of the Jones polynomial. 


In any case, we have verified directly that 


Rey = Ab269 + A715" 5 cq 
ta <2 — 4°" 
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is a solution to the Yang-Baxter Equation. 


In the course of this derivation I have used the notation 


n= a)o oy 


to keep track of the composition of interactions. It is nice to think of these as 


abstract Feynman diagrams, where, with a vertical arrow of time [fT], we have 


yf «+ spin-preserving interaction 


++ annihilation followed by creation 


The next section follows this theme into a different model for the bracket and 


other solutions to the Yang-Baxter Equation. 
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9°. Formal Feynman Diagrams, Bracket as a Vacuum-Vacuum Expec- 
tation and the Quantum Group SL(2)q. 


The solutions to the Yang-Baxter Equation that we constructed in the last 
section are directly related to the bracket, but each solution gives the bracket 
at special values corresponding to solutions of n + A? + A~? = 0 for a given 
positive integer n. We end up with Yang-Baxter state models for infinitely many 
specializations of the bracket. 

In fact there is a way to construct a solution to the Yang-Baxter Equation and 
a corresponding state model for the bracket - giving the whole bracket polynomial 
in one model. In order to do this it is conceptually very pleasant to go back to the 
picture of creations, annihilations and interactions - taking it a bit more seriously. 

If we take this picture seriously, then a fragment such as a maximum or a 


minimum, need no longer be regarded as a Kronecker delta. The fragment 


% b 
te 
with the time’s arrow as indicated, connotes a creation of spins a and b from the 
vacuum. 
In any case, we now allow matrices M,, and M®* corresponding to caps 
and cups respectively. From the viewpoint of time’s arrow running up the page, 
cups are creations and caps are annihilations. The matrix values M,, and M * 


represent (abstract) amplitudes for these processes to take place. 


Along with cups and caps, we have the R-matrices: 
b 
4 Re 
ef \d 
a b 
Nie Ks 
o/ \d 


corresponding to our knot-theoretic interactions. Note that the crossings corre- 
sponding to R and R are now differentiated relative to time’s arrow. Thus for R 


the over-crossing line goes from right to left as we go up the page. 
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A given link-diagram (unoriented) may be represented with respect to time’s 
arrow so that it is naturally decomposed (via time as the height function) into cups, 
caps and interactions. There may also be a few residual Kronecker deltas (curves 


with no critical points vis-a-vis this height function): 


& 

t 5¢. 
5 

Example. 

a y « $d 

1 « «» 7(K) 
ea Sf &F Sh 
3 i K OL 

r(K) = MayM.a626¢R% Ry; Rey MM 


In this example we have translated a trefoil diagram K into its corresponding 
expression 7(/() in the language of annihilation, creation and interaction. If the 
tensors are numerically valued (or valued in a commutative ring), then r(K) repre- 
sents a vacuum-vacuum expectation for the processes indicated by the diagram 
and this arrow of time. 

The expectation is in accord with the principles of quantum mechanics. In 
quantum mechanics (see [FE]) the probability amplitude for the concate- 
nation of processes is obtained by summing the products of the ampli- 
tudes of the intermediate configurations in the process over all possible 


e e e . Ges 9” 

internal configurations. Thus if we have a process with “input 
6¢ 9 . 

a and “output” 6, and another process , then the amplitude for 


(given input a and output 6) is the sum 
> Pia = 


and corresponds exactly to matrix multiplication. For a vacuum-vacuum expecta- 


tion there are no inputs or outputs. The expression T(K) (using Einstein summa- 


119 


tion convention) represents the sum over all internal configurations (spins on the 
lines) of the products of amplitudes for creation, annihilation and interaction. 

Thus 7(K) can be considered as the basic form of vacuum-vacuum expectation 
in a highly simplified quantum field theory of link diagrams. We would like 
this to be a topological quantum field theory in the sense that T(K) should 
be an invariant of regular isotopy of K. Let’s look at what is required for 
this to happen. 

Think of the arrow of time as a specified vertical bottom-to-top direction on 
the page. Regular isotopies of the link diagram are generated by the Reidemeister 
moves of type II and type III. A type II move can occur at various angles with 


respect to the time-arrow. Two extremes are illustrated below: 


\/ 
T ? ~) ) ( vertical II 


t Yo f ~ \/4 horizontal II 
SAY NAN 


Similarly a type III move can occur at various angles, and we can twist a crossing 


keeping its endpoints fixed: 


It is interesting to note that vertical II plus the twist generates horizontal II. 
See Figure 15. This generation utilizes the basic topological move of canceling 


pairs of critical points (maxima and minima) as shown below: 


~ topological move. 


De RX 


~w 
twist 


we 
top 
= ~ 
top ) vertical 
~ 
top 


twist + vertical + top => horizontal 
Figure 15 


Note that in the deformation of Figure 15 we have kept the angles of the lines at 
their endpoints fixed. This allows a proper count of maxima and minima generated 
by the moves, and it means that these deformations can fit smoothly into larger 


diagrams of which the patterns depicted are a part. A simplest instance of this 
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angle convention is the maxima (annihilation): 


(N= OWN 


If we were allowed to move the end-point angles, then a maximum could turn intoa 


minimum: Qi > nn +» UJ. Unfortunately, this would lead to non-differentiable 


critical points such as: : 


The same remarks apply to the horizontal version of the type III move, and we find 
that two link diagrams arranged transversal to a given time direction 
(height function) are regularly isotopic if and only if one can be obtained 


from the other by a sequence of moves of the types: 


a) topological move (canceling maxima and minima) 

b) twist 

c) vertical type II move 

d) vertical type III move with all crossings of the same type relative 


to time’s arrow. 


(Transversal means that a given level (of constant time) intersects the diagram in 
isolated points that are either transversal intersections, maxima or minima.) 

We can immediately translate the conditions of these relativized Reide- 
meister moves to a set of conditions on the abstract tensors for creation, anni- 
hilation and interaction that will guarantee that 7(K) is an invariant of regular 


isotopy. Let’s take the moves one at a time: 


a) topological move a 
SS bad M,;M** = éF 


° 
; ~ «» MMi, = 6f 
b 


The matrices M,, and M®° are inverses of each other. 
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b) the twist 


re 


x a MeeR);, J mre S; S$} 
c) vertical type II 


( Ri RD, = 626° 


d) vertical type wer 
\ be 


This is the a Equation for R and for R. 


Thus we see (compare with 8.1): 


Theorem 9.1’. If the interaction matrix R and its inverse R satisfy the 
Yang-Baxter relation plus the interrelation with M,; and M* specified 
by the twist and if M@,, and M* are inverse matrices then T(K) will be 


an invariant of regular isotopy. 


Braids. 


The vacuum-vacuum-expectation viewpoint reflects very beautifully on the 
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case of braids. For consider r(K) when K is a closed braid: 


The braid itself consists entirely of interactions, with no creations or annihilations. 
As we sweep time up from the vacuum state the minima from the closure strands 
give pair creations. The left hand member of each pair participates in the braid 
while its right hand twin goes up the trivial braid of the closure. At the top 
everybody pairs up and all cancel. Each braid-strand contributes a matrix of the 


form 


Ma = MaiM™ 


as illustrated above. If p(B) denotes the interaction tensor (composed of R- 


matrices) coming from the braid, then we find that 
1(K) = Trace(n®p(B)) 


where there are n braid strands, and p(B) is regarded as living in a tensor product 
of matrices asin section 7°. Note that this version of T(.A) has the same form as 


the one we discussed vis-a-vis the Markov Theorem (Markov trace). 
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Obtaining the Bracket and its R-matrix. 
If we wish 7(K) to satisfy the bracket equation 


(X) = ar(=<) +4tr() () 


then a wise choice for the R-matrix is 


os a b ab 
~*~ mae ( 


Hence 
Roy = AM* Ma + A716265 | . 


Suppose, for the moment, that the M-matrices give the correct loop value. That 


is, suppose that 


a =\S MyM* =d=-—A*? —A~?. 


Letting U = MM. = U , we have U* = dU and R= AU + A7?I. The proof 
that R (with the given loop value) satisfies the YBE is then identical to the proof 
given for the corresponding braiding relation in Proposition 7.5. 

Thus, all we need, to have a model for the bracket and a solution to the 
Yang-Baxter Equation is a matrix pair (M,,, M°) of inverse matrices whose loop 
value (d above) is —A? — A~?. Let us assume that M,, = M?° so that we are 


looking for a matrix M with M? = I. 


~~ «» M? =I] 


Then the loop value, d, is the sum of the squares of the entries of M: 


d=) (Ms). 
a,b 
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i tele Of = > “gee then M? = I and d = (—1) + (—1) = —2. This is 
certainly a special case of the bracket, with A = 1 or A= —1. Furthermore, it is 
very easy to deform this M to obtain 
pe 0 V-1A 
~ | —f—1A7? 0 
with M? = I and d = —A? — A™~?, as desired. 
This choice of creation/annihilation matrix M gives us a tensor model for 


(K), and a solution to the Yang-Baxter Equation. 


In direct matrix language, we find 


There is much to say about this solution to the Yang-Baxter Equation. In order 
to begin this discussion, we first look at the relationship of the group SL(2) and 
the cases A = +1. 


Spin-Networks, Binors and SL(2). 


The special case of the bracket with M = ee er 


z is of particular signif- 


icance. Let’s write this matrix as 


| Al “0 |= [5 0 
aie 
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where €,; denotes the alternating symbol: 


1 ifa<b 
€ad = -1 ifa>b 
On fad 

a,b € {1,2} =7. 


Let us also use the following diagrammatic for this matrix: 


cas = J] 


ab 


The alternating symbol is fundamental to a number of contexts. 


Lemma 9.2. Let P = y 4 be a matrix of commuting (associative) scalars. 
Then 
PeP? = DET(P)e 


where P? denotes the transpose of P. 


fe alls ofS a=[2 JL2 


Proof. 


// 


Thus we have the definition. 


Definition 9.3. Let R be a commutative, associative ring with unit. Then 
SL(2,R) is defined to be the set of 2 x 2 matrices P with entries in R such 
that 

PeP? =¢. 
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In the following, I shall write SL(2) for SL(2,R). SL(2) is identified as the set of 


matrices P leaving the e-symbol invariant. 


Note also how this invariance appears diagrammatically: Let P = (P/) = 
(Pas) 


(PsP). = PSP? . FF 
t 
‘7 
b ° 


Thus the invariances PeP? = € and P?eP = e correspond to the diagrammatic 


st 


equations 


Sie dde-—FR TT. 


In this sense, the link diagrams at A = +1 correspond to SL(2)-invariant 


tensors. 


_ Nee 
Also, the identity X = & +) ( for the R-matrix becomes a 
specific SL(2)-invariant tensor identity: 


ecg = 6259 — 546e 
# (VA my(v=1 ) = ) ( - 
= ¥2)(-X 
C\ 
= pat VY +) ( [A=+i]. 
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In this calculus of SZ(2)-invariant tensor diagrams there is no distinction 
between an over-crossing and an under-crossing. The calculus is a topologically 
invariant calculation for curves immersed in the plane. All Jordan curves receive 
the same value of —2. This form of a calculus for SZ(2)-invariant tensors is the 
binor calculus of Roger Penrose [PEN1]. His binors are precisely the case for 
A = —1 so that xX + 4 +) ( = 0. Here each crossing receives a minus sign 
and we have the invariance an = () as well. 

The Penrose binors are a special case of the bracket, and hence a special case 
of the Jones polynomial. The binors are the underpinning for the Penrose theory 
of spin-networks. 

For now, it is worth briefly re-tracing steps that led Penrose to discover the 
binors. Penrose began by considering spinors 74. Now a spinor is actually a 2- 
vector over the complex numbers C. Thus A € {1,2}. SL(2,C) acts (via matrix 
multiplication) on these spinors, and one wants an inner product py* € R (real 
numbers) that is SL(2,C) invariant. Let »%, = eapw® so that 


vp" = 4") = desny”. 
If (UZ) =U € SL(2,C) then py” is invariant under the action of U: 


(Up)(Up)* = (Uf y’ ean(UF ¥”) 
= (UfUF esn)y' vy? 
=e,jy' yp? 


= oy". 


A calculus of diagrams that represents this inner product is suggested by the 


“natural” method of lowering an index: 


pe wm - te {oy 
Of course, 
woh 
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and one is led to take 


U eye. 
However, the resulting diagrams are not topologically invariant: 
b 


® 
4 oe, = Ss a 7 : 
aa Be 


a » = 5% 53 € 53 = €ba = —€ab- 


and 


Penrose solved this difficulty by associating a minus sign to each minimum and 


each crossing. This changes the loop from +2 to —2 and gives the binor identity 


YU “ 
~ + +) 4 0. 
That the resulting calculus is indeed topologically invariant, we know well from 


our work with the bracket. Note that 


2 «27 1 
rr ae | 


works just as well as the Penrose convention - distributing the sign over maxima 
and minima. 


It is amusing to do our usual topological verifications in the binor context: 
al 
mr -3e 
eee 
= 
eT” ae” 
=— + “+ )»¢ 
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There is much more to the theory of the binors and the spin networks. (See 
[PEN1], [PEN3], and sections 12° and 13° of Part II.) 


The R-matrix. 

We can now view the bracket calculation as stemming from the particular 
deformation é€ = a 2 of the spinor epsilon (alternating symbol). We use the 
shorthand 


1. 

e 

Man f/=1 ig x Sol | | Py 
-s | 


Thus 


are the creation and annihilation matrices for the bracket. This symbolism, plus 


the Fierz identity 
1 -)( -X 


make it easy for us to re-express the R-matrix: 


R= é A +47) ( 


= A(V-1)? tt. ANtT 4 a) ( 


— + F calla A”) ( 


> XK +) CaS" +e 


= (Ao? — AD eX Y- 
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From the viewpoint of the particle interactions, the Fierz identity lets us replace 


the annihilation ~~ creation 


by a combination of exchange and crossover 


ye 


This actually leads to a different state model for the bracket - one that general- 
izes to give a series of models for infinitely many specializations of the Homfly 
polynomial! (Compare [JO4].) . 

In order to see this let’s calculate R a bit further: 


R= (Ao — ADAH) (] 4 AUTH [ 9X J. 


The index set is J = {1,2} with qT = +1, Tl = —], TI = Tl = 0. The lines and 
cross-lines in the abstract tensors for the diagrams above are Kronecker deltas. 


Thus for [ CQ] the coefficient is 
12 


12 
sepitenlegennid wicee AM aig) he Aton; 


We find: 
= (At — A*)[)<(] +47 [)=(] + 4X]. 


Thus 
R=AM{(A? — A)[)<(] +477 [)=(] + [XK J} 


From this, we can abstract an R-matrix 


Ry =(a—9)[>4) + af )=G) + 1%) 


defined for an arbitrary ordered index set Z. By the same token, let 


R, = (a7? - a) [<6] +97 =U) + (KI. 
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Note that 


Ry —- Ry =(q —q*){[L>G] + [<4] + [ d=0)} 
2 By- B= (0-1). 


If Ry = [YK], Ro = [4] then this is the analog of the exchange identity for 
the regular isotopy version of the Homfly polynomial. 


As a start in this direction, we observe that 


Proposition 9.4. R, and Ry are inverses. Each is a solution to the Yang-Baxter 


Equation for any ordered index set T. 


Remark. We have already verified 9.4 for J = {1,2}. The present form of R, 
makes the more general verification easy. From the point of view of particle interac- 
tions, these solutions are quite remarkable in that they have a left-right asymmetry 
- R, weights only for » < f while R, weights for > ( In the case of T = {1,2}, 
this asymmetry is not at first apparent from the expansion formula for R but 
we see that it arises from the specific choice of time’s arrow that converts 
one abstract tensor to an exchange, and the other to a creation/annihilation. The 
loop-adjustment d = —A* — A~? assures us that the calculations will be indepen- 
dent of the choice of time/space split. One asymmetry (left/right) compensates 
for another (time/space). 

Where is the physics in all of this? The mathematics is richly motivated by 
physical ideas, and this part of the story will continue to spin its web. It is also 
possible that the concept of a topological interaction pattern, such as the knot /link 
diagram, may contain a clue for modeling observed processes. The link diagram 
(or the link in three-space) could as a topological whole represent a particle 
or process. This speculation moves in the direction of embedded (knotted and 
linked) strings. We have the choice to interpret a link diagram as an abstract 
network with expectation values computable from a mixture of quantum mechan- 
ical and topological notions or as an embedding in three-space. The three-space 
auxiliary to a link diagram need not be regarded as the common space of phys- 
ical observation. The interpretive problem is to understand when these contexts 


(mathematical versus observational) of three dimensions come together. 
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Proof of Proposition 9.4. It is easy to verify directly that R, and R, are 


rm IeX 


and examine the conditions under which R yields a solution to YBE. 


inverses. Let’s write 


Case I. a ach 


Assume that the input and output spins are as indicated in the diagram above. 


Then we have: 


aaalseueel 


tT FX | a BRE 


Here I have indicated the possible interaction patterns for the two sides of the 


Yang-Baxter ledger. I have also adopted the following notation: 


yf <> )=( «» equal spin labels 
Yel > )<( «» left label less than right label 


A “> )> ( «» left label greater than right label 


Ke ».4 «» crossover with unequal labels 
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Returning to Case I, we see that for T (the first triangle condition) there is only one 
admissible interaction consisting in three exchanges (no crossover) and a product 
of vertex weights of q?z. For T’ we have two possibilities - exchanges, or a pair of 
canceling crossovers. Here the sum of products of vertex weights is gz? + z. 

In order for the YBE to hold, it is necessary that the contributions from T 


and T” match. Therefore, we need q?z = qz? + z. Hence 


qg =qzt1 
z=q- ie 
This completes Case I. 
The other cases are all similar. The only demand on R is z = q — q~!. Here 


is a sample case. We leave the other cases for the reader. 


Case II. 
aa<b ] 
| EX 5 : 


G& om 
In this case, the invariance is automatic. 


Modulo the remaining cases, this completes the proof of Proposition 9.4. i 


Discussion. We have seen already that for the index set J = {—1,+1} this 
solution to the YBE is closely related to the group SL(2). 

The general solution shown here for any ordered index set is related to the 
group SL(n) and these solutions can be used to construct knot polynomial models. 
Before creating these models, I wish to return to our discussion of S L(2) and show 


how an extension of its symmetry leads to the idea of a “quantum group.” 


Bracket, Spin Nets and the Quantum Group for SL(2). 

In the discussion surrounding Lemma 9.2 we have seen solutions to the Yang- 
Baxter Equation and models for the Jones polynomial (a. k. a. bracket) emerge 
ae e . Since € = ee - is the fundamental 
defining invariant for SL(2), it is natural to ask the question: For what algebraic 


from the deformed epsilon, € = 


structure is é the basic invariant? 
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Therefore suppose that a 2 x 2 matrix P = és iy is given and that the 
entries of P belong to an associative but not necessarily commutative 


algebra. Let us demand the invariances: 


where it is assumed that A commutes with the entries of P. A bit of calculation 


will reveal the relations demanded by (+). 


Proposition 9.5. With é = aa “if re & the equations 


ad — da = (q~! — q)be 
ad —q tbc =1 


—A-1) Aa ac 
—A"*d Ac b d 


pepT — —A~'ba+Aab —A-!be + Aad 
~ \-~A7tda+ Ach —A7~!dce+ Acd 


—A-!ca+Aac —A~!cb+ Aad ‘ 
—A-!da+ Abc —A~1db+ Abd 
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Therefore, the relations that follow directly from PéP? = € and PTéP = é are as 


follows: 


A~‘ba = Aab A-~‘dce = Acd 
A-!ca = Aac A~!db = Abd 
—A'bc+ Aad=A —~A'ch+ Aad=A 


—~A'da+ Acbh=—A7! —A7!da+ Abc = AW. 


It follows that bc = cb, and that an equivalent set of relations is given by: 


ba = gab dc = qed 
ca = qac db = qbd 
bc = cb 

ad — da = (a! — q)be 

ad —q-tbc=1 


where g = A’. Note that the last relation, ad — g~be = 1, becomes the condition 
ad — be = DET(P) = 1 when g = 1. Also, when g = 1 these relations tell us that 
the elements of the matrix P commute among themselves. 


This completes the proof of Proposition 9.5. // 


Remark. The non-commutativity for elements of P is essential. The only non- 
trivial case where these elements all commute is when g = 1. But one, perhaps 
unfortunate, consequence of non-commutativity is that if P and Q are matrices 
satisfying (+*), then PQ does not necessarily satisfy (*«) (Since (PQ)? 4 Q7 PT 
in the non-commutative case.). Thus Proposition 9.5 does not give rise to a 
natural generalization of the group SL(2) to a group SL(2), leaving é invariant. 
Instead, we are left with the universal associative algebra defined by the relations 
(+*). This algebra will be denoted by SL(2),. It is called “the quantum group 
SL(2),” in the literature [DRIN1]. 

While SL(2), is not itself a group, it does have a very interesting structure 
that is directly related to the Lie algebra of SL(2). Furthermore, there is a natural 
comultiplication A : SE(2), + SL(2), ® SL(2),q that is itself a map of algebras. I 
shall first discuss the comultiplication, and then the relation with the Lie algebra. 
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The algebraic structure of the quantum group is intimately tied with the properties 
of the R-matrix and hence with associated topological invariants. The rest of this 


section constitutes a first pass through this region. 


Bialgebra Structure and Abstract Tensors. 

Let’s begin with a generalization of our construction for SL(2),. Suppose 
that we are given a matrix E = (E‘) (the analog of é) and a matrix P = (P?). 
The elements of E commute with the elements of P. The indices 7,7 are 
assumed to belong to a specified finite index set J. Then the equation PEP? = E 
reads in indices as: 


P?E" P} = E* 


with summation on the repeated indices. In terms of abstract tensors we can write 


and 
PEP? = «» 


This last equation should be considered carefully since the order of terms in the 


relations matters. We might write cane %: “ , preserving the order of 
the products of elements of P. This latter form makes sense if the elements of E 


commute with the elements of P. Then we can say 


ys eae - Fey - BA 


The transposed relationship 
PTEP=E 


is best diagrammed by using E with lowered indices: E;; = E'?. Then 


PTEP = E «» P'E;;P) = Ea 


Bel 
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Now, given the relations PEP? = E and PTEP = E, let A(E) denote the 
resulting universal algebra. Thus A(é) = SL(2), (,/g = A). Define A: A(E) > 
A(E) ® A(E) by the formula A(P}) = & Pi ® P# on the generators - extending 
linearly over the ground ring [The ground ring is C[A, A~] in the case of S$ L(2)q.]. 


Proposition 9.6. A: A(E) > A(E) @ A(E) is a map of algebras. 


Proof. We must prove that A(r)A(y) = A(zy) for elements z,y € A(E). It will 
suffice to check this on the relations PEP? = E and P'TEP = E. We check 
the first relation; the second follows by symmetry. Now PEPT = E corresponds 
to P? Ep? = E*>. Thus we must show that A(P?)EA(P?) = E%. where 
1 = 1@1. (Note that the elements E" are scalars - commuting with everyone - 
and that A(1) =< by definition, since u is the identity element in A(E) ® A(E).) 
Since ¢ is the identity element in A(E)@A(E) we can regard E as a matrix on any 
tensor power of A(E) via E** «» E%°(1@1@...@1). With this identification, 


we write 


A(P?)E" A(P}) = E* 
as the desired relation. Computing, we find 


A(P?)EVA(P?) = (Pg @ PE)E?(P} @ Pf) 
= (Py Pe) @ (PS P{)E¥ 
= (Py Pe) ® (PS E" Pé) 
=( P2 P?) @er* 
= (PEEP?) @1 
oe E* @1 
a E%(1 @ 1) 
= E (sic.) 


This completes the proof of Proposition 9.6. i 


Remark. The upshot of Proposition 9.6 is that A(A(E)) C A(E) ® A(E) is also 


an algebra leaving the form E invariant. Furthermore, the structure of this proof 


is well illustrated via the abstract tensor diagrams. We have 


nag orm bh 
ACFE) +» AO) = yer 
So that 


a fey 


ll 
@ 
© 


I 
@ 


: geoff 
b 4ffhe: 

=the: 

-Haen 


// 
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The tensor diagrams give a direct view of the repeated indices (via tied lines), 


laying bare the structure of this calculation. In particular, we see at once that if 
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eth me HAD, 


& @ 


then 


In other words, if PEP? = E and QEQ™ = E and we define 
(P*Q)i = ) | PE @ QF € Ap(E) @ Ag(E) 
k 


then 
(P*Q)E(P*Q)? =E 


in this extended sense of E = E(1@1) in the tensor product. The tensor product 
formalism provides the simplest structure in which we can partially reconstruct 
something like a group of matrices leaving the form E invariant. (Since P * P~} 
is distinct from the identity, we do not get a group.) 


To return to our specific algebra A = A(é) we have: P = * 4 


ba = gab dc = qcd 
ca = qac db = qbd 


be = cb 

ad — da = (q~! — q)be 

ad—q ‘be=1 
A(a) = a®a+b@c 
A(b) = a@b+b@d 
A(c) = c@a+d@®@c 
A(d) = c@b+d@d 


So far, we have shown that A : A(é) > A(é) @ A(é) is an algebra homomorphism. 
In fact, A is coassociative. This means that the following diagram commutes 


(A = A(2)): 
A®A —— AQRABA 
1@A 


| Tae 


A 
A —— > A®A 
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The coassociativity property is obvious in this construction, since 


(1 @ A)A(P)) = (1@ A)(P} @ Pf) 
= Pi @ Pf @ Pi 
= (A @1)(Pi @ Pf) 
= (A @ 1)A(F}). 


An associative algebra A with unit 1 and multiplication m: A@A-— Aisa 
bialgebra if there is a homomorphism of algebras A : A + A@A that satisfies co- 
associativity, and so that A hasaco-unit. A co-unit is an algebra homomorphism 


e: A-—+ C (C denotes the ground ring) such that the following diagrams commute: 


In the case of our construction with A(P} }= Fe P}, let e(P}) = 6 (Kronecker 
delta). 
Then 


(€ @ 1)A(P}) = e(Pj) @ PI 
= 5, @ PS 
=1@P} 
= Pi 


Thus we have verified that A(£) is a bialgebra. 

A bialgebra with certain extra structure (an antipode) is called a Hopf al- 
gebra. 

The algebra A(é) is an example of a Hopf algebra. In this case the antipode 
is a mapping y : A(é) — A(é) defined by 7(a) = d, y(d) = a, 7(b) = —gb, 
y(c) = —q7'c. Extend y¥ linearly on sums and define it on products so that 
(zy) = y(y)y(z) (an anti-homomorphism). 
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Note here that 


“* ee 7(a) 7(0) 
he Ts (5) aH) 


& d —qb 
a eee 


is actually the inverse matrix of P in this non-commutative setting: 


ose ta <6 
PRs 4 ba Pte a 


_ fad—q- ibe —gqab+ ba 
~ \cd—q-tde —qceb+da 


It is also true that P’P = I. In general, the antipode 7 : A — A is intended to 
be the analog of an inverse. Its abstract definition is that the following diagram 


should commute: 


Here € is the co-unit, and 7 is the unit. In the case of O( £) we have 
e(P?) = 53 and n(63) a 5. 
Thus the condition that A(E) be a Hopf algebra is that 
W(Pe)P; = 85 
Pry P3}) = 5}. 
This is the same as saying that P and 7(P) are inverse matrices. 


Remark. The algebra A(€) is a deformation of the algebra of functions (co- 
ordinate functions) on the group SZ(2,C). In the classical case of an arbi- 
trary group G, let F(G) denote the collection of functions f : G — C. Define 
m: F(G) @ F(G) - F(G) by 


m(f @ 9)(z) = f(z)g9(z) 
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and A: F(G) > F(G) ® F(G) by 
A(f)(z @ y) = f(x) f(y). 


Let y : F(G) — F(G) be defined by 7(f)(z) = f(z7!), and e : F(G) > C, 
e(f) = f(e), e = identity element in G. n : C > G by n(z) =e for all z € C. This 
gives F(G) the structure of a Hopf algebra. 

Now F(SL(2,C)) (or F(G) for any Lie group G) contains (by taking deriva- 
tives) the functions on the Lie algebra of SL(2,C). Thus we should expect that 
F, g(SL(2)) : sm = SL(2)q should be related to functions on a deformation of the 
Lie asin, of SL(2). We can draw a connection between A(é) = F g( 9 L(2)) and 
the Lie algebra of SL(2). 


Deforming the Lie algebra of SL(2,C). 
The Lie algebra of SZ(2,C) consists in those matrices M such that 


* € $Hi2 CO). 


Since DET(e™”) = e'* where tr(M) denotes the trace of the matrix M 


d 
ee. DETexp( |} "1) = DET ¥ “ = ere" = “ed 


we see that the condition DET(e™) = 1 corresponds to the condition tr(M) = 0. 
Let st2 = {M | tr(M) = 0}. This is the Lie algebra of SL(2). It is generated by 


the matrices: 


sky = i; 43 =rH ext 41x7} 


With [A, B] = AB — BA we have the fundamental relations: 
[H, X*] =2Xxt 
[H,X~] = -2X~ 
[x7 ,X7|/=H 
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Now define a deformation of this Lie Algebra (and its tensor powers) and call it 
U,(sé2) - the quantum universal enveloping algebra of sé. It is an abstract 
algebra generated by symbols H, X*+,X~ and the relations: 

[H, Xt] =2xt 

[H,X~] = —-2X— 

[X+, X—] = sinh((h/2)H)/sinh(h/2) 


* our familiar deformation parameter. Define a co-multiplication 


A :Uy > Uy @U,y (Uy = U(se(2)),) by the formulas: 


with g =e 


A(H)=H®1+1@H 
MX*) ie xt @ e(h/4)H + e(-h/4)H @ xX. 


One can verify directly that U4, is a bialgebra (in fact a Hopf algebra). However, 
we can see at once that U, is really A(é) = SL(2), in disguise! The mask of this 
disguise is a process of dualization: Consider the algebra dual of U/,. This is 


Ut ={p:U > Cf, A} 


(We'll work over the complex numbers.) 
Note that Uj inherits a multiplication from U,’s co-multiplication and a co- 


multiplication from U,’s multiplication. This occurs thus: 
p,p':U > Cfh, A-*]. 

Define pp'(a) = p® p'(A(a)). Define A(p):U @U — Clh, A-*] by 
A(p)(a ® B) = p(af), 


where af denotes the product of U. 


Consider the following representation of U,: p: Uz — sé2 
AH) = (5 Ly) 
Ax*)=(9 5) 
axD=(5 oy 
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In other words, we map each of the generators of U/, to its “matrix of origin” in 


slo. 


It is easy to verify that p is a representation of U, as algebra. Note that 


sinh ($2) ) - sinh (5 cS 5) 
(fo ete) -(%0 on) 


_ f sinh(h/2) 0 

= ( 0 cane ; 
Hence 

sinh((h/2)p(A)) WS 

 inhtaay ~ AM 


We can write p as a matrix of functions on U,: 


a. fae 
eee ee 


Thus 
a2) = 1, a(X*)=0, a(X~)=0 
b(H) = 0, KX*) = 1, b(X~) =0 
a) = 0, (Xt) =0, aX” )}=1 


d(H)=-1, d(Xt)=0, d(X~)=0. 


Lemma 9.7. The (Hopf) bialgebra generated by a, 6, c,d above is isomorphic to 
the bialgebra A(€) = F,(SL(2)). Thus F,(SL(2)) ~ U* with q = e*. 


We have already described the multiplication and comultiplication on u;. The 
counit for U4, is given by e(1) = 1, e(H) = e(X+) =0. The antipode is defined via 
S(H) = -H, S(X*) = -e~t4X+e%4. In the proof of the Lemma, I will just 
check bialgebra structure, leaving the Hopf algebra verifications to the reader. 
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Proof. We will do some representative checking. Consider ab € Uj. By definition, 
ab(z) = a® W(A(z)) for z €U,. Thus 


ab(H) =a @b(H ®14+1@4) 
=> ab(H) = 0. 
ab(Xt) =a @b(Xt @ elF/F 4 e-(H/4)H @ xt) 
= 0 +a(e~"*/4)4) 


=e (h/4) 


and ba(X*) = e(*/4), 


Thus ba = e+(*/2)q5 = gab. 
Now look at A(a): A(a)(z @y) = a(zy). Thus A(a)(Xt @X-) =a(XtX7—). 
But in general, we see that since a(ry) is the 1—1 coordinate of the matrix product 


p(2)ely). 
_ (az) Wc) 
aa)= (25) a) 


wonir~ ($5) 12)(38 38) 


= ( a(x)a(y) + b(x)c(y) a(x)b(y) + pie dd 
c(x)a(y)+d(x)e(y) (x)b(y) + d(x)d(y) } ’ 
Whence 


A(a)(z @ y) = a(z)a(y) + b(z)c(y) = (a@a+ b@c)(z @y) 
=> A(a)=aGQ®a+b@d 
A(b) =a @b+b@d 
A(c)=cQ@a+d®c 
A(d)=c@b+d@d. 


The other facts about products are easy to verify, and we leave them for the 


// 


reader. This completes the proof of the Lemma. 
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The dual view of SL(2)5 as 
[H, Xt] =2xt 
(A, AO |= 2x 
[X+,X~] = sinh(A/2 H)/ sinh(f/2) 
(and A as above.) 


U,(sé2) : 


is important because it establishes this algebra as a deformation of the Lie algebra 
of SL(2). 

Just as one can study the representation theory of SL(2) (and sé.) one can 
study the representation theory of these quantum groups. Furthermore, the struc- 
ture of a universal R-matrix (a solution to the Yang-Baxter Equation) emerges 
from the Lie algebra formalism. This universal solution then specializes to a num- 
ber of different specific solutions-depending upon the representation that we take. 
In the fundamental representation (jf), we recover the R-matrix that we have ob- 


tained in this section for the bracket. 


Comment. This section has lead from the bracket as vacuum-vacuum expecta- 
tion through the internal symmetries of this model that give rise to the quantum 
group SL(2), and its (dual) universal quantum enveloping algebra U,(s2). This 
algebraic structure arises naturally from the idea of the bracket 

(><) = A( =) + B(DC)] and the conditions of topological invariance - cou- 
pled with elementary quantum mechanical ideas. The bare bones of a discrete 
topological quantum field theory and generalizations of classical symmetry are as 


inevitable as the construction of elementary arithmetic. 
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10°. The Form of the Universal R-matrix. 

First of all, there is a convenient way to regard an R-matrix algebraically. 
Suppose that we are given a bialgebra U. Let R € U @U. Then we can define 
three elements of U @U @U: 


Ry2, Riz, Ros EUQURBYU, 


by placing the tensor factors of R in the indicated factors of U @U @U, witha 1 


in the remaining factor. Thus, if 


R=) e,@c° EUBU, 


Riz =) 6. Oe @1 


$s 


Ris = ) es @1@€° 


Ros = 91 @ es Be’. 


The appropriate version of the Yang-Baxter Equation for this formalism is 


- 2 <9 eee sg 


Ry2R13Re3 = Ro3 R13 Fiz. 


Here the vector spaces (or modules) U label the lines in the diagram above the 
equation. 

In order to relate this algebraic form of the YBE to our knot theorist’s version, 
we must compose with a permutation. To see this, note that the knot theory 
uses a matrix representation of R € U@U. Let p(R) denote such a representation. 
Thus p(R) = (p25) where a and c are indices corresponding to the first U/ 


factor and b and d are indices corresponding to the representation of the 
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second U factor. This is the natural convention for algebra. Now define R2° by 
the equation 
Rea = Pie 
(permuting the bottom indices). We then have the diagram 
a 


*~ 


Cc 


| +» Roe, 
>. 
Now, as desired, the crossing lines each hold the appropriate indices, and the 
equation Rj2Ri3R23 = Re3Ri3Ri2 will translate into our familiar index form of 
the Yang-Baxter Equation. 

Now the extraordinary thing about this algebraic form of the Yang-Baxter 
equation is that it is possible to give general algebraic conditions that lead to 


solutions. To illustrate this, suppose that we know products for {e,} and {e*} in 
the algebra: 


! 
i 2P-Te 
eet = ite! an O b-LI/r. 


Here the abstract tensors and ( correspond to e* and e, respectively. We 
cannot assume that 'e and © commute, but the coefficient tensors 
commute with everybody. 


Finally, assume the commutation relation 


spa 


si, b ae Ee Ge 
Caftg Mize = EC Mela &s 


Call this equation the Yang-Baxter commutation relation. 
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Theorem 10.1. Let b and ° be abstract tensors satisfying a Yang-Baxter 


commutation relation. Let R = of d and 
Ri2= of6 o @1 


Ri3 = ®1®e@ 


Ras =100f8 O. 


Then Ry2Ri3Re3 = Ro3 Riz Riz. 
Proof. 


Ry2Ri3ho3 = ae ® NI9/e1 Oi ® off 
Raf e2H 


@ @ 
@ @ 


l 
© 
@ 


(Y-B commutation) 


I 
® 
© 


COC 


= Ro3Ri3Ri2. 


// 


The simple combinatorial pattern of this theorem controls the relationship of 


Lie algebras and Hopf algebras to knot theory and the YBE. 
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Suppose that U/ is a bialgebra with comultiplication A: U + U @U. Farther 
suppose that {e,}, {e*} CU with 
e,e, = m'.e; 
ete! = piste’ 
and that the subalgebras A and A generated by {e,} and {e*} are dual in the 
sense that the multiplicative and comultiplicative structures in these algebras are 
interchanged. Thus 
A(ei) = Hie. @ et 
and 
A(e') = mi,e* @e*. 
Now suppose that R = }\e, @ e® satisfies the equation 
RA=A'R (*) 
where A’ = Aoco denotes the composition of A with the mapa :U@U -UOU 
that interchanges factors. 


Proposition 10.2. Under the above circumstances the equation RA = A’‘R is 


equivalent to the Y-B commutation relation. 
Proof. 
RA(ex) = (es ® €*)(ui? ei @ €;) 
= ut ese; ® ee; 
= pu,’ mi ec @ ee; 
= €¢ @e*m) uy’ ej. 
A'(er)R = (ue; @ ei)(ee ® e*) 
= uiteses ® e;e* 
= py meg ® ee” 
=e® exp; mie’. 
Since {e¢} is a basis for A, we conclude that 
em pie; = eipy?m*,e°. 


This is the Y-B commutation relation, completing the proof of the claim. // 
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Remark. The circumstance of U D A,A with these duality patterns is charac- 
teristic of the properties of quantum groups associated with Lie algebras. 

In the case of U,(sé,) the algebras are the Borel subalgebras generated by 
H,X+ and H,X~. R= Se, ® e* becomes a specific formula involving power 
series in these elements. The construction of Theorem 10.1 and its relation to 
the equation RA = A‘R is due to Drinfeld [DRIN1], and is called the quantum 
double construction for Hopf algebras. 

While we shall not exhibit the details of the derivation of the universal R- 


matrix for U/,(sé(2)), it is worth showing the end result! Here is Drinfeld’s formula: 


Re YH Qu(h) {exp Stat @ H+ KH @1-1 @ Hy) }(x*) @(X-)" 
k=0 


where Q;(h) = e~**/? I (e* — 1)/(e™* — 1). Note that in this situation the 
algebras in question sie “aafitiike dimensional. Hence the sum R = )'e, ® e° 


8 
becomes a formal power series (and the correct theory involves completions of 


these algebras.) 


The Faddeev-Reshetikhin-Takhtajan Construction. 

The equation RA = A’R is worth contemplating on its own grounds, for 
it leads to a generalization of the construction of the SZ(2) quantum group via 
invariants. To see this generalization, suppose that U/ contains an R with RA = 
A'R, and let T: U — M be a matrix representation of UY. If T(u) = (ti(u)), then 
ti : U — C whence ti € U*. [Compare with the construction in section 9°.] The 


coproduct in U* is given by 


A(ti)(u Qv)= t' (uv) 
= >> th(u)t}(v) 
k 


since T(uv) = T(u)T(v). Therefore A(ti) = t, @ t#. 
With this in mind, we can translate RA = A’‘R into an equation about U*, 


letting 
jo = ti @ t3(R). (algebraist’s convention) 
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Lemma. RA = A’‘R corresponds to the equation | RT; T; = T2T, R| where 
eh) T=(t') Lh=TOl,h=19T 


Proof. 


RA(X): ti @t(RA(X)) 


= Sot, on (RMP @12(A(X)) 


m,n 


= d Rn tt" (X) 


(definition of product in U*) 


A'(X)R: + @ t2(A'(X)R) 


#2 @ th, (A(X))te @ t?(R) 


=ti ti (X)Rm 
Thus RA(X)=A'(X)R implies that | 
Sued ephey Ds tatm 
Letting T = (ti) and 7; = T ®1, T7 =1®T. This matrix equation reads 
RT, To, =T2T1R}. 


Faddeev, Reshetikhin and Takhtajan [FRT] take the equation RT, T> = T>T,R 
as a starting place for constructing a bialgebra from a solution to the Yang-Baxter 
Equation. We shall call this the FRT construction. In the FRT construction 
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one starts with a given solution R to YBE and associates to it the bialgebra A(R) 
with generators {ti} and relations 7,7;R = RT,T>. The coproduct is given by 
A(ti) = ot t, @ tf. 

Non in order to perform explicit computations with the FRT construction, I 
shall assume that the R-matrix is in knot- -theory format. That is, we replace 


R2> by R34? in the above discussion. Then it is clear that the defining on for 


RT,T, = TTR}. 


In index form, the FRT relations become: 


T!7 R= REP |. 


If 6 denotes T?, and pA denotes R, then these relations read: 


the FRT construction becomes 


Since we assume that the elements R#, commute with the algebra generators T;, 


we can write the Faddeev-Reshetikhin-Takhtajan construction as: 


Given an R matrix, we shall denote this algebra by F(R). It is a bialgebra for 
exactly the same reasons as the related case of invariance (the algebra A(E)) 
discussed in section 9°. Diagrammatically, the comparison of A(F) and F(R) is 


quite clear: 


«» F(R) 


«» A(E) 
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A clue regarding the relationship of these constructions is provided by a direct look 
at the R-matrix for SL(2),. Recall from section 9° that we have SL(2), = A(E) 


where 


and that the knot theory provided us with the associated R-matrix 
WJ 1 
noe) 
VIN 


Thus we see at once that any matrix 9 latina + will automatically 
satisfy the relations for F(R): 


MSC : 
vat hea) C= 


Therefore F(R) has A(E) as a quotient. 
In fact, a direct check reveals that F(R) is isomorphic to the algebra with 


generators a,b,c,d and relations: 


BS 


da = qad 
ca = gac 


The center of F(R) is generated by the element (ad — g~'bc), and, as we know, 
A(E) ~ F(R)/(ad —q7*bc) where the bracket denotes the ideal generated by this 
relation. In any case, the Faddeev-Reshetikhin-Takhtajan construction is very 
significant in that it shows how to directly associate a Hopf algebra or at least a 
bialgebra to any solution of the Yang-Baxter Equation. 

The quantum double construction shows that certain bialgebras will naturally 
give rise to solutions to the Yang-Baxter Equation from their internal structure. 
The associated bialgebra (quantum group) provides a rich structure that can be 
utilized to understand the structure of these solutions and the structure of allied 


topological invariants. 


156 


Hopf Algebras and Link Invariants. 

It may not yet be clear where the Hopf algebra structure is implicated in the 
construction of a link invariant. We have shown that the Drinfeld double construc- 
tion yields formal solutions to the Yang-Baxter Equation, but this is accomplished 
without actually using the comultiplication if one just accepts the “Yang-Baxter 


commutation relation” 


As for the antipode y : A — A, it doesn’t seem to play any role at all. Not 
so! Seen rightly, the Drinfeld construction is an algebraic version of 
the vacuum-vacuum expectation model. In order to see this let’s review 
the construction, and look at the form of its representation. We are given an 
algebra A with multiplicative generators e9,€1,... ,€n and ea... , ee {The 
same formalism can be utilized to deal with formal power series if the algebras are 
not finite dimensional.) We can assume that e) = e® = 1 (a multiplicative unit) 


in A, and we assume rules for multiplication: 


k 
€;€; = ™55€k 
ee? = pe* 


(summation convention operative). We further assume a comultiplication 


A:A— A®A4A such that 


A(ex) = nye: Be; 


A(e*) = mie! @ e. 


That is, lower and upper indexed algebras are dual as bialgebras, the co- 

multiplication of one being the multiplication of the other. Letting p = e, @e’, 
we assume that p satisfies the Yang-Baxter commutation relation in the form 
pA = A'p where A’ is the composition of A with the permutation map on A® A. 
With these assumptions it follows that p satisfies the algebraic form of the Yang- 
Baxter Equation: 12/13/23 = 23/13/12, (Theorem 10.1). Finally we assume that 
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there is an anti-automorphism 7 : A > A that is an antipode in the (direct) 
sense that 
t+ k=O 


0 otherwise. 


m((1@ 7)A(ex)) = m((7 @ 1)A(e*)) = { 


(Same statement for e* and e, in these positions.). 

Now suppose that rep : A — M where M is an algebra of matrices (with 
commutative entries). If we let e denote an element of A, then rep(e) = * That 
is, the representation of e becomes an object with upper and lower matrix indices. 
For thinking about the representation, it is convenient to suppress the indices k 
and @ in ex, e&. Thus, we can let @~@ denote p = ex ® e* with the wavy line 


indicating the summation over product of elements that constitute p. Then we 


rep(@~-®) = o~> 
and we define an R-matrix via 
rhe 


Note once again how the permutation of the lower lines makes FR into a knot- 


have: 


theoretic solution to the Yang-Baxter Equation: 


1 2 3 1 2 3 


re 


P12P13P23 = P23P13P12:- 


For the purpose of the knot theory, we can let R correspond to a crossing of the 


“A” form: / 
as. ay 
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(with respect to a vertical arrow of time). Then we know that R7-! corresponds 
to the opposite crossing, and by the twist relation R-! is given by the formula 


Ro! = = 


where it is understood that the raising and lowering of indices on R to form R7! 


is accomplished through the creation st annihilation matrices 


M** a» Up and My “mf 


Keeping this in mind, we can deform the donpeuaniaiats he R~ so long as we keep 
track of the maxima and minima. Hence 
R71 = 


This suggests that there should be a mapping 7 : A — A such that 


rep (7) @) = 


Therefore, we shall assume that the antipode 7: A — A is so represented. 


Then we see that the equation RR~! = I becomes: 


“8 = 4 


In other words, we must have d(es @ e*)(y(er) @e') =1Q@1 
in the algebra. 
With ¥ the antipode of JA, this equation is true: 


(€s ® €*)(y(er) @ et) 

= €,7(€1) @ e%e® 

= esy(er) ® ppc 

= py “es7(Et) @ ef 

= m(1® 7)(ug es @ er) @ 

= m((1 ® y)A(ez)) @ e* (by assumption about comultiplication) 
=1@1 (by definition of antipode). 


Thus we have shown: 
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Theorem 10.3. If A is a Hopf algebra satisfying the assumptions of the Drinfeld 
construction, and if A is represented so that the antipode is given by matrices 


M,3, M®® (inverse to one another) so that 


wot 


Then the matrices R, R~!, Mas, M*° (specified above) satisfy the conditions for 
the construction of a regular isotopy invariant of links via the vacuum-vacuum 
expectation model detailed in this section. 

The formalism of the Hopf algebra provides an algebraic model for the cat- 
egory of abstract tensors that provide regular isotopy invariants. In this sense 
the Drinfeld construction creates a universal link invariant (compare [LK26] and 
[LAW1)). 


A Short Guide to the Definition of Quasi-Triangular Hopf Algebras. 
Drinfeld [DRIN1] generalized the formalism of the double construction to the 

notion of quasi-triangular Hopf algebra. A Hopf algebra A is said to be 

quasi-triangular if it contains an element R satisfying the following identities: 

(1) RA=A’'R 

(2) Ris Res = (4 @1)(R) 

(3) Ry2Ri3 = (1@A)(R). We have already discussed the motivation behind (1). 
To understand (2) and (3) let’s work in the double formalism; then 


Ri3Ro3 = €s @ er @ e*e* 
= €, @ er @ pf'e’ 
= pie, Ge: Be’ 
= A(e;) @e' 


’. Ry3Ro3 = (A ®& 1)(R). 


Similarly, Ri2Ri3 = (1 ® A)(R). 
The notion of quasi-triangularity encapsulates the duality structure of the 
double construction indirectly and axiomatically. We obtain index-free proofs of all 


the standard properties. For example, if A is quasi-triangular, then (A’ @ 1)( 2) = 
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Fo3Ri3 since this formula is obtained by switching two factors in (A @1)R = 
R13 R23 (interchange 1 and 2). From this we calculate 


Rj2Ri3Ro3 = Ri2(A @ 1)(R) 
os (A' @1)(R)Ri2 ix, = A'R) 
= Ro3R13Ri2. 


Hence R satisfies the Yang-Baxter Equation. It is also the case that R~! = (1@7)R 


when A is quasi-triangular. 


Statistical Mechanics and the FRT Construction. 

The Yang-Baxter Equation originated in a statistical mechanics problem that 
demanded that an R-matrix associated with a 4-valent vertex commute with the 
row-to-row transfer matrix for the lattice [BA1]. Diagrammatically, this has the 


form 


i 


Cle 


In these terms, we can regard this equation as a representation of the equation 
T,T,R = RT,T2 with T = i and T,T> denoting matrix multiplication as shown 
in the diagram. In particular, this means that, for a knot-theoretic R solving 
the Yang-Baxter Equation, (t)§ = Ry gives a solution to the FRT equations 
tet} Re, = Rep tity. Thus, for R a solution to the Yang-Baxter Equation, the FRT 
construction comes equipped with a matrix representation that is constructed from 


submatrices of the R-matrix itself. 
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11°. Yang-Baxter Models for Specializations of the Homfly Polyno- 
mial. 

We have seen in section 9° that a vacuum-vacuum expectation model for the 
bracket leads directly to a solution to the YBE and that this solution generalizes 


to the R-matrices Rp oe q7) yf +a}(+ Xn 
R =; (g7t —q) ped se +% 


The edges of these small diagrams are labelled with “spins” from an arbitrary 


index set J and 


6 b 
“Sel wa<b, . a\ 2 «» a> b 


Hw a= 
b 
2 wwatbd 
b B 
e b 
Waa <b 
— (eg) = [a < b]6255 where la<d)=4 rs 


1 if P is true 


‘ ). Thus 
0 if P is false 


(in general, [P] “ 
R& = (q—q71)[a < 1626 + gla = 05255 + [a F 16360. 


The structure of these diagrammatic forms fits directly into corresponding state 
models for knot polynomials - as we shall see. 
The models that we shall consider in this section are defined for oriented knot 


and link diagrams. I shall continue to use the bracket formalism: 
(K) = D(K\o)s"*! 


where the states o, products of vertex weights (K|o), and state norm ||o|| will be 
defined below. We shall then find that (K) can be adjusted to give invariants of 
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regular isotopy for an infinite class of specializations of the Homfly polynomial. 
This gives a good class of models, enough to establish the existence of the full 
2-variable Homfly polynomial. Recall that we have discussed this polynomial and 
a combinatorial (not Yang-Baxter) model in section 5°. 

How should this state model be defined? Since the R-matrix has a nice 


expansion, it makes sense to posit: 


(A) = (eh) +(e) + (2%) 
(Na) = 6-9) +01) + XK) 


for the state model. This is equivalent to saying that the R-matrix determines the 
local vertex weights. 
Note that, we then have 


(Ys) ~ (OS) == [(ad) + (0) +(e) 


and, since given two spins a, b we have either a < b,a>bora=b, we have 


(10) = (Pd) + VL) + (do): 
(Wa) - (Ma) = @-1(). (). 


Hence the model satisfies the exchange identity for the regular isotopy version of 


Therefore, 


the Homfly polynomial. Since the edges are labelled with spins from the index set 
I, we see that the states o of this model are obtained by 


1. Replace each crossing by either a decorated splice: 


a 
4 or or 
or by a graphical crossing: 


2. Label the resulting diagram o with spins from Z so that each loop in o has 
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constant spin, and so that the spins obey the rules: 


ye >a<b ("> ack 


[A diagram may have no labelling - in such a case it does not contribute to 
(K).] 
Example. If K is a trefoil diagram a) 


“aD, 


a, . a<b 


then a typical state o is 


Oo 


Note that the loops in a state have no self-crossings (since such a crossing would 
force a label to be unequal to itself). 

In conformity with the notion that (K) is a vacuum-vacuum expectation 
(generalizing from the case of the unoriented bracket of section 3°), we see that 
each individual loop of constant spin a must receive a value that depends only 
on a and the rotational direction of the loop. We choose this evaluation by the 


formula 


gllell — (g) 
where 6 is a variable whose relation with q is as-yet to be elucidated, and ||o|| is 
the sum of the spins of the loops in o multiplied by +1 according to the 
rotational sense of the loop. That is, 


lol] = > rot(@) - label(2) 


£E€components(c) 


164 


where label(¢) is the spin assigned to the loop £ and rot(€) = +1 with the conven- 


tion: 
rot (©) = +1 
rot (©) =-1 
Thus for 
a oF 
we have ||o|| = —a — 6 and (co) = 6-2-°. 


Remark. In terms of the literal picture of a vacuum-vacuum expectation we need 


to specify creation and annihilation matrices 


Mas ab aa M* 
so that 
(0)-E6 
a€T 
and 
(O)-Ee 
a€T 


since a given loop has states with arbitrary labels from T. 
There is one case where these matrices appear naturally. Suppose that 
aé€éIl«#-aeT. (Positive spin is theoretically accompanied by corresponding 


negative spin.) Then interpret 


at X b = q*/? Aas 


as a deformation of a reversed Kronecker delta: 


wer 
Aes = b4,-={ ; 


: 0 otherwise. 
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Here we use the vertical direction (of time for the vacuum-vacuum process) so that 


a constant labelling of the arc {) is interpreted as 
T +a and | -a 


depending on the arrow’s ascent or descent. 


(A particle travelling backwards in time reverses its spin and charge.) The 


oe a/2a. 
af OX nota 
ef ths 
ee OF itil 
& b 
a. =g ae 
& b 
k gs q*l® Ae? 


For the symmetrical index set (a € I # —a € T) these matrices produce the 


matrices become: 


given expectations for the trivial loops. The matrices simply state probabilities 
for the creation or annihilation of particles/antiparticles with opposite spin or the 
continued trajectory of a given particle “turning around in time”. The whole point 
about a topological theory of this type is that the vacuum-vacuum expectations 
are independent of time and of the direction of time’s arrow. 

Returning now to the model itself we have (K) = 5>(K|a)(c) where the o 
can be regarded as diagrammatic “state-holders” (ready to be labelled with spins) 


or as labelled spin-states. A state-holder such as 


is the diagrammatic form of a particular process whose expectation involves the 


summation over all spin assignments that satisfy the process. Note that we are free 
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to visualize particles moving around the loops, or a sequence of creations, inter- 
actions and annihilations. The latter involves a choice for the arrow of time. The 
former involves a choice of meta-time for the processes running in these trajec- 
tories. The topological theory maintains independence of meta-time conventions 


just as it is aloof from time’s arrow. 


In order for this theory to really be topological, we must examine the behavior 
of (K) under Reidemeister moves. We shall adjust 6 to make (K) an invariant of 


regular isotopy. 


For arbitrary q, 6 and index set T, it is easy to see that (K ) is an invariant 
of moves II(A) and III(A) (non-cyclic with all crossings of some type). IT(A) is 
easy since R and R are inverses and since the state evaluations 6!!7ll do not involve 
crossing types. Nevertheless, the technique of checking II(A) by state-expansion 


is worth illustrating. Therefore 


7 
Lemma 11.1. (9 = () () for any index set Z and variables g and 6. 
Y 


Proof. 
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Therefore 


LOX) (SG) 
sae) (0) (0) 0 (R=) 
Thus (%, E () 6 nackte pond satienains: // 


Lemma 11.2. The state model (K), as described above, is invariant under the 
oriented move III(A) for any ordered set I and any choice of the variables q and 


6. 


Proof. Note that the model has the form 


(K) = (Ko) si 
Co 
where o runs over all spin-labellings of the diagram K, (K|o) is the product of 
vertex weights corresponding to the matrices R and R and ||o|| is the loop count 
as explained above. Since R and R satisfy the YBE, it suffices to check that for 
given inputs and outputs to a triangle (for the III.- move) ||c|| is the same for all 
contributing internal states. A comparison with the verification in Proposition 9.4 
shows that this is indeed the case. For example 
a | | | and a | b | f 

have the same norm since corresponding labels and rotation numbers are the same. 


This completes the proof. // 


The next lemma is the key to bracket behavior under the reverse type II move. 
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Lemma 11.3. (K) is invariant under the reversed type II move, and hence is an 


invariant of regular isotopy, if and only if the following conditions are satisfied: 
— 7 
oe jE 
——— 
\ anil 
(ii) aa ( v2) 
—p~y, 


i. 
Call these the cycle conditions for the model (K). 


Remark. Note that we have reverted to the direct notation - indicating by in- 


equality signs the spin relationships between neighboring lines. 


Proof. The proof is given for one type of orientation for the type IIB move. The 
other case is left for the reader. Let z = gq —q7!. Expanding the form of the II 


move, we find: 


<BR 
“KEEP ED 
+E Ee y E>} 
recy 
-2K & , +z¢< & 
as +<¥ cdo 


ut 
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In order to simplify this expression, note that 


ZI>K<OKD 


since crossed lines have unequal indices. 


Also, it is easy to check that 


[This is an identity about rotation numbers: 
(i) (Arc ) = 6-4, (@)) = $4" 
a 
0 (GS aes (Brjarwne] 


& 


Therefore, 


X= KEP 
+2g<¥ > -2¢ > 
Sat: 


Thus, a necessary condition for invariance under the move IIB is that the sum 


of the first three terms on the right hand side of this equation should be zero. 
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Dividing by z, we have: 


This proves the first cycle condition. The second follows from the need for the 


(HS) (1) 


with all essential details the same. This completes the proof of the Lemma.  // 


invariance 


At this point it is possible to see that the index sets 
Tn = {—n,-n+2,-n+4,...,n—2,n} 
(n = 1,2,3,...) will each yield invariants of regular isotopy for (K). More pre- 
cisely: 
Proposition 11.4. Let Z, = {-—n,-n+2,...,n—2,n} (n € {1,2,3,...}) and 


let 6 = q,z=q-—q7! so that (K) = )>(K|o)q'7. Then (K) is an invariant of 


o 
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regular isotopy, and it has the following behavior under type I moves: 
ea a cic 


(—67) =). 


Proof. To check regular isotopy, it is sufficient to show that the cycle conditions 
(Lemma 11.3) are satisfied. Here is the calculation for the first condition. 
q so N § 


—— , sigs 
ge amen 2 aia 


a>c a>b>c a>b>c 


With the choice of index set as given above, it is easy to see that each coefficient 


cas SS ule i? c vanishes identically. The second cycle condition is 
Toe" a>b>c 
satisfied in exactly the same manner. 


Direct calculation now shows the behavior under the type I moves. Since we 


shall generalize this calculation in the next proposition, I omit it here. // 


Remark. With index set Z,, and 6 = q we can define 


PR (q) = (g"**)-"(K) /(0) 
where w(k) denotes the writhe of K. Then pi satisfies the conditions 


1. K ambient isotopic to K' > P Py (q) = P\)(q). 

2. Pw) =1 

3. — Te av, =(q-4 Pe 
Thus we see that pr ") is a one-variable specialization of the Homfly polynomial 
(Compare [JO4]). The entire collection of specializations {Pp | 428 1,2,3,..:} is 
sufficient to establish the existence of the Homfly polynomial itself (as a 2-variable 
polynomial invariant of knots and links). Although this route to the 2-variable 
oriented polynomial is a bit indirect, it is a very good way to understand the 


nature of the invariant. 
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Note that in this formulation the original Jones polynomial appears for the 
index set J; = {—1,+1} and gq = Vt. This is an oriented state model for the Jones 


polynomial based on the Yang-Baxter solution 


R=(q-q7') )<( + a)-(+ = 4 


We have already remarked (9°.) on the relationship between this R (for a two- 
element index set) and the Yang-Baxter solution that arises naturally from the 
bracket model. It is a nice exercise to see that these models translate into one 
another via the Fierz identity, as explained in section 10°, for the R-matrices. 

A further mystery about this sequence of models is the way they avoid the 
classical Alexander-Conway polynomial. We may regard the Conway polynomial 


as an ambient isotopy invariant Vx, with Vo = 1 and 


ie mex4 we a 


Thus Vx seems to require n = —1, a zero dimensional spin set! In fact Vx has 
no direct interpretation in this series of models, but there is a Yang-Baxter model 
for it via a different R-matrix. We shall take up this matter in the next section. 
To conclude this section, I will show that (K) really needed an equally spaced 
spin set in the form J = {—a,-a+ A,—a+2A,...,a—A,a} in order to satisfy 
(—y%) = (7) for some a. Thus the demand for multiplicativity under the type 
I move focuses these models into the specific sequence of regular isotopy invariants 


that we have just elucidated. 


Proposition 11.5. Let (K) denote the state model of this section, with indepen- 
dent variables z, 6 and arbitrary ordered index set J = {No < Ni <... < Np}. 


Suppose that (K) is simple in the sense that there exists an algebraic element a 


such that 
(af) ales) 


a) =) 


Then all the gaps Nz4; — Ny are equal and No = —Ny. 
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Proof. 


a e"(S) + a o“(S) 


a>b 


= 5" (> z6~? +. s~*) (AS). 


a a>b 


In order for the model to be simple, we need that all of these coefficients are equal: 


a = g6—No 
= (q—q7*)6-% + g6-™ 


m-—1l1 


=(q—977) DOM + g5-Nm. 


7=0 


Thus 


g6—No _ gb—No i a tg Me E® gb 
=>q716—No on. go ™ 


=>q? = §N1-No, 


Similarly, g? = 6Ne+1—Ne & = 0,... ,m—1. This completes the proof. // 
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12°. The Alexander Polynomial. 

The main purpose of this section is to show that a Yang-Baxter model es- 
sentially similar to the one discussed in section 11° can produce the Alexander- 
Conway polynomial. 

Along with this construction a number of interesting relationships emerge - 
both about solutions to the Yang-Baxter Equation and about the classical view- 
points for the Alexander polynomial. 

The model discussed in this section is the author’s re-working [LK23] of a 
model for the Alexander polynomial, discovered by Francois Jaeger {[JA4] (in ice- 
model language). Other people (Wadati [AW3], H. C. Lee [LEE1]) have seen 
the relevance of the R-matrix we use below to the Alexander polynomial. In 
[LK18] and [JA8] it is shown how this approach is related to free-fermion models 
in statistical mechanics. (See also the exercise at the end of section 13°.) Also, 
see [MUK2] for a related treatment of the multi-variable Alexander polynomial. 
The R-matrix itself first appeared in [KUS], [PS]. 

The first state model for a knot polynomial was the author’s FKT model 
[LK2] for the Alexander-Conway polynomial. The FKT-model gives a (non Yang- 
Baxter) state model for the (multi-variable) Alexander-Conway polynomial. Its 
structure goes back to Alexander’s original definition of the polynomial. It came 
as something of a surprise to realize that there was a simple Yang-Baxter model 
for the Alexander polynomial, and that this model was also related to the classical 
topology. This connection will be drawn in section 13°. 

I shall begin by giving the model and stating the corresponding Yang-Baxter 


solution. We shall then backtrack across a number of the related topics. 


The Yang-Baxter Model. 
Recall that the Conway version of the one-variable Alexander polynomial is 
determined by the properties 


(1) Vx = Vx: whenever K is ambient isotopic to K’. 
Gi Sani 


(ii) Wo - Ve =2Vog 
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One important consequence of these axioms is that Vx vanishes on split links 


K. For suppose K is split. Then it can be represented diagrammatically as 


a 
a 


(Take this as a definition of split.) Then we have 


K. 


VAn— VB = zVK 


where 


Since A and B are ambient isotopic (via a 2m twist), we conclude that zVx = 0, 
whence Vx = 0. 


This vanishing property seems to raise a problem for state models of the form 


(K) = (xo) 
since these models have the property that (@) K) = ( @ )(K) and we would 
need therefore that (® ) = 0 for this equation to hold - sending the whole model 
to zero! 
In principle, there is a way out (and the idea works for Alexander - as we 


shall see). We go back to the idea of knot theory as the study of knots (links) on 


a string with end-points: COD 
=o ee 


One is allowed ambient or regular isotopy keeping the endpoints fixed and so 
that no movement is allowed past the endpoints. More precisely, the diagrams all 


live in strip R x I for a finite interval J. A link L is represented as a single-input, 
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single-output tangle with one end attached to R x 0, and the other end attached 
to Rx 1. Only the end-points of L touch (R x 0)U(R x 1). All Reidemeister 
moves are performed inside R x I (i.e. in the interior of R x I). 

This two-strand tangle theory of knots and links is equivalent to the usual 
theory (exercise) - and I shall use it to create this model. For we can now imagine 


a model where 


(7) = 1 


(© jvm.) <0 


The split link property is possible in this context. 


but 


[An n-strand tangle is a link diagram with n free ends; usually the free ends 
are configured on the outside of a tangle-box (a rectangle in the plane) with the 
rest of the diagram confined to the interior of the box.] 

To produce the model explicitly, we need a Yang-Baxter solution. Deus ex 


machina, here it is: 


Let J = {—1,+1} be the index set. Let 


rere bial oc) LA 
arin Loch nnaldan 


Here we use the same shorthand as in section 11°. Thus 


a L 1 ifa=c=-+1 and 
0 otherwise. 
c d 


Note that 


Br Enter el PEt Eng GF + PU frie 
=(q- DG |. 
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Thus this tensor is a candidate for a model satisfying the identity 


| a eae 


if we associate R to positive crossings, and R to negative crossings. That R and 
R are indeed solutions to the Yang-Baxter Equation, and inverses of each other 
can be checked directly. [See also the Appendix where we derive this solution in 
the course of finding all spin preserving solutions to YBE for J = {—1, +1}}. 


Therefore, suppose that we do set up a model 


(K) = }0(K|o)6lel 


Co 


using this R-matrix and J = {—1,+1} with the norms ||o|| calculated by labelling 
a rotation exactly as in section 11°. We want (-g®) = (7~¥), but a first pass is 
to try for simplicity: (-y%) = a( ep) and see if that restriction determines the 


structure of the model. Therefore, we must calculate: 


fo) oS) (8) 
“eee afin eo 
= |(q—9q7)6-} — q736] (=) +q5"' (+7), 

Thus, we demand that 

Ct ae ee ee ee 


Whence 
q (6-1 +6)=0. 


Therefore 6—1 + 6 = 0, and we shall take 6 =i where 7” = —1. 
It is now easy to verify that the model is multiplicative for all choices of curl. 


In fact, it also does not depend upon the crossing type: 
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Lemma 12.1. With 6 =i (<? = —1) and (K) as described above, we have 


(a8) =-a(-) 
° 8) --a(-2) 
a (94) -1-(-9 
: (2) -1(-9 


Proof. We verify (iii) and leave the rest for the reader. 


ol er 
nea) ve 
aim lI 


The lemma implies that if 
Vy = fegr SND (K), 
= i y = (q-—q *)V— . It 
then Vey? Ve~» for a curl. Certainly Voz WS (¢g-—q°) = 
remains to verify that Vx is invariant under the type IIB move. Once we verify 
this, Vx becomes an invariant of regular isotopy and hence ambient isotopy - via 
the curl invariance. 


Note that we shall assign rotation number zero to the bare string: 


rot(eo="pie) = 0. 
Also, we assume that (— ps) + (eee) = (ous) = 1. The model 


now has the form 


(K) = )7(Klo)ilel 


Co 


where 7? =1, (K|c) is the product of vertex weights determined by the R-matrix, 


and ||o|| is the rotational norm for index set J = {—1, +1}. 
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Proposition 12.2. With (K) defined as above, 


(X)- QC) 


fas 
Proof. Consider the terms in the expansion of (30). The contributing forms 
are > 


— and 


The last step follows from the identity 


(X )-())-(f) 


I now assert the following two identities: 
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ee) F 


and 


(=2)-(a t= 


These are trivial to verify by checking cases. Thus 


( $e) 


and 


aa o) ( v : 
1 ~ a0). 
Note that we must consider separately those cases when one of the local ares 


is part of the input/output string. 


As a result of these last two identities, we conclude that 


(2X) -(2 0) 


This completes the proof. // 
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We have now completed the proof that (K) = )>(K|a)i!!7!l is a regular isotopy 
Co 
invariant of single input/output tangles. It follows that Vx = (ig7!)7"t* (K) is 
an invariant of ambient isotopy for these tangles, and that 
2. Van, = VAR, +VeG =} 
V ® = 0. 
Having verified these axioms, we see that Vk = Vi Vestn + ViVedu, being 
free (by using 1. and 2. recursively) of Ve=m®, or Ver, ; it follows that 
Vi = Vz = Vx. In other words, the coefficients of (eRe) and (#%e) in the state 


expansion of (K) are identical. For calculation this means that we can assume 


that all states have (say) positive input and positive output: 


eh. 


Since we already know that these axioms will compute the Conway polynomial of 
K where K is the closure of the tangle K: 


of} SER x, 


we conclude that Vx is indeed the Conway polynomial. 

Finally, we remark that Vx will give the same answer from a knot K for 
any choice of associating a tangle K to K by dropping a segment. I assume this 
segment is dropped to produce a planar tangle in the form —> ER. fitting 
our constructions. The independence of segment removal again follows from the 
corresponding skein calculation using properties 1. and 2. 

In fact, the model’s independence of this choice can be verified directly and 
combinatorially in the form of the state summation. I leave this as an exercise for 


the reader. 


Example. 
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aoe 
(L) =i+q7i- 
rot(L) = —1 
Vi = (tg7* ro) (Z) 
= ig*(i+q7i7") 
=-q''+q 


Vin sale 


There are many mysteries about this model for the Conway polynomial. Not the 
least of these is the genesis of its R-matrix. In the Appendix we classify all spin 
preserving solutions of the Yang-Baxter Equation for the spin set J = {—1,+1}. 


Such solutions must take the form 
+ - |+ + (+ We Ge 
Haft ) a ") ~ ?) +n 
+ 7. - 
+d x +s x t 


for some coefficients £, r, p, n, d, and s. We show in the appendix that the 


following relations are necessary and sufficient for R to satisfy the YBE: 


rid = Q 
ris = 
rf(€—r)=0 
p*l = pl? + eds 


n7l = nl? + eds 
p’r = pr? + rds 
n*r = nr? + rds 


One natural class of solutions arises from d = s = 1,r =0. Then the conditions 


reduce to: 


pl = pl? +20 
n?l= nl? +2. 
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Assuming n and p invertible, we get = p— p™! and £=n-—n7!. Thus 


p—pt=n-n'!. 


&np*-n=n’'p-—p 
|np(p—n)=n—p|. 


Thus we see that there are two basic solutions: 
l.n=p 
2. np=-1. 
The first gives the R-matrix 


mer SVX 


and gives the Jones polynomial as in section 11°. 


The second gives the R-matrix 


orf CrTOX 


and yields the Conway-Alexander polynomial as we have seen in this chapter. 
Thus from the viewpoint of the YBE we have the diagram 


Spin Preserving 
FZ {+1} 


Jones 
Polynomial 


Conway- Alexander 
Polynomial 
In this sense the Jones and Conway polynomials have equal] footing. But in another 


sense they are very different and the difference is apparent in the state models. 


Let J(K) denote the oriented state model for the Jones polynomial as con- 
structed in section 11°. Then 


JK) = > I(K\o)tl! 


184 


where ¢ is an algebraic variable. Let A(K) denote the model in this chapter. Then 


A(K) = )> A(K|o)illel 


where 2? = —1. 

That the loop term is numerical (i!!@!l) for the Conway polynomial, and alge- 
braic (t!l7ll) for the Jones polynomial, is the first visible difference between these 
models. 

There are many results known about the Alexander polynomial via its classical 
definitions. The classical Alexander polynomial is denoted A x(t) and it is related 
to the Conway version as Ax (t) = Vx(t!/? —t-1/?) where = denotes equality up 
to sign and powers of t. Since the model A(K) of this section is expressed via 
z= q-—q~’ we have that Ax(q?) = A(K)(q). One problem about this model is 
particularly interesting to me. We know [F OX1] that if K is a ribbon knot, then 
Ax(t) = f(t)f(t-*) where f(t) is a polynomial in t. Is there a proof of this fact 
using the state model of this chapter? A ribbon knot is a knot that bounds a disk 
immersed in three space with only ribbon singularities. In a ribbon singularity 
the disk intersects itself transversely, matching two arcs. One arc is an arc interior 
to the disk; the other goes from one boundary point to another. 

In the next section we review some classical knot theory and show how this 
model of the Alexander-Conway polynomial is related to the Burau representation 


of the Artin braid group. 
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13°. Knot-Crystals - Classical Knot Theory in Modern Guise. 


This lecture is a short course in classical knot theory - including the fundamen- 
tal group of the knot (complement), and the classical approach to the Alexander 
polynomial. I say modern guise, because we shall begin with a construction, the 
crystal, C(K), that generalizes the fundamental group and the quandle. The 
quandle [JOY] is a recent (1979) invariant algebra that may be associated with 
the diagram of a knot or link. David J oyce [JOY] proved that the quandle classifies 
the unoriented type of the knot. (Two knots are unoriented equivalent if there 
is a homeomorphism of S$° - possibly orientation reversing - that carries one knot 
to the other. Diagrammatically, two diagrams K and L are unoriented equivalent 
if K is ambient isotopic to either L or L*, where L* denotes the mirror image of 
L.) 

Before giving the definition of the crystal, I need to introduce some alge- 
braic notation. In particular, I shall introduce an operator notation, aq (read “a 
cross”), and explain how to use it to replace non-associative formalisms by non- 
commutative operator formalisms. Strictly speaking, the cross illustrated above 
a) is a right cross. We shall also have a left cross (me > as in fc’ and the 
two modes of crossing will serve to encode the two oriented types of diagrammatic 


crossing as shown below: 
C=z=a b] C= 2a f, 


ch, a 


In this formalism, each arc in the oriented link diagram K is labelled with a letter 
(a,b,c,...). In this mode I shall refer to the arc as an operand. The arc can also 
assume the operator mode, and will be labelled by a left or right cross (al or fa’) 
according to the context (left or right handed crossing). 

As illustrated above, we regard the arc c emanating from an undercrossing as 


the result of the overcrossing arc 6, acting (5] or () on the incoming undercrossing 
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arc a. Thus we write c = ab} orc = ft’ according to whether the crossing is of 
right or left handed type. 


At this stage, these notations do not yet abide in an algebraic system. Rather, 
they constitute a code for the knot. For example, in the case of the trefoil, we 


obtain three code-equations as shown below. 


ny 


What is the simplest algebra compatible with this notation and giving a regular 


isotopy invariant of oriented knots and links? 


In order to answer this question, let’s examine how this formalism behaves in 


respect to the a moves. First, consider the type II move: 


aaa 


From this we see that type II invariance corresponds to the rules 


7 | eC 


for any a and b. We also see that in order to form an algebra it will be necessary 
to be able to multiply x and Ito form zyand to multiply z andfy'to form of 


for any two elements z and y in the algebra. 


= aa, aal aay aa) aaiaz al 
Aaa 9h 
The stipulation that we can form zy] for any two elements x and y means that 
cy} does not necessarily have a direct geometric interpretation on the given dia- 
gram. Note also that the multiplication, indicated by juxtaposition of symbols, is 
assumed to be associative and non-commutative. 
Since the knot diagrams do not ever ask us to form products of the form ry 
where z and y are uncrossed, we shall not assume that such products live in the 


crystal. However, since products of the form agbil bel Bal. bel occur naturally 


with ag uncrossed, it does make sense to consider isolated products of crossed 


Jed 


Call these operator products. Let 1 denote the empty word. The subalgebra 


elements such as 


of the crystal C(K) generated by operator products will be called the operator 
algebra 7(K) C C(K). 

We write the crystal as a union of t(K) and Co(K), the primary crystal. 
The primary crystal consists of all elements of the form a8 where a is uncrossed and 
6 belongs to the operator algebra. Thus the operator algebra acts on the primary 
crystal by right multiplication, and the primary crystal maps to the operator 
algebra via crossing. 

Since we want abl{o = a for all a and 6 in the crystal, we shall take as the 


first axiom (labelled II. for obvious reasons) that 


7 nen: 


for all b € C(K). Note that this equality refers to 7(K), and that therefore 7(K) 
is a group. We shall see that, with the addition of one more axiom, 7(K) is 
isomorphic with the classical fundamental group of the link K. 


In order to add the remaining axiom, we must analyze the behavior under the 


type III move. I shall use the following move, dubbed the detour: 


lsum) | 
LY 


It is easy to see that, in the presence of the type II move, the detour is 


equivalent to the type III move: 


—~ pia 1 a Tai 
| RES 1” eae TS Fe 


Now examine the algebra of the detour: 


Cc 
eee <a 


elbaily 


{| . TA 
a <a 


Thus, we see that the axiom should be: When c = ab], then al = [5 a} bh 
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Or, more succinctly: 
D. a | =m [eal of (D for detour) 


There are obvious variants of this rule, depending upon orientations. Thus 


PRD 
af ]-Aab 
of = Aes 


From the point of view of crossing, the detour axiom is a depth reduction 
rule. It takes an expression of (nesting) depth two (a TD and replaces it by an 
expression of depth one (fe al B]). Note the pattern: The crossed expression (A) 
inside is duplicated on the right in the same form as its inside appearance, and 
duplicated on the left in reversed form. The crossed expression (al) is removed from 
the middle, leaving the a with a cross standing over it whose direction corresponds 
to the original outer cross on the whole expression. 

These rules, al [a I, ao] — fo a} ry | capture subtle aspects of regular 
homotopy in algebraic form. For example: 


a fa a] =o fafa a) 
= afa al 


= a. 
II 


This algebraic equivalence is exactly matched by the following performance of the 


Whitney trick, using the detour: 
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>of sdf 


ae >  ammammn 


Another look at the algebraic version of the detour shows its relationship with the 
fundamental group. For in the Wirtinger presentation of 7,(S* — K) [ST] there 


is one relation for each crossing and one generator for each arc. The relation is 


+ = 8-1a8 when the crossing is positive as shown below: 


7 = Braf. 
If we are working in the crystal with crossing labels as shown below 
Sid ee 
ne Goaef 
ox 
then we have the relation on operators 


l=[b a] 2 


This is recognizable as 

7 = pla 
with 7 = cl, = al, i m7 | This is the standard relation at a crossing in the 
Wirtinger presentation of the fundamental group of the link complement. Thus 
the group of operators, 7(K), is isomorphic to the fundamental group 
of the link complement. 

It should be clear by now how to make a formal definition of a crystal. 

We have the notations al and [a for maps f,g:Cyo > 7. f(x) = a | g(x) = fre. 
m is a group with binary operation denoted z,y ++ zy. m acts on Co on the right 
via 

Co > Vlewe 3 Co 


a,A + aA 


such that (a\)u = a(Ap). And it is given that 
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IT. | 1€ =m for all cE CoUn. 
jk ee | a ly zt vl (and the other three variants of this equation) for all 
zr,yeECoUn. 


Definition 13.1. A crystal is a set C = Cy Ux with maps - T. C—-7 
such that Co and x are disjoint, 7 is a group acting on Co, and the maps from 
Co to m satisfy the conditions II. and D. above. Note that D. (above) becomes 


aat= a ala and {aa = a7 aafora€7,a€Cp. 


Definition 13.2. Two crystals C and C’ are isomorphic if there is a 1-1 onto 
map ®: C — C" such that (Cy) = Ci, (mr) = 7’ and 
1. (z)] = 3(2)) 
[3(z) = 6([z) for all z € Cp. 


2. O(ra) = O(r)G(a) for alle E Cy, aer 
3. ® | 7 is an isomorphism of groups. 


Definition 13.3. Let K be an oriented link diagram. We associate the link crys- 
tal C(K), to K by assigning one generator of Co(K) for each arc in the diagram, 
and one relation (of the form c = ab} or c = alo) to each crossing. The result- 
ing structure is then made into a crystal in the usual way (of universal algebra) 
by allowing all products (as specified above) and taking equivalence classes after 


imposing the axioms. 


Example. C(K) = (a,b,c | c= ab].b = caja = be]). 


Here I use the abbreviation 
C(k) = (aj, a2,... > an | 71,725... eee 


to denote the free crystal on aj,... ,a, modulo the relations fe 
Because it contains information about how the fundamental group (KC) acts 
on the “peripheral” elements Cy(K), the crystal has more information about the 


link than the fundamental group alone. In fact, if two knots K and K’ have 
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isomorphic crystals, then K is ambient isotopic to either K ’‘ or the mirror image 
K'*. This follows from our discussion below, relating the crystal to David Joyce’s 
Quandle [JOY]. But before we do this, we will finish the proof of the 


Theorem 13.4. Let K and K' be diagrams for two oriented links. If K is regu- 
larly isotopic to K' then C(K) is isomorphic to C(K'). If K is ambient isotopic 
with K', then 7(K) and 7(K’) are isomorphic. 


Proof. Since a aft = [a al a] = a} we see Qa 
— 
a 


that x(K) is invariant under Reidemeister moves of type I. [O( Kc) is not invariant 
under type I, since we do not insist that aa] is equal to a.] It remains to check 


invariance for the “over” version of the detour. 


Td e- 4’ 2 
are : 


Bu 


o~ 


T« 
Referring to the diagram above, we have d = ab} [e and d' = ale bev =e 
Thus 
at = afe fife = afe } Mfc 
= abjfe 
d =d. 
This shows the remaining case (modulo a few variations of orientation) for the 


invariance of C(K) under the moves of type II and III. Hence C(K) is a regular 


isotopy invariant. // 


The Quandle. 
Let K be an oriented link, and let C(K) be its crystal. Define binary opera- 


tions * and * on Co(K) as follows: 
a*b= ab] 
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Lemma 13.5. (a+b) ¥b =a 
(a*b)*ce =(a*c)*(b*c) 
(The same identities hold if « and ¥ are interchanged. ) 


Proof. 
(a+b) ¥b=ab}[b =a 
(axb)*c= abl ch 
(a*c)*(b*c)= ac] bc} | 
= ae] fe 3 2 
A 
= (ax*b)x*c. 
This completes the proof. if 


Let Q(K) be the quotient of (Cy(K), *, ¥) with the additional axioms a * a = 
a,a*a = afor alla € Co(K). Thus Q(X) is an algebra with two binary operations 
that is an ambieht isotopy invariant of K (we just took care of the type I move 
by adding the new axioms.) 

It is easy to see that Q(K) is the quotient of the set of all formal products of 
arc labels {a;,... ,a@n} for K under * and ¥ (these are non-associative products) 
by the axioms of the quandle [JOY]. 


l. axa=a, a*¥ a=a for all a. 
2. (a+b) *¥b=a 
(a * b) *b =a for all a and b. 
3. (a*b) *c = (ac) *(b*c) 
(a ¥ b) ¥c=(a¥c) ¥ (b ¥c). 
Thus Q(X) is identical with Joyce’s quandle. This shows that the crystal C(K) 
classifies oriented knots up to mirror images. 


The quandle is a non-associative algebra. In the crystal, we have avoided 


non-associativity via the operator notation: 


(axb)*c= al] cq] 
ax(b*e) = ab] 
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A fully left associated product in the quandle (such as 
((a x b) * c) x d) corresponds to an operator product of depth 1: 


((a*b)*c) «d= ab] c} dy 


while other associations can lead to a nesting of operators such as 


as(be(ctll “a bomh 


It might seem that the quandle is very difficult to deal with because of this mul- 
tiplicity of associated products. However, we see that the second basic crystal 


axiom (aa] = ama} a, a € C, a € 7) shows at once that 


Theorem 13.6. (Winker [WIN] ) Any quandle product can be rewritten as a 
left-associated product. 

This theorem is the core of Winker’s Thesis. It provides canonical repre- 
sentations of quandle elements and permits one to do extensive analysis of the 
structure of knot and link quandles. Winker did not have the crystal formalism, 
and so proved this result directly in the quandle. The crystalline proof is given 


below. 


Proof of Winker’s Theorem. It is clear that the rules aa} = aa] qa and ~ 
[aa =a! Jac for a € Cy, a € m give depth reduction rules for any formal product 
in Cy. When a product has been reduced to depth 0 or depth 1 then it corresponds 


to a left-associated product in the quandle notation. This completes the proof. // 


Example. 


ioe yet 
=afead 
= ((a*c)*b)*c 
teiadi=abeah 
=abfiqq] 
=afifqqleda 


= ((((((a ¥ d) ¥ c) ¥d) *b) ¥ d) *c) *d. 
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Remark. The quandle axioms are also images of the Reidemeister moves. For 


example, 
: b anb . 
Pe gt (axb)*c 
bx 
a (a *c) *(b*c) 


Thus the distributivity (a * b) *c = (a*c) *(b*c) expresses this form of the type 


III move. 


Remark. The quandle has a nice homotopy theoretic interpretation (see [JOY] or 
[WIN]). The idea is that each element of Q(K) is represented by a lasso consisting. 
of a disk transverse to the knot that is connected by a string attached to the 


boundary of the disk to the base point p: 


p knot K 


Lf ~— lasso 


Two lassos are multiplied (a * 6) by adding extra string to a via a path 
along b [Go from base point to the disk, around the disk in the direction of its 
orientation for * (against for *) and back to p along this string, then down a’s 
string to attach the disk!]. 
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axb=ab} 


Note that in this interpretation we can think of a+b = ab] where o is the element 
in the fundamental group of $*—K corresponding to b via [go down string, around 


disk and back to base point]. 


The string of a lasso, b, can entangle the link in a very complex way, but the 
element | (or fs) in the group 7 is a conjugate of one of the peripheral generators 
of 7. Such a generator is obtained by going from base point to an arc of the 
link, encircling the arc once, and returning to base point. For diagrams, we can 


standardize these peripheral generators by 


1) choosing a base point in the unbounded region of the diagram, 


and 


2) stipulating that the string of the lasso goes over all strands of the diagram 


that it interacts with. 
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With these conventions, we get the following generators for the trefoil knot T: 


We see that the relation at a crossing (c = a * 6) is actually a description of 
the existence of a homotopy from the lasso a * b to the lasso c. In terms of the 


fundamental group, this says that a = y a} 5] = fo al 3 (as we have seen 
algebraically in the crystal). Sliding the lasso gives a neat way to picture this 


relation in the fundamental group. 
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The homotopy interpretation of the quandle includes the relations a + a = a 


and a ¥ a=a as part of the geometry. 
Crystalline Examples. 


1. The simplest example of a crystal is obtained by defining ab} = 2b a= afb 
where a, b,... € Z/mZ for some modulus m. Note that ab] 6] = ab} fe = a and that 
za bf |= 2(ab) — 2 = 2(2b—a)—2x = 4b-—2a—2 = 2b—(2a—(2b-—2)) = afb a] 5]. 
In this case, the associated group structure 7 is the additive group of Z/m2Z. 

For a given link K, we can ask for the least modulus m (m ¢ 1) that is 
compatible with this crystal structure and compatible with crossing relations for 


the diagram K. Thus [using @ = al = fa in this system] for the trefoil we have 


b c=ab=2b-a 
a Cc b=ca=2a-—c 
a= b€= 2c—b 


=> —a+2b-— c=0 
2a— b— c=0 
—a-— 6+2c=0 


Se a 4to G7 el 36 9 
i ee a a ae oe i ee ee 
=i = 9) Xa Oo € 864 M40 6 Oo 


(doing integer-invertible row and column operations on this system). Hence 
na yee 
The least modulus for the trefoil is three. This corresponds to the labelling 


Cu (2-0-2 = 1(mod 3)). 


Thus the three-coloration of the trefoil corresponds to the (Z/3Z)-crystal. m(KX) = 
3 implies that the trefoil is non-trivial. (Note that in the (Z/mZ)-crystal, aa = 


2a — a =a hence m(K) is an ambient isotopy invariant of K.) 


2. One way to generalize Example 1 is to consider the most general crystal such 
that a] = fc. Thus we require that ab b = a and that ab = b@ 5 for all a,b € Cp. 


Call such a crystal a light crystal (it corresponds to the involuntary quandle 
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[JOY]). Let CL(K) denote the light crystal corresponding to a given knot or link 
Kk. Note that CL(K) does not depend upon the orientation of K. 


In the case of the trefoil, we have 


& sn 


“> S16 


at='et=b [see below _| 


This calculation shows that CL( 4.) is finite (for the trefoil) with three elements 
in CoL(K) = {a,b,c}, and m£(K) ~ Z/3Z. In general, the involuntary quandle is 
not finite. Winker [WIN] shows that the first example of an infinite involuntary 
quandle occurs for the knot 81g. Relatively simple links, such = §) have 
infinite involuntary quandles. 

It is instructive to compute the light crystal (involuntary quandle) for the 
figure eight knot EF. It is finite, but has five elements in Cy£(E), one more element 
than there are arcs in the diagram. This phenomenon (more algebra elements than 
diagrammatic arcs) shows how the crystal (or quandle) is a generalization 
of the idea of coloring the arcs of the diagram. In general there is a given 
supply of colors, but a specific configuration of the knot or link uses only a subset 


of these colors. 
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3. One of the most important crystal structures is the Alexander Crystal (after 
Alexander [ALEX2]). Let M be any module over the ring Z[t,t~*]. Given 
a,b € M, define ab] and afb by the equations 


ab] = ta + (1—t)b 
afb = t-4a + (1—t7)b. 


It is easy to verify the crystal axioms for these equations: 


ab] [o = t-1(ta + (1 — t)b) + (1 — t77)b 
=a+(t7! —1)b+(1—-t7!)b 


= da. 


ab ol |= 10 + (= t)hel 
= ta+(1—t)(tb+(1-—t)c) 
= ta + (t — t?)b+ (1—t)*c. 


ae 5} c] = t(afe B)) + (1 - t)c 
= t(tafe + (1 — t)b) + (1—t)c 
= t(t(t7'a + (1—t7')c) + (1—t)b)+(1-t)c 
= ta+ (t? —t)e+ (t—t?)b+(1—t)c 
= ta+ (t —t?)b+(1—t)?c. 


Thus 6} [6 = 1 and bq] 5 [c Bc). Note that if A(M) denotes the Alexander crystal 
of the module M, then Co(M) = M and 2(M) is the group of automorphisms of 
M generated by the maps 5], [c : M — M, ab] = O(a), af6 = [o(a). 
Note also that 
aa] =ta+(1—t)a=a 


and 


aja = t-'a+(1-—t7')a=a. 
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Thus each element a € M corresponds to an ie re M — M leaving a 
fixed. From the point of view of the knot theory, A(M) will give rise to an ambient 
isotopy invariant module M(K) (called the Alexander Module [CF], [FOX2]) if 
we define M(K) to be the module over Z[t,t~'] generated by the edge labels of 


the diagram K, modulo the relations 


c=ta+(1—t)b= ab] [ carat -rypedt 
_ “ 
For a given knot diagram, any one of the crossing relations is a consequence of all 
the others. As a result, we can calculate M(K) for a knot diagram of n crossings 
by taking (n — 1) crossing relations. 


Example. 
c = ab] = ta+(1—t)b 


b =cal=tce+(1—t)b 


a =bel=th+(1-t)c 
Here M(T) is generated by the relations 


ta+(1-—t)b—c=0 
(1-—t)a—b+tc=0 
—a+tb+(1—t)c=0 


t 1-—-t -l a 0 
=> fi1-t -l t bj} =1|0 
—1 t 1-t c 0 


and we see that the first relation is the negative of the sum of the second two 
relations. 

A closer analysis reveals that the determinant of any (n—1)x(n—1) minor 
of this relation matrix is a generator of the ideal in Z[t,t~*] of Laurent 
polynomials f(t) such that f(t)-m=0 for any m € M. This determinant is 
determined up to sign and power of t¢ and it is called the Alexander polynomial 


A(t). The Alexander polynomial is an ambient isotopy invariant of the knot. 
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In the case of the trefoil, we have 


Ar(t) = Det - = = (t—1)-?? 
=? -t+1. 
(= denotes equality up to sign and power of t). 
Think of the Alexander polynomial as a generalization of the modulus of a 
knot or link - as described in the first crystalline example. 
For small examples the Alexander polynomial can be calculated by putting 
the relations directly on the diagram - first splitting the diagram as a 2-strand 


tangle and assigning an input and an output value of 0: 
2 “ 


For example: 


BS Oa | = ofa O)] = od) a 


Note 


20] = tz +(1—t)0 =tz 
Fa (0 =f '2+(1—f')0=t"'. 


Thus 


a0} a} = t(ta) + (1 — t)a 
=(t?-t+l)a 
= A(t)a. 


The requirement that A(t)a = 0 shows that A(t) = t? —t+1 is the Alexander 
polynomial. 

We produced the Alexander Crystal as a rabbit from a hat. In fact, the 
following result shows that it arises as the unique linear representation of the 


crystal axioms. 
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Theorem 13.7. Let M bea free module of rank > 3 over a commutative ring R. 


Suppose that M has a crystal structure with operations defined by the formulas 


abl =ra+sb 
a[6 = r'a + 8'b 


where r,s,r',s’ € R and a,b € M. If r,s,r',s’ are invertible elements of R, then 
we may write r= t,s =(1—t),r’ =t~',s' =(1—t7"). Thus, this linear crystal 
representation necessarily has the form of the Alexander Crystal. 

Proof. We may assume (by the hypothesis) that a and b are independent over R. 
By the crystal structure, at [6 = a. Hence a = (ra + sb) fe =rr'a+(r's +')b. 
Therefore rr’ = 1 and r's +s’ = 0. The same calculation for ab] [o = a yields the 
equations r‘r = 1 and rs’ +s = 0. Thus r and r’ are invertible, and r’ = r7! 


while r~*s + s' = 0, rs’ +s =0. Therefore s! = —r~!s, r' = r—!. Now apply the 


equation zadl | = afb al 3} 
ra 5] - rra+ sb} = rz +s(ra+ sb) 


2b al ol = r(r(r’xz + 3'b) + sa) + sb 
=ret+r’s'b+rsa+ sb 


rz+(r’s'+s)b+rsa 
=rz+(-rs+s)b+rsa. (s'=-r's) 


Therefore, we obtain the further condition: 


s? = —rs+s 


> ace be Ff, 


Thus, if r=t, then s = 1-—t, r' =t7!, s' =1-—t7!. This completes the proof.// 


Remark. This theorem shows that the structure of the classical Alexander mod- 
ule arises naturally and directly from basic combinatorial considerations about 
colored states for link diagrams. The reader may enjoy comparing this develop- 
ment with the classical treatments using covering spaces ({FOX], [LK3], [ROLF], 
[B2)). 
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The Burau Representation. 

We have already encountered the Alexander polynomial in the framework of 
the Yang-Baxter models. There is a remarkable relationship between the Alexan- 
der module and the R-matrix for the statistical mechanics model of the Alexander 
polynomial. 

In order to see this relationship, I need to first extract the Burau represen- 


tation of the braid group from the Alexander crystal: 


afb =t-1a+(1 > —. 


Let a and b now denote two basis elements for a vector space V. Define T : V — V 
by T(b) = ab] = ta + (1 —t)b and T(a) = b. Note that, with respect 


<i tat 
T(a) ~ T(z) T~*(y) 
to this basis, T has the matrix (also denoted by T) 


rw a 


and that , 
Ogee | Fo eae | 
rie feet 1) 
To obtain a representation of the n-strand braid group Bp, let 
[7] O 
1 
p(71) = } 
O 
1 
1 
[7] O 
p(2) = . 
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1 O 
p(On-1) = 
[7 
where the large matrices are n x n, and [T] takes up a 2 x 2 block. (p(aj") is 
obtained by replacing T by T—! in the blocks.) 
It is easy to see (from our discussion of invariance for the crystal) that the 
mapping p: By, > GL(n; Z[t,t—1]) is a representation of the braid group. This is 
the Burau representation. 


One can use this representation to calculate the Alexander polynomial. 


Proposition 13.8. Let w € B, be an element of the n-strand Artin braid group. 
Let p(w) € GL(n;Z[t,t—!]) denote the matrix representing w under the Burau 
representation. Let A(t) = p(w) — I where J is an n x n identity matrix. Then 
A(t) is an Alexander matrix for the link @ obtained by closing the braid w. (An 
Alexander matrix is a relation matrix for the Alexander Module M(%) as defined 


in Example 3 just before this remark.) 


Remark. This proposition means (see e.g. [FOX]) that for K = w, Ax(t) is 
the generator of the ideal generated by all (n — 1) x (n — 1) minors of A(t). In 
the case under consideration, Ax(t) is equal (up to an indeterminacy of sign and 
power of t) to any (n — 1) x (n —1) minor of A(t). We write Ax(t) = Det(A’(t)) 
where A'(t) denotes such a minor and = denotes equality up to a factor of the 
form +t*(é € Z). 

I omit a proof of this proposition, but point out that it is equivalent to stating 
that A(t) —TJ is a form of writing the relations in M (as described for the crystal) 


that ensue from closing the braid. For example: 


aX yb 
at 
Ag 
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ab] 


MW 
abl ba bl} =tbh+(1—t)(ta+(1—2)b) 
| ! 
ta+(1—t)b (t—t?)a+(t+(1—t)*)b 
(t—t?)a+(t? —t+1)b 
O48 
ates) =|} natal 


alot) = afar)? = | sa x noeitdase and ict | 


We see that p(o?) catalogues the mapping from the top to the bottom of the braid. 


On closing the braid, we have 


0) >a=abj[=ta+(1—-t)b 
b=ba |p=(t—#)a4+(?? —t+1)b 


These relations become the matrix A(t) = p(w) — I. ( usr o2%.) 


In the example we have 


tet tet 
os key owe 


Hence (taking 1 x 1 minors) we have 


Aw=t-1. 


To continue this example, let’s take K = o3. Then 


p(o}) = p(oi)* = e ai Peet a l al 


ath oticute t? + (1 —t)(t — t?) 
= | Biehion ee Cette ot: 3 


{| t~? t-t#?+2 
7 {Pu the}y FF 444" 
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{+f ~~] tohiZ 


= oe oe 
Thus Ax(t) = p(o,)? —I= O14) Put ak 


as before. 


Hence Ax(t) = t? —t+1 


Exercise. It has only recently (Spring 1990) been shown (by John Moody [MD}) 
that the Burau representation is not faithful. That is, there is a non-trivial 
braid 6 such that p(b) is the identity matrix, where p(b) is the Burau representation 


described above. Moody’s example is the commutator: 
(765432'7'7'667765' 4'32' 1'23'456'7'7'6'6'7723'4'5'6'7’', 7'7'87788778] 


Here 7 denotes a7, 7’ denotes a7! and [a,b] = aba~'b-'. Verify that p is the 
identity matrix on Moody’s nine-strand commutator, and show that the braid is 


non-trivial by closing it to a non-trivial link. 


Deriving an R-matrix from the Burau Representation. 

This last section of the lecture is devoted to showing a remarkable relationship 
between the Burau representation and the R-matrix that we used in section 12° 
to create a model for the Alexander-Conway polynomial. We regard the Burau 
representation as associating to each braid generator o;, a mapping p(a;): V — V 
where V is a module over Z[t,t~*]. Let A*(V) denote the exterior algebra on V. 
This means that A*(V) = A°(V)@A!(V)@...@A2(V) where d = dim(V/Z[t, t~"]) 
and A°(V) = Z[t,t~!] while A*(V) consists in formal products vj, A... A vi, of 
basis elements {v,,... , va} of V and their sums with coefficients in Z[t,t~*]. These 
wedge products are associative, anti-commutative (vj; A vj; = —v; A v;) and linear 
((v+w)Az=(vAz)+(wAz)). We shall see that the R-matrix emerges when we 
prolong p to p where p: B, — Aut(A*(V)). I am indebted to Vaughan Jones for 
this observation [JO8]. The relationship leads to a number of interesting and (I 
believe) important questions about the interplay between classical topology and 
state models arising from solutions to the Yang-Baxter Equation. 

Here is the construction: First just consider the Burau representation for 
2-strand braids. Then, if V has basis {a,b} (a =v ,b = v2) then we have 


p(o)(a) = 3 
p(o)(b) = ta+(1—t)b. 
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In A*(V), we have the basis {1,a,b,a A b} and f(c) acts via the formulas: 
p(7)Q) = 1 
pla)(a) = 6 


A(o)(b) = ta + (1 — t)b 
Alo)(a A b) = (p(2)(a)) A (p(o)(b)) = (—#)a Ab. 


Let R denote the matrix of p(o) with respect to the basis {1,a,b,a A 6}. Then 


i @ 0 
0 0 t 0 
ce 0 1.41-%) 8 
GG@iio’ {48 


We can see at once, using the criteria of the Appendix that R is a solution 


to the Yang-Baxter Equation. To see how it fits into 2-spin (+) spin-preserving 


models, let 
++ «» 1 
~ +— “> a 
——«»aAb 
so that 


Now refer to the Appendix to see that R satisfies the Yang-Baxter Equation. 
On the other hand, we can change basis by first replacing t by t~? and then 
multiplying all rows by t: 
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Now a straightforward basis change on the middle 2 x 2 matrix 


(Co (tS) Go e)-G 2) 


yields the matrix 


This is exactly the Yang-Baxter matrix that we used in section 12° to create a 


model for the Alexander-Conway polynomial. 


Exercise. Using the FRT construction (section 10°), show that the bialgebra 


associated with the R-matrix 


t fp 0 0 
0 0 1 0 
#1091 (@~t-1)._10 
0 0 0 =) ie 
for T = fs 4 has relations 

ba = —t~!ab db = thd 
ca = —t—!ac dc = tcd 
bc = cb 
b? = c* =0 


ad — da = (t~! — t)be 
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and comultiplication 


A(a) =a@at+b@c 
A(b)=a@b+b@d 
A(c)=c®a+d@®c 
A(d) =c@b+de@d. 


(See [LK23}, p.314 and also [GE]. Compare with [LEE1] and [LK18], [MUK2].) 


Remarks and Questions. I leave it to the reader to explore the full represen- 
tation 9: B, — Aut(A*V) and how it is supported by the matrix R (p(o;) = 
I@I®@...@®I1@R@QI®...@I where I is the identity matrix - for appropriate 
bases. ) 

The state model of section 12° and the determinant definitions of the Alexan- 
der polynomial (related to the Burau representation) are, in fact, intertwined by 
these remarks. See [LK18] and [JA8] for a complete account. The key to the 
relationship is the following theorem. 


Theorem 13.9. Let A be a linear transformation of a finite dimensional vector 
space V. Let A: A*(V) > A*(V) be the extension of A to the exterior algebra of 
V. Let S: A*(V) — A*(V) be defined by S | A*(V)(x) = (—A)*z. Then 


Det(A — AI) = Tr(SA). 


In other words, the characteristic polynomial of a given linear transformation 
can be expressed as the trace of an associated transformation on the exterior 
algebra of the vector space for A. This trace can then be related to our statistical 
mechanics model for the Alexander polynomial. 

In [LK18] H. Saleur and I show that this interpretation of the state model for 
the Alexander polynomial fits directly into the pattern of the free-fermion model 
in statistical mechanics. This means that the state summation can be rewritten 
as a discrete Berezin integral with respect to the link diagram. This expresses 
the Alexander polynomial as a determinant in a new way. Murakami [MUK2] has 
observed that these same methods yield Yang-Baxter models for the multi-variable 


Alexander-Conway polynomials for colored links. (Compare [MUK3].) 
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In general, knot polynomials defined as Yang-Baxter state models do not 
have interpretations as annihilators of modules (such as the Alexander module). 
A reformulation of the state models of section 12° in this direction could pave 
the way for an analysis of classical theorems about the Alexander polynomial in 
a statistical mechanics context, and to generalizations of these theorems for the 


Jones polynomial and its relatives. 


Exercise. (The Berezin Integral). The Berezin integral [RY] is another way to 


work with Grassman variables. If @ is a single Grassman variable, then by defini- 


[a1 =0 
[aot 


and 6d@ = —dé 6 if it comes up. Since 6? = 0, the most general function of @, 
F(@) has the form F(6@) = a+ 66. Therefore, 


tion 


while 


/ doF (6) = b = dF/dé, 


a strange joke. 

Let z',27,... ,2";y!,y?,...,y” be distinct anti-commuting Grassman vari- 
ables. Thus (z*)? = (y')? = 0 while z'z) = —z/z', y'y = —y)y' for i # j, and 
z'y) = —yz', Let M be ann x n matrix with elements in a commutative ring. 
Let z* = (z',... ,2") and y* = (y!,... ,y”) so that y is a column matrix. Show 
that 


DET(M) = (-1)("("+)/2) [a ...dz"dy! ...dy2e7 My 
where this is a Berezin integral. 


Exercise. This exercise gives the bare bones of the relationship [LK18] between 
the free fermion model [SAM], [FW] and the Alexander-Conway state model of 


section 12°. Attach Grassman variables to the edges of a universe (shadow of a 
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link diagram) as follows: 


— = 4 ui «> vit 


Thus * goes out, ~ goes in. The u and d designations refer to up and down 
with respect to the crossing direction 
A state of the diagram consists in assigning +1 or —1 to each edge of the 
diagram. An edge labelled —1 is said to be fermionic. An edge labelled +1 is 
said to be bosonic. ar that vertex weights are assigned as shown below 
a 

ae = oy in ‘.- Sie a 

4 Ww} a W4 we | 
Here the dotted line denotes +1 and the wavy line denotes —1. If K is the diagram 


let (K) denote the state summation 


(K) = }0(Klo)(-1) 


o 
where o runs over the states described above, (K|o) denotes the product of vertex 
weights in a given state, an £(c) is the number of fermionic loops in a given state. 


Loops are counted by the usual separation convention: 
oF. AS aa = ~3 


wt 
~~ .- 


Show that, up to a constant factor, the Alexander polynomial state model of 


/ 
%, 


section 12° can be put in this form (with, of course, different vertex weights cor- 
responding to the two types of crossing.). Check that for the Alexander (Burau) 


R-matrix the vertex weights satisfy 


W1W2 = W5We — W344. 
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Now suppose that the weights in the model are just known to satisfy the 
“free-fermion condition” w;w2 = wsw¢ —w3w,4 and suppose that w2 = —1 (as can 


always be arranged). Define Grassman forms 
dpdpt = || dbidp} 


and A = A;+Ap. The forms A; (interaction) and Ap (propagator) are explained 


below: ? 
s 
‘Ng witb; 
hed - > tury 
, 
F ‘yy Ap = 7. PV ;p- 


(i,3) 
The term Ap is the sum over all oriented edges in K of the products of fermionic 


creation and annihilation operators for that edge. 
d u 
« 
C Ar|i = wahiadig + wadiudy, + wedi via + wodtbin 
U d 


A; is the sum, over all vertices, of the interaction terms described above. 


Now assume that K is a one-input, one-output tangle universe such. as 


with fermionic input and output. Show that 
(K) = / drpdypt eA 


where the integral denotes a Berezin integral. Show that this implies that there 


exists a matrix A such that 


(K) = Det(A). 
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14°. The Kauffman Polynomial. 
The Kauffman polynomial ({LK8], [JO5], [TH3], [TH4]) (Dubrovnik version) 
is defined as a regular isotopy invariant Dx of unoriented links K. Dx = D K(z,a) 


is a 2-variable polynomial satisfying: 
1. K2xK' => Dx = Dx. 
mpZeU=D3e = Dee -Dac) 


3. DO ="=((a-a7})/z) +1 
Da~ = aD 
D=-- =a !D 
The corresponding normalized invariant, Yx, of ambient isotopy (for oriented 


links) is given by the formula 


Yr = qa “*)p,. 


where w(K) denotes the writhe of K. 
This polynomial has a companion that I denote Lx. Lx is a regular isotopy 


invariant satisfying the identities 


beg +ilse =2(l=— +Lyc) 
a+a™ 
Ley sad , Lo mam ( : )-1 


ies: = Pageey 


The L-polynomial specializes at a = 1 to the Q-polynomial of [BR] a 1-variable 


invariant of ambient isotopy. As usual, we can normalize L to obtain a 2-variable 


invariant of ambient isotopy: 
F(z, a) = Mihai d Ae 


In fact, the F and Y polynomials are equivalent by a change of variables. The 
result is (compare [LICK2)]): 
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Proposition 14.1. 
Lx(z,a) = (-1)) iv) Dp (iz, ia) 


and 
Fx(z,a) = (-1) Vx (—iz, ia) 


where c(K) denotes the number of components of K, and w(K) is the writhe of 
K. (The first formula is valid for unoriented links K and any choice of orientation 
for K to compute w(K) - since i”*) is independent of the choice of orientation. 
The second formula depends upon the choice of orientation.) 

We shall leave the proof of this proposition to the reader. However, some 


discussion and examples will be useful. 


Discussion of D and L. 

First note that we have taken the convention that D(O) = yu, L(O) = \ where 
these loop values are fundamental to the polynomials in the sense that the value 
of the polynomial on the disjoint union O I K of a loop and a given link K is 
given by the product of the loop value and the value of K; 


D(Ol K) = pD(K) 
L(Ol K) = AL(K). 


It is easy to see that the bracket polynomial (see section 3°): 


(RS) HAS) 44 DC) 
LMoh sll a 42 


is a special case of both L and D. Hence the Jones polynomial is a special case of 
both F and Y. In fact, we have 


pees. (A-A™)[( SS )-( 3) 
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Hence (K)(A) = Dx(A— A7', —A’). Similarly, 
(<M) + (SS) = (AFAR ) + (9 ©) 
Hence (K)(A) = Lx((A + A7'),—-A’). From this, it is easy to verify direct 


formulas for the Jones polynomial as a special case of F and of Y. Thus we know 
that 


Vic(t) = f(t "*)/ fo(t-™*) 


where 

f(A) = (—A%)-"\) (K)(A). 
Thus 

fx(A) =YxR(A- , ae —A*) 
and 

fx(A) = Fx(A+A4™’,-A’). 
Therefore 

Yx(t71/4 +. ti/4 nts th) 
V(t) = (—t-1/2 — 41/2) 

and 


Fx(t71/4 e*: ¢+1/4, ae a 
V(t) = 7 (agri ag pooon 


ee 


The polynomials F and Y are pretty good at detecting chirality. They do 
somewhat better than the Homfly polynomial on this score. See [LK8] for more 
information along these lines. The book [LK3] contains a table of L-polynomials 
(normalized so that the unknot has value 1) for knots up to nine crossings. 
Thistlethwaite [TH5] has computed these polynomials for all knots up to twelve 


crossings. 
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Here are two examples for thinking about chirality: The knot 94. 


C2. 
— 949 


~— 


is chiral. Its chirality is not detected by either F' or by the Homfly polynomial. 


The knot 1079 me 
—— eS 


1079 


ts chiral. Its chirality is detected by F (and Y) but not by the Homfly polynomial. 


Birman-Wenzl Algebra. 

We have mentioned that there is an algebra (the Hecke algebra) related to the 
Homfly polynomial. The Hecke algebra H,, is a quotient of the Az, 2" ;ajarty- 
group algebra of the braid group B,, by the relations o; — e == (or o? = 1 + 
zo;). These relations are compatible with the corresponding polynomial relation, 
“3 “a = zHy 4 and so we get “traces” defined on the Hecke algebra 
by evaluating the H-polynomial (the un-normalized Homfly polynomial) on braids 
lifting elements in the Hecke algebra. Another route to the construction of the 
Homfly polynomial was to directly construct these traces at the algebra level (see 
[JO3}). 

An analogous idea leads to algebras associated with the versions of the Kauff- 
man polynomial. This is the Birman-Wenzl Algebra [B 1]. For example, if we are 
using the Dubrovnik polynomial then the basic relation is he ee 
z(Dx -—Dy¢e¢ ) and this corresponds formally to a relation in the braid 


monoid algebra: 


o;-0;' =2z(U;—-1) 
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where U; is a cup-cap combination in the 7, 1+1-th place as we discussed in section 
7°. This algebra involves understanding how the braiding and Temperley-Lieb 
generators U; are interrelated. (See [LK8].) 


Jaeger’s Theorem. 

While the Homfly polynomial and the Kauffman polynomial are distinct - with 
different topological properties, there is a very beautiful relationship between them 
- due to Francois Jaeger [JA9], and also observed in a special case by Reshetikhin 
[RES]. 

Jaeger shows that the Y-polynomial can be obtained as a certain weighted 
sum of Homfly polynomials on links associated with a given link K. This is a kind 
of state expansion for Yx over states that are evaluated via the Homfly polynomial 
Px! 

The idea behind Jaeger’s construction is very simple. Consider the following 


formalism: 


PX] = ES ]-[56]}+[S] +126 ]+ [x J 1X] & 


The small diagrams in this formula are intended to stand for parts of a larger di- 
agram (differing only at the indicated site) and for the corresponding polynomial 
evaluation. The oriented diagrams will be evaluated by an oriented polynomial 
(Homfly polynomial) coupled with data about rotation numbers - we shall specify 
the evaluations below. Viewed as a state expansion, (*) demands states whose 


arrow configurations are globally compatible as oriented link diagrams. For exam- 


[09] = [|| - [60]] + |op| +69} 


A state for the expansion [K] is obtained by splicing some subset of the crossings of 


ple, 


K and choosing an orientation of the resulting link. The formula (*) gives vertex 


weights for each state. Thus we have, 
[K] = > [Kelle] 


where [K|o] is the product of these vertex weights (+z or 1), and [a] is an as-yet- 


to-be-specified evaluation of an oriented link a. 
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Define [c] by the formula 


[o] = (ta~? PX") R(t — t7}, a) 


where rot(a) denotes the rotation number (Whitney degree) of the oriented link 
a, and R,(z,a) is the regular isotopy version of the Homfly polynomial defined 
by: 


ro ~(SE2): (tom =(2)ou) 


Theorem 14.2. (Jaeger). With the above conventions, [K] is a Homfly polyno- 


mial expansion of the Dubrovnik version of the Kauffman polynomial: 


[K](t —t~*, a) = Dx(t — t71, ta’). 


Proof (Sketch). First note that this model satisfies the Dubrovnik polynomial 


exchange identity: 


S}-[7¢])+ [>] + [26 }+| 
Nt} ]) + [2 ]+ [ie J +| 


4 
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Hence 


><] -[<]--(S]-[76]- bt] le 
+[>8]-[>4]+[28]- [26 
[p<] -[<]+[58]- [8 
=-((5]- [76] -[at]+[)) 
“S ]-[ do] +E | 
-{ 90 (by Conway identity for state evaluations) 
no((ss Jolat | le) 


secre ce oats | 
» 
ye 
. Fa 
ww & 
2. en, 
— + 
€- 

+. 

= 
a, 
pe 


A j > tc. 


Note that the value of the loop in this model is given by 
—_ vm ‘R® ae 26 
=(ta+ta™ 1y( S aren’ 

t—t-1+4t7-la? -ta~? 


This is the correct p-value for Dx(t — t7!,t7~*a?). 
It is easy to check that 


pr]-er (| 
ps] 
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by the same sort of calculation. 
Finally, it is routine (but lengthy) to check that [K] is a regular isotopy 
invariant (on the basis of the regular isotopy invariance of R,). I shall omit this 


verification. This completes the sketch of the proof. // 


Discussion. This model of the Dubrovnik polynomial tells us that there is a 
certain kind of Yang-Baxter model for Dx that is based on the Yang-Baxter 
model we already know for specializations of Rr. We have 


Dx(t—t71, at") =} [K|o](t-1a)"" R(t — t7, a) 
where the states o are obtained from the unoriented diagram K by splicing a subset 
of crossings, and orienting the resulting link. The product of vertex weights [K|c] 


is a product of +z,1 according to the expansion rule (x): 


IX] =-((5]-[6]) +s] + [26] +[2<]+ [5] 
If we let a = ¢"+!, then we can replace R,(t — t-*,t"+1) by the Yang-Baxter 


state model of section 11°. This gives a rather special set of models of Dx whose 


properties deserve closer investigation. 
Research Problem. Investigate the models for Dx described above! 


A Yang-Baxter Model and the Quantum Group for SO(n). 

There is another path to Yang-Baxter models for Dx that arises directly from 
the Yang-Baxter solution that we have used for specializations of the Homfly poly- 
nomial. Of course the model we have just indicated (using the Homfly expansion 
for the Dubrovnik polynomial) can be also seen as based on this Yang-Baxter so- 
lution. Here we study a simpler state structure, and we shall - in the process - 
uncover a significant solution to the Yang-Baxter Equation that is related to the 
group SO(n). 

The idea is as follows. Let K be an unoriented link. Define a state o of 
K to be a labelled diagram o that is obtained from K by first splicing some 
subset of crossings of K and projecting the rest so that the resulting diagram o 


has components that are Jordan curves in the plane (no self-crossings). Each 
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component is then assigned an orientation and a label from a given 
ordered index set Z. Thus if K is a trefoil, then 


b 


o2 
is a state of K. 


(a,b € TZ) 


We shall assume that if a € J then —a € I (J CR, the real numbers) and 
that a state obtained by switching both orientation and label (a +> —a) 


is equivalent to the original state. 


With these assumptions, we can define a loop-count ||a|| just as in the oriented 
case: 


\|o|| = > rot(C) - label(C) 


C€components(c) 


and, given an oriented R-matrix 


we can define [K|c] to be the product of the vertex weights assigned by R(R) to 
the crossings in the diagram. 
The assumption that the states have either a splice -xy or a Lfiredtiad, see 


at each crossing, means that we are here assuming that R and R are non-zero only 
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when a =c, b=d or a=d, b=c. In fact, I shall use R, R in the form 


+ 
R=(q- ))<(4 q y= BA 
R=(¢'-a)pG a )=U X% 
our familiar solutions from previous sections. 


With this choice, we define the state summation 
(K] = 1K lo}q"t 


We now show that an appropriate choice of the index set J makes [K] into a series 
of models for the Dubrovnik polynomial. 
Before specializing Z, it is easy to see that [K] satisfies the correct exchange 


identity, for 


><] -«-rof] lag] >< 


There are two cases for the index set Z. For n odd we take 


T, = {-n,—n+2,...,—-1,0,+1,3,... ,n —2,n} and for n even we take 


T, = {—n, —-n +2,... ,—2,0,0,2,4,... sn}. 
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Note the presence of an extra zero in each index set. The extra zeros act nu- 
merically like ordinary zeros. This q° = 1. Note also that for odd n the index 0 
is special in that it is spaced by one unit from its neighbors, while all the other 
indices have spacing equal to two. 

These new zeros will be handled by the 


Zero Rules 


oy 
. If nis odd, then SHIFT the occurrence of to an occurrence of 


assign it a vertex weight of 1. [For regular indices the crossed line configuration 


receives weight zero unless the two lines are labelled by distinct labels.| 


. For n even, treat the extra zero as an extra copy of the zero index. 


As we shall see, these zero-rules are needed to ensure the invariance of the 
model under regular isotopy. The rules also make the model multiplicative under 
the type I move. We shall look at some of these issues shortly, but first it is 
worthwhile extracting a solution of the Yang-Baxter Equation from this model. 


Since the model takes the form 


><] --[db] 1S] +e +] 1 


it is tempting to think that the associated scattering matrix must be 


—y . =| or 
<) 2X +4)-(+4 H+ X 
Z)<| -ZA, +El=l+y i + 
with conventions for handing 4 corresponding to the zero rules. However, this 


matrix does not satisfy the Yang-Baxter Equation! The correct scattering matrix 


- (Ards) — (J 

M=al)- 97K |p a(tB DIC 
: e ey (#0) 

(for the case n odd). Here I have included the Zero Rules in the diagrammatic 


notation, and an extra factor of qt on the horizontal split. The extra factor 


is a rotation number compensation. 
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In order to see the genesis of this compensation, consider the form of the 


model: 


[K] = $0 [Klo}qllel 


In this model it is no longer the case that the factor q''¢ll remains constant for all 
the states corresponding to a given triangle move (fixed inputs and outputs). The 


simplest instance (and generic instance) of this change is seen in the difference 


between rotation numbers for 
a& |-& and 


For example, 


a ” <2, 
roy °° rot*®’ “Sy 
loll = 0 lo] =a=(a—(-a))/2. 


The general compensation is given by a power of q as indicated in the diagram 


~257 en 


Here is a second example: 


below: 


yee *sinogtto a—b —b+a 
lo" || =a b= ( 5 )+( 5 ). 
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It follows that if M satisfies the QYBE then [K] is invariant under the III(A) 


triangle move. Thus we have, 


Proposition 14.3. Let [K] be defined for unoriented diagrams as described 
above. If the matrix M is a solution to QYBE, then [K] is invariant under the 
type IIIA move. 


Proof. In this model, we have defined 
(K] = [Kola 


where [K|o] is the given product of vertex weights for oriented states described 
prior to this proof. Let T denote the tangle corresponding to a configuration for 
the type III move, and let S denote a tangle representing the rest of K. Thus 
K =T#S in the sense of connecting the tangles as shown below: 


a; t#5 = K. 


(S actually lives all over the plane exterior to T.) 
Any state o of K can be regarded as the #-connection of states or and os 
of T and S respectively. In order to prove invariance under the type III move we 


must consider all states o7 and show that for any given state os, the sum 


> Klelq"*! 


_ OT ES(T,os) 


(where o = or#os and S(T,og) denotes all states of T’ whose end-conditions 
match the end-conditions of og) is invariant under a triangle move applied to T’. 


Now we have seen that for any state o = or#os, the norm, ||c||, is a sum of 


oA 
contributions of the form (a — b)/2 for each occurence of rs in o¢ (horizontal 
with respect to T’s vertical lines) plus a part that is independent of the choice of 


rt=| XS) 


in or 


or. Thus 
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where c is independent of o7. This means that 


> [Klojglel = Soto) JT a] 


c€S(T,os) 
o=oT# OCs 


Thus, we must verify that the summation 
> [Fle] [] o-9”? 
oT 


is invariant under the triangle move. If the terms q’*—)/2 are regarded as extra 
vertex weights, then this invariance follows at once from knowing that the matrix 
M is a solution to the Yang-Baxter Equation. This completes the proof of the 
proposition. // 


In fact, with the zero-rules in effect, M does satisfy the Yang-Baxter Equation: 


Proposition 14.4. Let the index set be taken in the form given in the preceding 
discussion, with the surrounding conventions for zeros. Then M is a solution to 


the QYBE, where M is the matrix we have described diagrammatically as 


«hr poe eK 


Discussion. Before proving £ — it is 4. delineating the stan- 
dard matrix form for M: Let fi denote an elementary matrix: fi has a 1 in the 
(7,7) place and 0 elsewhere. Here the indices i ,»J belong to a given index set TZ. 
Taking the case n odd, so that J = {—n,—-n + y OE ae ,n}, we then 


have 


M =: oe Re fil-d 92D fee 5 


t<j t<j 
+a) ff@fitg? > fi,@ fr 
£0 £0 
+ > fieftef 
tf#j,—j 
(z=q-q7). 


229 


I have arranged the indices on the elementary matrices so that they correspond to 


our abstract tensor conventions. Thus 


Si fie fi, je(=dte4 


i<j i40 
C+0) 


A 
ie 
il 


>> fie fi. 


7k 


With these conventions, we see that M corresponds directly to the matrices cited 
in [TU1], [RES], [JI2]. In particular, [RES] gives an independent verification that 
M satisfies the QYBE via the quantum group for SO(n). It would be interesting 
to understand how the rotation compensation is related to this representation 
theory. 

In the proof to follow, and the remaining verifications, we return to the ab- 
stract tensor form for M. For diagrammatic analysis, this shorthand has clear 


advantages. 


Proof of 14.3. I will consider only the case n odd, and verify two key cases. In 


the following, the notation @ will be used for the negative of a: @ = —a. 
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Case 1. Assume that 0 <a < b. 


In the top part we have to sum over all the contributions where the center 
loop has spin c with a < c < b. Call this total contribution A. The bottom part 


contributes a factor of z. Summing up for A, we get 


A=q?z+(—2)z So g@-9 + (—2)?q(q-?)*+1, (k = (b — a — 2)/2) 
a<c<b 


=q "z+ 27q(1—q?)ig-? + (7-7)? +... + (g-?)*] + 2? q(q7?) #3 
= gz + 2%q(1 — gq? )(q7? — (7? )**1)/(1 — 97?) + 27 9(q7?) 
= "eh 2?q(a7? ~ (q7?)**1) + 27 9(@ 2) 
_ q-?z ae zig} 
=(q? +2q7")z 
= (7? 41-97)z 

A=z. 


Thus M satisfies the Yang-Baxter Equation for this choice of indices. 
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Case 2. 


Here it is not hard to see that the extra spin contribution inserted at 0 by 
the Zero-Rules is just what is needed to compensate for the apparent extra term 
in the top part. Thus top and bottom contribute equally. 

These two cases are representative of the manner in which this matrix M is 
a solution to the Yang-Baxter Equation. With the remaining cases left to the 
reader, this completes the proof. // 

Finally, we have 7 


Theorem 14.5. With the index set Z, taken as in the preceding discussion (and 
the Zero Rules) the model [K] is an invariant of regular isotopy. Furthermore 


these models are multiplicative under the type 1 move with 
ber ger. | 
Po =~] 
Since Ix | - x<| = Aim | ~ D C|) (by definition of the model), 


we conclude that these models give an infinite set of models for the Dubrovnik 


version of the Kauffman polynomial. 
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Proof. I will omit the verification of invariance under the move IIB. This leaves 
us to check multiplicativity under the type I move. Again, we omit the proof for 
n even, and take the index set to be J = {—n, —n+2,... ,—1,0,1,3,5,... ,n} for 
n odd. In fact, I shall take the case ZJ = {~1,6, 1} and work it out in detail: 

In the diagram below, I have indicated the four types of contribution to 


[-o-~”] and their vr vertex Liy 


reas a 
x (a a i 


Note that we are crucially using the zero-rules. 
The bookkeeping for J = {—1,0,1} then gives 


Po] = Por] +r] [er] 


' We have 


O-]= [Sa] + Se] [Se] + [Ave 
=(ea+240¢-2)| ol 
=(@-14¢-e41-940)| 04 | 


=0 [ok |. 
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Thus [-y~] =q’ [_—— | for J = {210; 1}. A similar calculation shows that for 
ye FR 


a] 
5}-[-] 
This completes the proof. // 


Summary. 


We started by assuming the existence of a state model [K]| for Dx satisfying 


X]- fe igs 


and using the vertex weights for the SZ(n) R-matrix 


A =z )<( +4 \=(, +X. 


We found that this led directly to a state model that indeed works (for special 


the expansion 


index sets) 


[K] =) [Klo]q!*! 


where the states are obtained by splicing or projecting the crossings of K to obtain 
a collection of inter-crossing Jordan curves. Orienting these curves, and labelling 
them from the index set yields the state 0. [K|o] is the product of vertex weights 
from the oriented R-matrix, and ||o|| denotes the sum of rot(@) label(@) over Jordan 
curves £in o. A second set of solutions to the Yang-Baxter Equation emerges from 


the structure of this model viz: 


orn 
nel ona HK 


C0) (#0 
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(with special index set as specified in the previous discussion). 

This identifies these models with the models constructed by Turaev in [TU1]. 
He begins with the solutions M identified as originating in the work of Jimbo 
[JI2]. In [RES] Reshetikhin shows that the solutions M emerge from the analysis 
of the quantum group for SO(n). It would be very nice to see how the SL(n) and 
SO(n) solutions are related via the quantum groups. There may be a story at 
this level that is in parallel with the relationship that we have seen in the state 
models. In particular, there should be a quantum group interpretation for the 
rotation-compensation factor q‘'~J)/2, Finally, the matrix M and its inverse 
can be used to create a specific representation of the Birman-Wenz] algebra [B1]. 


This is manifest from the structure of the model described here. 
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15°. Oriented Models and Piecewise Linear Models. 
Recall from section 9° our treatment of unoriented abstract tensor models for 
link invariants. The invariant is viewed as a generalized vacuum-vacuum amplitude 


with creation, annihilation and braiding operators: 


as b ab 
C7) or Mar : VU«en M 


The topology underlying this viewpoint has as its underpinning the generalized 
Reidemeister moves that take into account maxima and minima in diagrams writ- 


ten with respect to a height function. These moves are: 


Fait eae 
Ss 


| They translate into algebraic conditions on M and R: 
1. M,;M* = 6°, M* Mi = 55 
2. Rand R are inverse matrices. 


3. Yang-Baxter Equation for R and R. 


> 


4. Fe? = Mi RiaMi 
Rea = M* RY Mya. 


We have also remarked that in the case of the Drinfeld double construction, con- 
dition 4. translates to a condition about the antipode (and its representations) for 
this Hopf algebra. (Theorem 10.3). 

A similar set of conditions holds for regular isotopy invariants of oriented link 
diagrams. It is worth recording these conditions here and comparing them both 
with Hopf algebra structures and with other forms of these models. 

The generalization of the Reidemeister moves for the oriented case reads as 


follows: 
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— 


>NJ*| (and reverse 
orientations ) 


3 eal om 
4 ne pes (and oe 


Note that in the oriented case there are left and right oriented creations and 


annihilations: ~. Lo. tJ Ye and a medley of braiding opera- 
tors 
w 2 A ) yr ) 
/ A 4 
Pas D) ™ 5 v4 ) KX « 


The twist moves (4.) coupled with the two types of type 2. moves, let us retain 


\ 


the simple Yang-Baxter relations 3. (The other versions of the triangle move then 
follow from these relations.) The algebra relations are then the direct (abstract 
tensor) transcriptions of 1. — 4. 

In this way, we can consider oriented models that take the form of vacuum- 
vacuum amplitudes. 

Some features of the oriented amplitudes serve to motivate models that we 


have already discussed. For example, it is clear from this general framework that 
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the amplitude of a closed loop will, in general, depend upon its rotational sense in 
the plane. Thus, we expect that (@ ) # ( © ) in general and that the specific 
values will be related to properties of the creation and annihilation matrices. 

To make the story even more specific, I shall show that all of our previous 
models can be seen as oriented amplitudes and that they can also be seen as 
piecewise linear (pl) models (to be defined below). We can then raise the question 
of the relationship of oriented amplitudes and pl state models. First, we have a 


description of the pl models. 


Piecewise Linear State Models. 

The models I am about to describe are designed for piecewise linear knot 
diagrams. In the piecewise linear category I first described models of this type in 
[LK10]. These were designed to give a model in common for both the bracket poly- 
nomial and a generalization of the Potts model in statistical mechanics. Vaughan 
Jones [JO4] gave a more general version of vertex models for link invariants using 
the smooth category. The smooth models involve integrating an angular parame- 
ter along the link diagram. Here I give a piecewise linear version of Jones’ models 
(see also [LK14], [LK23]) where the angular information is concentrated at the 
vertices of the diagram. In statistical mechanics these sorts of models appear in 
the work of Perk and Wu [PW] and Zamolodchikov [Z3] (and perhaps others). 

A piecewise linear link diagram is composed of straight line segments so that 
the vertices are either crossings (locally 4-valent) or corners (2-valent). The 
diagram is oriented, and we assume the usual two types of local crossing. A 


matrix $%4(@) is associated with each crossing as indicated below: 


a \, b 
\, «> 529(0) = Regre- 90/20 
c d 


Here @ is the angle in radians between the two crossing segments measured in 
the counter-clockwise direction. It is assumed that R25 is a solution to the Yang- 
Baxter Equation for a,b,c,d € I (Z a specified index set) where J C R. Fur- 
thermore, we assume that R is spin-preserving in the sense that R25 = 0 unless 
a+b=c+d. 


ab 
To the reverse crossing we associate 5.,(8) as shown below: 
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La «» 5oq(8) = Regd(4-9)0/22 
c d 


Here R is the inverse matrix for R in the sense that RYRY, = 6765. Note that 
the angular part of the contribution is independent of the type of crossing. 

Since the model is to be piecewise linear, we also have vertices of valence two. 
These acquire vertex weights according to the angle between the segments incident 


to the vertex: 
az 


ry) “DN “en 90/2" 
=) * 
‘ 

The partition function (or amplitude) for a given piecewise linear link diagram 
K is then defined by the summation (K) = )[K |o] where [K|o] denotes the 
product of these vertex weights and a state (configuration) o is an assignment 
of spins to the edges of the link diagram (each edge extends from one vertex to 
another) such that spins are constant at the corners (two-valent vertices) and 
preserved (a + b= c+d) at the crossings. 

We can rewrite this product of vertex weights as [K lo] = (K|o)d!ell where 
(K|c) is the product of R values from the crossings, and ||o|| is the sum of angle 


exponents from all the crossings and corners. Thus 


(K) = S0(Kjo)allell, 


o 


A basic theorem [JO4] gives a sufficient condition for (K) to be an invariant of 


regular isotopy: 


Theorem 15.1. If the matrix R?® satisfies the Yang-Baxter Equation and if R 


also satisfies the cross-channel inversion 


zB Rit RY M(e—1)/2+(4—-3)/2) = 636° 


tJ 


then the model (K), as described above, is an invariant of regular isotopy. 
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Remark. The cross-channel condition corresponds to invariance under the re- 
versed type II move. The diagram below shows the pattern of index contractions 


: ia pib 
corresponding to RoC Ria. 


Before proving this theorem some discussion is in order. 


Piecewise Linear Reidemeister Moves. These moves are shown in Figure 
17. (As usual the moves in the figure are representatives, and there are a few 
more cases - such as switching a crossing in the type III move - that can also be 
illustrated.) In order to work with the invariance of the model under these moves, 


we have to keep track of the angles. 


For example, consider move Zero: 


e 


We have that the sum of the angles a+ +7, equals zero. (Since, in the Euclidean 
plane, the sum of the angles of a triangle is 7.) Thus the product of vertex weights 


for the above configuration is the same as the product for a straight segment. 
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<a SA 


6 x ita 4 (ib 
am 

oo : K" 

es AN A 


Figure 17 


It is not hard to see that it is sufficient to assume that the main (input and 
output) lines for the type II move are parallel. The angular contributions involve 
some intricacy. To illustrate this point, and to progress towards the proof of the 


theorem, let’s prove invariance of (K) under the move IIA. 


Lemma 15.2. Ifthe matrices R29 and Ro are inverses in the sense that ROR, me 
6264, then the model (K) (using angular vertex weights as described above) sat- 


isfies invariance under the pl move IIA. 


Proof. We know that (A) has a summation of the form 


(K) = S>(Klo) le 


oC 
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where (K|c) is the product of the vertex weights coming from the matrices R and 
R, and ||o|| is the sum of the angular contributions for a state o. Since R and R 
are given to be inverse matrices, it will suffice to show that lo|| = |lo’|| for any 
states o, o’ with given inputs a and b and outputs e and f (a+ b=e+f since 
the model is spin preserving) in the type IIA configuration shown in Figure 18. 

Let A denote the sum of the angular contributions from the part of the 


diagram indicated in Figure 18. Then we shall prove that A = 0 


i at+b=ct+d 
tt c+td=e+f 
E } 

Spin Preserving Type IIA 
Configuration 
RN 


(This line is 1 to 


‘S 
eee % J 
? descending arrows.) 


Om am cn ee = apm eee © FF = ap a a a et as BE Se 


a 
> ~ 
e SL ~s 
Figure 18 
From Figure 18 it follows that 
a+B+y¥ = 0 
e+ue+n = 0 
(*) = 
O+¢ =H — 8 
at+tb=c+d =e+f 
Thus 


A =aa + be+(d—a)6+pco+dB+(f—c)pt+yetnf. 
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To show that A = 0, our strategy is to use the equations (*) to simplify and reduce 
this formula for A. Thus 


A=aa+d$+ey+(d—a)0+be+cu+ fn+(f —c)¢d 

=aa+(a+b—c)P+(at+b-—f)y+(f —c)ot be 
+(a+b-—d)u+(a+b—e)n+(d—a)é 
=(b—c)B+(b— f)y+(f —c)¢+(a—d)ut+(a—e)n+(d—a)é 
= (d—a)B8+(b— f)y+(f —c)d+(a—d)u+(a—e)n+(d—a)é 
= (d—a)(B+0—p)+(b- f)y+(f —¢)¢+(a-e)n 
= (a—d)o+(b- f)y+(f—c)ot+(a—e)n 
= (c—b)o+(f—c)o+(b- f)y+(a-e)n 
=(f =))6 + 0 - f)r+ GS = b)n 
=(f —5)(¢-—7—n) 
= (f — b)(0) (By Figure 18) 
ta = 0. 


// 
An exactly similar calculation shows that in the case of the IIB move we have 


A/2x = [(c — b) + (f — d)|/2 where the spins are labelled as in Figure 19 
a C 


d 
b = = [(c-8)+(f-4)]/2 


Figure 19 


This explains the exponents in the cross-channel inversion statement for The- 


orem 15.1. 
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Proof of Theorem 15.1. By the Lemmas and discussion prior to this proof, it 
suffices to show that (K) is invariant under the move (IIIA) (Recall that IIA, IIB, 
IIIA together imply IIIB as in section 11°.). 

Now refer to Figure 20 and note that because of the standard angle form of 
the type III moves it will suffice to prove that the sum of the angle contributions 


are the same for the simplified diagram shown in Figure 20. 


SH (9) SE5(8 + 8) S328) = S5(8') SHB + 8')S2F(8) 
Quantum Yang-Baxter Equation with Rapidity 
| Figure 20 . 
In Figure 20 we see that for a given state o with local spins 
{a, b,c,t,j,k,d,e, f} the left hand diagram contribution to 2z7||c|| by these spins 


1S 


A = (j —4)6 + (e—1)0° + (f —5)(0 +6) 
=(f-—a)0+(f-—jte-ie. 


The right hand diagram contributes 


A’ = (j — 6)6' + (k—a)(6+0')+(f —k)0 
=(f—a)O+(k—a+j—6)6'. 


Since k+j = e+ f, we have f—jt+e-i=k—e+e—i=k-i. Since 
a+b=i1+ j, we hhavek—a+j—b=k+b-—i1-—b=k-i. Thus A=A’. Since 
S2(0) = R2b\(4-2)0/2" | we see that this angle calculation, plus the fact that R 
satisfies the Yang-Baxter Equation implies that the model (K) is invariant under 
move IIIA. This completes the proof. // 
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Remark. In the course of this proof we have actually shown that if R2} satisfies 
the Yang-Baxter Equation, then $24(@) = R%}\(4-2)9/2* satisfies the Yang-Baxter 
Equation with rapidity parameter 0: 


$35(8)S35(6 + 6')Sik(0') = St5(6')S3k(8 + 6')S27(8). 


In physical situations, from which this equation has been abstracted, the rapid- 
ity @ stands for the momentum difference between the particles involved in the 
interaction at this vertex. 

A word of background about this rapidity parameter is in order. The un- 
derlying assumption is that the particles are interacting in the context of special 
relativity. This means that the momenta of two interacting particles can be shifted 
by a Lorentz transformation, and the resulting scattering amplitude must remain 
invariant. In the relativistic context (with light speed equal to unity) we have the 


fundamental relationship among energy (E), momentum (p) and mass (m): 


E? — p* =m’. 


Letting mass be unity, we have 
E? a) p° | 


and we can represent E = cosh(@), p = sinh(@). The Lorentz transformation shifts 
theta by a fixed amount. In light-cone coordinates (see section 9° of Part II) the 
Energy-Momentum has the form [e’,e~°], and this is transformed via [A, B] +> 
(Ae?, Be~®] under the Lorentz transformation. Consequently, if two particles have 
respective rapidities (the @ parameter) 6, and 62, then the difference @, — 4 is 
Lorentz invariant. The S-matrix must be a function of this difference of rapidities. 

Now consider the diagram in Figure 20. Since momentum is conserved in the 
interactions, we see that for the oriented triangle interaction, the middle term has 
a rapidity difference that is the sum of the rapidity differences of the other two 
terms. Euclid tells us that (by the theorem on the exterior angle of a triangle) the 
angles between the corresponding lines satisfy just this relation. 

Thus we identify rapidity differences with the angles between interaction lines, 


and obtain the correct angular relations from the geometry of the piecewise linear 
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diagrams. This angular correspondence is remarkable, and it beckons for a deeper 
physical interpretation. This is a mystery of a sort because the Yang-Baxter 
Equation with rapidity parameter is the original form of the equation both in the 
context of field theory, and in the context of statistical mechanics. Some of the 


simplest solutions contain a nontrivial rapidity parameter. For example, let 


st =) (+0 Poe 6268 + 0636. 


It is a nice exercise to check that $%3(6) satisfies the QYBE with rapidity 0. 
Nevertheless, we do not know how to use this S to create a link invariant! The 
seemingly more complex form $22(@) = R2$\(4—2)8/2m is just suited to the knot 


theory. 


Remark. To apply Theorem 15.1 one must adjust \ so that the condition for 
cross-channel unitarity is satisfied. We already know good examples of solutions 


to this problem from section 11° where 


Rea = (q- a) <( +4 \=(+ x 


and A = q for the index set J, = {—n, -n+2,... ,n —2,n}. In this case it is easy 
to see that the state-evaluations match those of the model in section 11°. There 
we regarded states o as composed of loops of constant spin and each loop received 
(in ||o||) the product of the spin and rotation numbers. The local angles in the 
pl model add up to give the same result. To see this, first consider a 2-valent 
vertex with spin input a and output b: (We usually take a = b). Set the vertex 
weight to be \{(o+2)/2)8/2", This gives the usual result when a = b. 


a 
we \((a+b/2)) 0/2 


~ 
b/s, 
Now consider the angular contribution at a crossing: 
a b 


«» \(4—2)0/2" (angular contribution). 
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Here we assume that a+ b=c+d. Thus if we break the crossing we find 


b 


we \((a+e)/2)(—0/2) ) (b+) /2)8/2% 


— \((d-a)+(b—c))/2)8/2m 


a \(d—a) 0/20 


The angular contribution at a crossing is the same as the sum of the an- 
gular contributions from the corners obtained by splicing that crossing, 
and using the generalized vertex weights for the corners. 

In the R-matrix of section 11° we have a correspondence between such splic- 
ings and the states as loops of constant spin. (Note that if a = d and b = c as in 
_ then (d — a)@/2x = 0.) Thus each loop receives the value (a = spin value of the 
loop) 

Ea 


ee (the sum of the angles at the corners) 


||loop|| = 


a 
= (0 +02 +... +4n) 


=e: rot(loop). 
om 


And this is exactly the evaluation we used in section 11°. This completes the 
verification that the models of section 11° are special cases of this form of pl state 
model. It also shows how the pl state model can be construed as a vacuum-vacuum 
expectation, since we have already explained how the models of section 11° can 


be cast in this form. 
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A Remark on the Unoriented Model. 

We have seen in section 14° how there arise naturally~state models for (sep- 
cializations of) the Kauffman polynomial by “symmetrizing” the oriented state 
models for the Homfly polynomial. This led to a Yang-Baxter solution that was 
built from the SL(n) Yang-Baxter solutions for the Homfly models. We saw how 
certain factors in the new Yang-Baxter solution were explained as rotation com- 
pensations in the construction of the unoriented model. 

The piecewise linear approach using a rapidity parameter @ shows us the 


pattern of this tensor in a new light. Suppose we have 
S2h(0) = Renown 


corresponding to 


and suppose that we build 
Tea (8) +» 


@® wb Q® a-b 
WA = Veo! = 0-< 
c oN —¢ a 
ab abG-2@ =-c Cb+c) @" 
5 pe =Neg A>™ + a A a 
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(We are using the convention that “=e .) Then 
T2(6) +f oN tre 4+ ee. 


Here a+b =c+d (i.e. we assume that R is spin-preserving). Hence d—a = b—c. 
Thus 


T2°(6) = Ret eee rs eon (400-2) /2* 
~ | pb +4 R52 pec y(d-a)(0/20) 


Thus 
Ted (8) = Regne—o02" 


where 
t= ete. 


This tensor R is exactly the tensor that we used in section 14° with 
R=(q- a )h<f +q y= +¥ , A = q and a special index set to produce 
our version of the Turaev models for the Kauffman polynomial. (RF is called M in 
section 14°.) 

It is a good research problem to determine general conditions on R that will 
guarantee that R is a solution to the Yang-Baxter Equation. With this problem 


we close the lecture! 
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16°. Three Manifold Invariants from the Jones Polynomial. 


The purpose of this section is to explain how invariants of three dimensional 
manifolds can be constructed from the Jones polynomial. This approach, due to 
Reshetikhin and Turaev [RT2], instantiates invariants first proposed by Edward 
Witten [WIT2] in his landmark paper on quantum field theory and the Jones 
polynomial. (See section 17° for a description of Witten’s point of view.) 

The approach of Reshetikhin and Turaev uses quantum groups to construct 
the invariants. The invariants themselves are averages of link polynomials - 
adjusted so that the resulting summation is unchanged under the Kirby moves 
[KIRB]. We use the theorem of Dehn and Lickorish [LICK1] that represents three- 
dimensional manifolds by surgery on framed links in the three-sphere. Kirby 
[KIRB] gave a set of moves that can be performed on such links so that the clas- 
sification of three dimensional manifolds is reduced to the classification of framed 
links up to ambient isotopy augmented by these moves. 

In fact, I shall concentrate on a version of the Reshetikhin-Turaev invariant 
for the case of the classical Jones polynomial. In this case, Lickorish [LICK3] 
has given a completely elementary proof of the existence of the invariant based 
upon the bracket polynomial (section 3° and [LK4]) and certain properties of the 
Temperley-Lieb algebra in its diagrammatic form (as explained in section 7°). 
Thus the present section only requires knowledge of the bracket polynomial for 
the construction of the three-manifold invariant. 

I begin by describing the Kirby Calculus and the formula for the invariant. 
We then backtrack to fill in background on the Temperley-Lieb algebra. 


Framed Links and Kirby Calculus. 

Consider a single curve K embedded in three-dimensional space. We may 
equip this curve K with a normal vector field, and if the lengths of the normal 
vectors are small, then their tips will trace out a second embedded curve - moving 
near the first curve and winding about it some integral number of times. If K’ 
is that second curve, endowed with an orientation parallel to that of K, then 
the winding number is equal to the linking number @k(K, K'). This number n = 
fk(K,K') is called the framing number of K. Conversely, if we assign an 
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integer n to K, then one can construct the normal vector field and curve K' so 
that n = £k(K,K'). The ambient isotopy class of K' in the complement of K is 
uniquely determined by this process. 

By definition a framed link L is a link L together with an assignment of 
integers, one to each component of L. These integers can be used to describe 
normal framings of the components as indicated above. In working with link dia- 
grams there is a natural framing that is commonly referred to as the blackboard 
framing: Assign to each component L; of L the number n; = w(L;) where w(L;) 
denotes the writhing number of the diagram L;. That is, w(L;) is the sum of the 
signs of the crossings of L;. (Note that this sum is independent of the orientation 


assigned to L;, and hence makes sense for unoriented links. ) 


A normal vector field that produces the blackboard framing is obtained by 
using the plane on which the link is drawn. That is, except for the crossings, the 
vectors lie in the plane, and hence the push-off components Lj are obtained by 


drawing essentially parallel copies of the L; — as shown below: 


In each of these examples, I indicate the framing numbers on the link components, 
but note that via w(L;) = n; these numbers are intrinsically determined by the 
diagram. In fact, any framing can be obtained as a blackboard framing since we 


can modify the writhe of a component by adding positive or negative curls. The 
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0-framed trefoil is the blackboard framing of the diagram 


onetinn 


I denote a framing of the link L by the notation (L, f) where f(L;) is the 
integer assigned to the i-th component of L. 

As we shall see, the study of three-dimensional manifolds is equivalent to a 
particular technical study of the properties of framed links. To be precise, Lickorish 
[LICK1] proved that every compact oriented three-dimensional manifold can be 
obtained via surgery on a framed link (L, f). Kirby [KIRB] gave a set of moves on 
framed links and proved that two three-manifolds are homeomorphic if and only if 
the corresponding links can be transformed into one another by these moves. Our 
aim here is to describe this surgery and the moves, and to show how the Jones 


polynomial can be used to produce invariants of three dimensional manifolds. 


Surgery. 

The basic idea of surgery is as follows. Suppose that we are given a 3-manifold 
M® bounding a four-dimensional manifold W*. Given an embedding 
a: S' x D? — M we can use this embedding to attach a handle, D? x D?, 
to W*. That is, the boundary of D? x D? (D? is a two-dimensional disk) is the 
union of S? x D? and D? x S!. We attach S! x D2 to M via a, and obtain 
a new four-manifold W with boundary M. One says that M is obtained 
via surgery on M® along the framed link a(S? x 0) C M. The framing is 
given by the twisting of the standard longitude a(S! x 1) C M. That is, we have 
K = a(S? x 0), K’ = a(S! x 1) and the framing number is n = lk(K, K'). (This 
linking number happens in the solid torus a(S! x D?.) 

It is worthwhile having a direct description of M. It is easy to see from 
our description of handle-attachment that M is obtained from M? - Interior 
(a(S? x D?)) by attaching D? x 5S! along its boundary S* x S! via the map a. 
This means that the twisting of the original longitude S! x 1C S$! x D? is now 
matched with a meridian (51 x 1) C D? x S! on the new attaching torus. In 
other words, we cut-out the interior of a(S! x D?) and paste back a copy 


of D? x S1, matching the meridian of D? x S! to the (twisted by framing 
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number) longitude on the boundary torus in M. 


Example 1. K = a(S! x 0) C S%, unknotted and framing number is 3. 


()K 


Let N(K) denote a(S! x D?) and draw the longitude £ on the boundary of N (K): 


£=a(S' x 1) 


Let M? denote the manifold obtained by framed surgery along K with this framing. 
Then M is obtained from $?—Int(N(K)) by attaching D? x S’ so that the meridian 
m = (D? x 1) is attached to ¢: 


aera (D? x $") 


Since m bounds a disk in (D? x S'), it is easy to see that M° has first homology 


group Z/3Z. M? is an example of a Lens space. 


gr ma (N (K)) 


Mm is 
attached 
to Le 
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Example 2. Let this be the same as Example 1, but with framing number 0. 


Then @ is a simple longitude, 


N(K) 


and it is easy to see that M* is homeomorphic to S$? x $1. (The longitude bounds 
a disk in S° — Int(N(K)) and m bounds a disk in D? x $1. With m and ¢ 
identified, we get a union of two disks forming a 2-sphere S? C M?. The family of 
2-spheres obtained by the family of longitudes S? x e'® sweeps out M°, creating a 
homeomorphism of M* and S? x $1.) 


Kirby Moves. 

We now describe two operations on framed links such that OW, ~ OW,, if 
and only if we can pass from L to L' by a sequence of these operations. (Notation: 
OW* denotes the boundary of the four manifold W*. W} denotes the four manifold 
obtained from the 4-ball D* by doing handle attachments along the components 
of the framed link L Cc S°.) 


O,. Add or subtract from LZ an unknotted circle with framing 1 or -1. 
This circle is separated from the other components of L by an embedded 
S? in S°. 

This operation corresponds in Wy, to taking the connected sum with (or split- 
ting off) a copy of the complex projective space CP? with positive or negative 
orientation. (CP? = D* U E where 0E = S® and E — S? is the D? bundle 
associated with the Hopf map H : S* — S* [HOP]. One can show that E is the 
result of adding a handle along an unknotted circle in S* with +1 framing. This 
is a translation of the well-known property of the Hopf map that for p $ q in S?, 


H~'{p, q} is the link CH . 
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O,. Given two components L; and L; in L, we “add” L; to L; as follows: 

1. Push L; off itself (missing L) using the framing f; on L; to obtain 
L'. with @k(L;, L) = fi- 

2. Change L by replacing L; with oe = L'#,L; where } is any band 
missing the rest of L. 

The band connected sum L'#,L; is defined as follows: Let yo, 71 be two knots 


in S3. Let 6: Ix I + S® be an embedding of [0, 1] x [0,1] such that 
b(I x I)N 7%; = b( x I) for 1 = 0,1. Then 


yo#0N1 = Yo UN — O(Ol x I) Ub x OL). 


This second move corresponds in Wz to sliding the j-th handle over the 7-th 
handle via the band b. In order to compute the framing fi of L;, consider the 
intersection form on the second homology group H2(W_z;Z). If we orient each L; 
then they determine a basis B for H2(W1;Z) denoted by {[Zi],..- [L,]}. The 
matrix A; of the intersection form on H2(W_z;Z) in this basis has the framing 
numbers f, down the diagonal, and entries aj; = £k(L;,L;) for 1 # j. The move 
©, corresponds to either adding [L;] or subtracting [L;] from [L;], depending on 


whether the orientations on J; and L; correspond under 6. Thus 


fy = (4[La] + [L,)) - (41Zi] + [Z5]) 
= [L,] - [Li] + [L;] - (L5] + 2[Li] - (Z5]. 


fj = fit fy 2ai; : 


Call two framed links L and L' @-equivalent if we can obtain L' from L by a 
sequence of the operations QO, and Q>2 (plus ambient isotopy). We write L - L'. 


Hence 
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Theorem 16.1. (Kirby-Craggs). Given two framed links L and L', then L _ L' 
if and only if OW_ is diffeomorphic to OW|, (preserving orientations). (Diffeomor- 
phic and piecewise linearly homeomorphic are equivalent in this dimension. ) 

The next proposition gives a fundamental consequence of the Kirby moves: 


A cable of lines encircled by an unknotted loop of framing +1 is 0- 


equivalent to a twisted cable without this loop. 

Proposition A. Let L and L’ be identical except for the parts shown in the figure 
below. Then L ~ L’. Here U is an unknot with framing —1 which disappears in 
L', and the box in L’ denotes a full (27) right handed twist. The framing on Lt 
is given by f! = f; +1. 


Sel 
I++] 


Proposition B. Same as Proposition A for U with framing +1. The box then 
denotes one full left hand twist and fi =fj-1. 


hon 
a (| 


tt 


Proof Sketch for A. 


O2 (iwiee) 


// 
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Since this proposition is so important, it is worthwhile discussing the proof 
sketch once again in the language of blackboard framings and regular 
isotopy of diagrams. In blackboard framing we have fj = w(L;), the writhe of 
the i-th component. The equation for change of framing under operation 2 is 


(as remarked above) f; = fi + f; + 2a;;. Hence we require 
w(L;) = w(Li) + w(L;) + 2¢k(Li, £5) 


and this equation is true whenever the band consists of parallel strands 
that contribute no extra writhe or linking! Thus we can express the Kirby 
calculus in terms of the blackboard framing and regular isotopy of diagrams by 


simply stipulating that band-sums are to be replaced by recombinations: 


LA ya ao Tee 
WL e— 
7 a L; 


Note that the parallel push-off from L; creates a copy of L; which then undergoes 
recombination with L; to form L j;- Processes of reproduction and recombination 
generate the underpinning of the Kirby calculus. [These formal similarities with 
processes of molecular biology deserve further study.] Now, in blackboard framing, 


let’s return to the proof-sketch using, for illustration, a triple strand: 
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The generalization to n-strands is the move « illustrated below. 


@€@6@ 


II]°**| 


The 27-twist is replaced by a flat curl on the cable of parallel strands. 

We now move on to the beautiful theorem of Fenn and Rourke [FR]. They 
prove that the move ©, together with the move x of Proposition A/B 
generate the Kirby calculus. This means that the move (above) (and its 
mirror image) together with blackboard 0; (6S = (nothing)) generate O,, and 
hence the entire Kirby calculus. 

In order to see why we can generate move O2 using only Q, and the «-move, 


we first observe that « lets us switch a crossing: 


Lemma 16.2. 


[seit ant Sw itch, 


Proof. First note that 


4] Oe mea oy 
Ae, 2, 
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Thus ) (ey ) ‘ 
SD = ~ ( fe ) 
// 


This lemma implies that we may take all the components in our link L to be 


| 


unknotted. Furthermore, since 


7. “Po 


we can change the writhe of a single component until it is +1 or —1 or 0. 


Thus it will suffice to use « and OQ; to obtain O02 for the situation. 


Delp = Sp Stl) 


il 


Here is a demonstration of this maneuver: (I replace the cable by a single strand. 
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The formalism for a full cable is identical in form.) . 
: er 

JOD ¥ a) sn 

| ie 


_ 9 


| 


; ee | i 


This completes our diagrammatic description of Kirby calculus. However, we must 


add one more curl-move: . 


C 


With this move added, two unknotted curves are equivalent if and only if they 


have the same writhe (as desired). Thus our calculus is generated by 


Oo. regular isotopy 


O,, OO = (blank) = CO 


| / 
(a Ix are me | P 0 


Cc. o} = (y and 7’ are cables). 


Qe le 
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It is an interesting exercise to verify that the 6-version of « (above) follows from 
Oo, O1,C and the a-version of x. This gives us a minimal set of moves for 


investigating invariance. 


Construction of the Three-Manifold Invariant. 

We wish to use the bracket polynomial (which is an invariant of regular iso- 
topy) and create from it a new regular isotopy invariant that is also invariant 
under the x-move and the C-move (a suitable normalization will take care of 0). 

Since we must examine the behavior of the bracket on cables, it is best to 


take care of the C-move first. 


& 
Proposition 16.3. Let 7—~N denote an i-strand parallel cable. Let (K) denote 
the bracket polynomial of section 3°. Then 


- a 
Hence the bracket polynomial itself satisfies move C. 


Remark. Recall that the bracket is determined by the equations 
dl 
(DC) =4( SS) +a(DC) 
(OK) =(-4- 4K) 
( O )=-at- ats 


and that it is an invariant of regular isotopy of unoriented link diagrams. It follows 


directly from these defining equations that (for single strands) 
( < >. haf —e— ) = (-4)(-—~) 
and 


( —o— )=( PB) crf) 
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Proof. First recall that_we have the regular isotopy 


ete 
ROR 8 
en oS 
— 
& 
ve 
& 
Be & 


Since ( oa ee ) = (—) on single strands, and (K) is an 


invariant of regular isotopy, it follows at once that ( —~>——> o6— ? = 


( Pee ee ) as desired. // 


As a result of Proposition 16.3, we can forget about move C and concentrate 


on making some combination of bracket evaluations invariant under the basic 
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Kirby move «: 


(This is just a rewrite of our previous version P k. The 7 refers to a cable of 7 
strands. If D has n components, then D’ has (n+ 1) components and D7,,, is the 
new component. ) 

As it stands, the bracket will not be invariant under «, but we shall consider 


the bracket values on cables 


Let diss = (7,43), Thus 


= (C@)--# 


Of course, Tp = (empty link) = 1. 

We are now in position to state the basic technique for obtaining invariance 
under the Kirby move «. First consider two species of tangles that we shall denote 
by 7; and 7,2". 7" consists in tangles with m inputs and m outputs so that the 


tangle is confined to the interior of a given tangle-box in the plane. 
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Thus 
ET". 


Similarly, 7,,"* consists of tangles restricted to the outside of this same box. For 


example, 


We have a pairing (orig xt = 2A 
defined by the formula 
(z,y) = (zy). 


The second bracket denotes the regular isotopy invariant bracket polynomial, and 
the product zy denotes the link that results from attaching the free ends of x € T. > 
to the corresponding free ends of y € 7,0". 

In this context it is convenient to consider formal linear combinations of el- 
ements in 7)" and 7," (with coefficients in Z[A,A~*]). We can then write (by 
definition) 

(X,aY + 6Z) = a(X,Y) + 0(X, Z) 


and 


(aX + bW,Z) = a(X,Z) + (W,Z) 


when a,b € Z[A, A~*], X,W € 7)", Y,Z € 7,0". This makes ( — , — ) a bilinear 
form on these modules of linear combinations. In the following discussion, I shall 
let 7)" and 7,°"* denote this extension of tangles to linear combinations 
of tangles. 

With the help of this language, we shall now investigate when the following 
form of regular isotopy invariant, denoted < K >, is also invariant under the 


Kirby «-move: 
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Let Z, be a fixed finite index set of the form JZ, = {0,1,2,...,r—2} forr > 3 
an integer. (The convenience of r — 2 will appear later.) Let C(n,r) denote the set 
of all functions c: {1,2,...,n} — Z, where n > 1 is an integer. If {1,2,... ,n} 
are the names of the components of a link L, then c(1), c(2),... ,c(n) assign labels 
to these components from the set T,. 

Given an n-component link diagram L with components [,,L2,...,L, and 
given c € C(n,r), let cx L denote the diagram obtained from L by replacing 
L; by c; parallel planar copies of L;. Thus 


L e¥ _ ne de 
fee = anne: ‘Oe A np ad d 


Let {Xo, A1,--- ,Ar—2} be a fixed set of scalars. (Read scalar as an element of the 
complex numbers C - assuming we are evaluating knot polynomials at complex 


numbers.) Define < L > via the formula 


cx*« DL. 


<i> = < L> (A,r, o,.-- saena) 


<i >= Bs X_(1)Ac(2) coq re(n) (c* L). 
cE€C(n,r) 


Thus < L > is a weighted average of bracket evaluations (c * Z) for all the black- 
board cables that can be obtained from L by using Z,. By using the blackboard 
framing, as described in this section, we can regard < L > as a regular isotopy 
invariant of framed links. 

We write the Kirby move in a form that can be expressed in products of 
tangles: 


! 
D1 


(LZ has n-components. ) 
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Thus we have, in tangle language, L = Xe;, L' = Xj; where the tangles e¢; 


and p;; are defined by the diagrams below: 


Thus e; € 7?" and pj; € T°". 
I add to this rogue’s gallery of tangles the counterpart of €; in a and call 
it 1;: 


Note that ( 1;, €;) = ( ljej;) = 


We can now examine the behavior of < L > under the Kirby move: 


Hypothesis 7. This hypothesis assumes that for all 7 and for all x € ‘Pa 


(2, ¢;) = (2,5 Ams). 


7=0 


We can write hypothesis H symbolically by 


oft 
#: 5] -S.qioeé 
2 = r; & 
Proposition 16.4. Under the assumption of hypothesis H: 


: r—2 
(i) For all j, 6? = >> A;Tj4; where Tj+; = @® 4 
i=0 + 


(ii) < D> is invariant under the Kirby move «, and 
< LU ‘O») pe ee Ale ae 
(7 denotes AT where T; = (@® i) and II denotes disjoint union.) 
(iii) ro°t¥-™)/2 & L > is an invariant of the 3-manifold obtained by framed 
surgery on L. Here o and v are the signature and nullity of the linking 


matrix associated with the n-component link L. 
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Proof. In this context, let L’ = ryiy and L = ze; as explained above. Also, 
given c: {1,...,n} — Z,, let cx x denote the result of replacing the components 
of the tangle z by c(z) parallels for the z-th component. Then if z € 5 i oe we have 
c*r € TP where j’ is the sum of c(K) where K runs over the components of z that 
share input or output lines on the tangle. If we need to denote dependency on c, 
I shall write j' = j(c). For c € C(n,r) I shall abbreviate A-— for A.(1)Ac(2) « - - Ac(n): 


<i> = <1; 


= SY) _Aeqay ++ Ac(n) Ae(n-+1) (¢ * [zH15]) 
c€C(n+1,r) 


r—2 


S5 As Do Ai((e # 2)(Hi5(c))) 


c€C(n,r) 1=0 
r—2 
= A(e#2, dijo ) 
cE€C(n,r) 1=0 
>. A=(c* x, €;(c)) (hypothesis #) 
cE€C(n,r) 


ss Az (ec * (xe;)) 


c€C(n,r) 

We r= (c * L) 
c€C(n,r) 
= £1». 


This demonstrates the first part of (ii). To see the second part, let 


L'=Ll ©) 
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Then 


r—2 


KU >= YO AY AlexLI CHD 3) 
c€C(n,r) 7=0 
r—2 


= Yd ext GSD 4) 


c€C(n,r) 7=0 


EM CSD a] Oren 


1=0 c€C(n,r) 


<Ll'>=71«KL>. 
Now, turn to part (i): We have Tj; = (1;:;). Therefore, 


6? = (1;€;) = (1;,¢;) 


ei (15,35) (by 1) 


¥ 6) = > ATia3- 
7=0 


Finally, to prove (iii) note that the n x n linking matrix of L has signature o and 
nullity v, so $(n — o — v) is the number of negative entries in a diagonalization 
of the matrix. That number is unchanged under the x-move and increases by one 
when we add ©) . Hence (ili) follows directly from (ii). This completes the proof 
of the proposition. // 


Now examine (i) of the above proposition. The set of equations 


r—2 
Bah My; 720i 
s=0 
is an apparently overdetermined system. Nevertheless, as we shall see for the 
bracket, they can be solved when A = e™*/?" and the result is a set of \’s satisfying 
hypothesis H and giving the desired three-manifold invariant. Before proceeding to 
the general theory behind this, we can do the example for r = 3 (and 4) explicitly. 


However, it is important to note that our tangle modules can be factored by 
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relations corresponding to the generating formulas for the bracket: 
(8) = (8) +49) 
(LO) = 6(2) 


This means that we can replace the tangle modules J," and 7,°"* by their quotients 


under the equivalence on tangle diagrams generated by 
@X=4R +47°DC 


(ii) OD = 6D. 


We shall do this and use the notation V" and V°"' for these quotient mod- 
ules. 

With this convention, and assuming that A has been given a value 
in C, we see that V" and V,°"' are finitely generated over C. For example, 


V2" has generators 


1 ) ej * 


Note that Vi" and V°"* are abstractly isomorphic modules. I shall use V,, for 
the corresponding abstract module and use pictures written horizontally 
to illustrate V,,. Thus V2 has generators = and 3@(1 and e;). We map 
Vm — Vm+i1 by adding a string on the top: 


(oer 
V3 1s generated by 


,_ {He Be BEDE BE 

1 e} €9 a B 
That is, every element of V3 is a linear combination of these elements. Under 
tangle multiplication V,, becomes an algebra over C. This is the Temperley- 


Lieb algebra. It first arose, in a different form, in the statistical mechanics 
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of the Potts model (see [BA1]). This diagrammatic interpretation is due to the 
author ({LK4], [LK8], [LK10]) and is related to the way Jones constructed his 
V-polynomial [JO2] as we have explained in section 7°. Multiplicatively, Vn is 
generated by the elements {1,e1,¢2,... ,€m—1} where the e;’s are obtained by 


hooking together the i-th and (i + 1)-th points on each end of the tangle: 


eae 


4 ie er. «» {e;}. 


ese 


It is easy to see that 


e? st O¢;, t= 1,...,;m-—1 

C;6;41E; = Gy i= an ~~ MN 2 (x) 
€;6;-1F; = Gy, s=(.1....,m—} 

€;e; = €;€, la —3| >1 


and one can take V,, as the algebra over C with these relations (6 has a chosen 
complex value for the purpose of discussion). 

Remark. In Jones’ algebra e? = e; while e;e;41¢e; = 6~'e;. This is obtained from 
the version given here by replacing e; by 5~*e;. 


In V3 we have 


. 


e=S5 a=90 SS =be; 
~ or 


€,€2€1 = ~S = €j. 
= Sess" SS 
Note also that in V3, 
ae = Bee =a 
ee = VS =P. 


We have been concerned with the pairing (, ) : 7" x 7,0"* - C, (z,y) = (zy). 
With respect to the Temperley-Lieb algebra this pairing can be written 


( , ) = Vinx: Vix eC 


(z,y) = (zy) 


271 


where it is understood that z is identified with the corresponding element of $a 


and y, with the corresponding element of 7,°°*. Thus 


mA)=( EB ) 


In general, 


a e-(p) 


- Ges ) 


Thus, we can identify rg as the link obtained from the tangle product ry by closing 
with an identity tangle. 


Example. The matrix for the pairing V. x V2 — C is determined by 


= pce en 


A SS 


Note that this matrix is singular (for 6 4 0) when 64 —- 6? =06 6?-1=086 
(—A? — A~?)? = 1 & A*4+A-44+2=1. Thus, we have (, ) singular when 
A = e'"/2r for r = 3. For this same r = 3, we can consider the equations 


r—2 
6 =" NT; 


7=0 


first for 7 = 0,... ,r — 2 and then for arbitrary j. For j = 0,1, the system reads: 


1 = AoTy + AT} 
6 = AoT, + Ai T2 
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and we know that 


To | 
T, = -A® 
T, = —A’® — A?, 


Thus 


oe. T, —-T|/1 
MJ} T2-T?|-T% 1 i 


THEFT = —A’ — A? + AP 


If A = e'"/6 then 


= —A*A® — A? -1 

= A*— A?-1 

ee 2ei/3 _ .xi/3 _ 1 

# 0. 
Hence we can solve for Ag, 41. While it may not be obvious that these \’s provide 
a solution to the infinite system 67 = Aol; + MTjan 3 = 0,1,2,..., i 


fact the case! The singularity of the pairing ( , ) at e7*/?" is crucial, as we shall 


see. 


Remark. The Temperley-Lieb algebra V,, has the Catalan number 

d(m) = (war eo dimension as a vector space over C; and for generic 6, d(m) is 
the dimension of V,, over C. These generators can be described diagramatically 
as the result of connecting two parallel rows of m points so that all connecting 
arcs go between the rows, points on the same row can be connected to each other 


and no connecting arcs intersect one another. Thus for m = 3, we have 


imeieie » 


the familiar basis for V3. For convenience, I shall refer to the non-identity gener- 
ators of V,, : {€1,€2,... ;€m—1; €m;+++ ) Cain) } MIE sy: -- »€d(m) 18 a choice of 
labels for the remaining elements beyond the standard multiplicative generators 


€1,--. ,€m—1. This notation will be used in the arguments to follow. 
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Theorem 16.5. Let A = e"*/?", r = 3,4,5,... Let Vin denote the Temperley- 
Lieb algebra for this value of § = —A* — A~?. (Hence 6 = —2cos(z/r).) Then 
r—2 


there exists a unique solution to the system 6? = )~ AiT 4 5p OF BH 
1=0 
In fact 


(i) The matrix M = (M;;) with Mj; = Tj4;-2, 1 < i,j <r is nonsingular for 
re em /2r_ 


and 
(ii) The pairing (, ) : Vn X Vm — C is degenerate for A = e™*/?" andm > r-1. 
In particular there exists a dependence so that (— ,m) is a linear combination 


of pairings with the nonidentity elements e;, i = 1,... ,d(m). 


Conditions (i) and (ii) imply the first statement of the theorem. 

This theorem plus Proposition 16.4 implies an infinite set of 3-manifold in- 
variants, one for each value of r = 3,4,5,... Before proving the theorem, I will 
show with two lemmas that conditions (i) and (ii) do imply that Ao,... , A-—2 solve 
the infinite system 


r—2 


Stool Ia Ray: 


i=0 
This makes it possible for the reader to stop and directly verify conditions (i) and 
(ii) for small values of r (r = 3,4,5,6) if she so desires. 
Assuming condition (i) we know that there exists a unique system Ag,... , Ar—2 


to the restricted system of equations 


r—2 


Be > Mla, i> OA. .0 2. 
1=0 
r= 3 
Let $; = >) Aimij € T"* for any 7. Thus Tj4; = (1jmij) = (1;, wij), and there- 
+=0 


fore 6) = (1;,¢;) for j =0,1,...,r —2. We wish to show that this last equation 
holds for all j. 


Lemma 16.6. (z,¢;) = (z,¢;) for all s € ie 9 =0,1,... ,7— 2. 
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Proof. Since (1;,¢;) = 6’, the lemma is true for z = 1; by condition (i). Let ex 


be any other generating element of v;". (v;n is T;" modulo the Temperley-Lieb 


(ex, Liz) = (le, Hie) 5° 
with £ < j. 


wt ) ca 
(ZY 


By this basic annular isotopy, we conclude that (e,,;;) = 66° = 6 for each 


relations.) e.g. 


€2 His © Ol epi. 


nonidentity Temperley-Lieb generator. The lemma follows at once from this ob- 


servation. — // 


Lemma 16.7. Assuming conditions (i) and (ii) as described in the statement of 
(16.5), (z,€;) = (2, ¢;) for all z € vin and for all 7 = 0,1,2,... 


Proof. The proof is by induction on 7. We assume that 16.7 is true for all integers 
less than 7. By 16.6 we can assume that j > r—2, since the hypothesis of induction 
is satisfied at least up to r — 2. By condition (ii) we can assume that there are 


coefficients a, so that 


d(j) 
(1;, “) wy S“(aner ) 
k=1 
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on V?"*. Hence 


d(j) 
(1;,4;) = >> ax(ex, $5) 

k=1 
d(j) 

= ‘2 a6) (15), ?j(«)) (annular isotopy) 
k=1 
d(j) 

ee ye: a6) (154), €;(n)) (induction) 
k=1 
d(j) 

zai a 01, 626) 650) 


k= 
d(j) 


<= >: OE (CK, €;) 
k=] 
(15,05) = (15,65). 


By using the annular isotopy for the other generators of vin we complete this 


argument by induction. Hence (z,¢;) = (z,¢;) for all 7. // 


Thus we have shown that conditions (i) and (ii) imply the existence of so- 


i r—2 
lutions X9,... ,Ar-2 to the system 6 = }> \;7Tj4; and hence have shown the 
i=0 


= 
existence of 3-manifold invariants for A = e™/2", It remains to prove condi- 
tions (i) and (ii) of 16.5. This requires an excursion into the structure of the 
Temperley-Lieb algebra. This analysis of the Temperley-Lieb algebra will produce 


the following result: 


Theorem 16.8. Let V,, denote the m-strand Temperley-Lieb algebra with multi- 
plicative generators 1, €1,€2,:.. ,;€m—1 aS described in this section. Let 5 denote 
the loop value for this algebra (assumed by convenience to be a complex number). 
Then there exist elements f, € Vm for 0 < n < m-—1 such that 


(i) fo =I1mn 
(i) fr = fn—1 — Un fn-1enfn-1 for n> 1 


(iii) esfn =O fori <n 
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(iv) (entafn)? = Matientifn forn <m—2 
(v) tr( fn) = (fnr€n) = rr has 


Here py is defined recursively by the formulas 4, = 6~!, wn = (6 — un-1)7!, and 
Ba = Ti (6 -2co(be/(n +1))). /I 
k=1 


We shall postpone discussion of the details of 16.8 to the end of this section. 
However, it is worth at least writing down fi: According to 16.8(ii) we have 
fi = 1, — 6-'e,. Thus, in V2 we have f; = Ss —6-!D@ and 


ff =(1—67'e1)(1 — 6") 
= 1-—26-1'e,; + 6-*e? 
= 1+ 26 *e, 25 “e, 
=1-—6"'e, 


os ff = fi. 


Also, ef; = e; — 6~'e? =0, and 


te f= (© )-@S5 ) ae A 


= 6771716? —.1). (on. =3i2jrn =A). 


Note that by 16.8, A, = (6 — 2 cos(2/3))(6 — 2cos(27/3)) = 
(6 — 2(1/2))(6 — 2(—1/2)) = (6 -1)(6 +1) = & —-1. 


Remark on the Trace. In the statement of 16.8 I have used the trace function 
tr: Vn — C. It is defined by the formula, tr(x) = (rém). We take the trace of an 
element of the Temperley-Lieb algebra by closing the ends of the corresponding 
tangle via the identity element, and then computing the bracket of the link so 
obtained. 

The next result is a direct corollary of 16.8. Among other things, it provides 
the desired degeneracy of the form V;, X Vm — C for A = e'"/?", r > 3 and 
m 2r-—1. In other words, 16.8 implies condition (ii) of 16.5. 
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Corollary 16.9. Let A = e™'/" for r > 3. Then 


(i) If m <r —2 then there exists an element p(m) € V,, such that 
(—,p(m)) = 11,. [Here 1/, is the element of V7, dual to lm € Vm. That is 
1',(z) equals the coefficient of 1,, in an expansion of z in the usual 


basis.| 


(ii) If m > r —1, then the bilinear form (, ) : Vm X Vm — C is degenerate, and 
there exists an element q(m) € Vm such that (—,q(m)) = (—,1m) and q(m) 


is in the subalgebra generated by {e1,€2,... ,€m-1}- 


Proof of 16.9. Recall from 16.8 that tr(fn) = 6"~"~*An41 for fn € Vm, and 


that A, = |] (6-2cos(km/(n+1))). If A? =e”, then 6 = —A?—A~? = —2cos(8). 
k=1 


Thus A, = ll —2(cos(@) + cos(km/(n + 1))). The hypothesis of 16.9 is 9 = x/r 
for r > 3. ans A, Ag... Ay—-2 #0, but A,_; = 0. 

For 1 < m < r—2the element fm_—1 € Vm is defined since A; Az... Am-1 # 0. 
By 16.8, e:fm—1 = 0 fori = 1,2,... ,m—1. Since the products of the e;’s generate 
a basis (other than 1,,) for Vz, as a vector space over C, we see that we can define 
p(m) = Az fm-—,. This ensures that p(m) projects everything but the coefficient 


of 1,, to zero, and 


(1m,p(™)) = (1m; 4m fm—1) 
= A tr(1lmfm-1) 
= Aj, tr(fm-1) 
=A A, (by 16.8) 
wt 1. 


This completes the proof of 16.9 (i). 

Now suppose that m > r—1. Then A, A,...A,_2 # 080 f,_2 € V,—; is well- | 
defined. Now f,—2 projects any basis element of V,-1 generated by e€1,... ,€r—2 to 
zero, and (1,1, f-—2) = tr(fr-2) = Ar-1 = 0. Hence (—, fr—2) : Vr-1 — C is the 
zero map. For m > r — 1 we have the standard inclusion V,_; + V,, obtained by 


adding m—r +1 parallel arcs above the given element of V,_, (in the convention 
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of writing the diagrams of elements of Vm horizontally). It is then easy to see that 
(—, fr-2) : Vm — C is the zero map for m > r—1. Hence (since f,_» # 0) the 
bilinear form is degenerate. Let q(m) = 1m — fr-2. This completes the proof of 
16.9. // 


Here is an example to illustrate 16.9 in the case r = 4. We have fi =1-671e, 
and e; f; = 0. 
fa=fi-—pefiesfi,  pw2=(6-pm)7? 
= (1— 6~*e,)(1 — pe2(1 — 6~1e,)) 
=(1-—67'e, )(1 — poe2 + 126‘ e2€1) 
= 1— pee2 + H2d~*e2e; 
— 6-*e; + 8 peeye2 — p96 ey €2€; 
= 1—-(67* + p26-7)ey — prer 
+ p25~*e2€; + 6" pe, €2 
“. fo = 1-6(6 —1)~1e, — 6(8 — 1), 
+ (6? — 1)71e,e. + (6? — 1)“ e2e,. 
V3 has basis {1, 1, €2,€1€2,€2€1}. Since 6 = —2cos(x/4) = —V2, fp #0. How- 
ever, tr(e1) = tr(eg) = 67, while tr(eje2) = tr(eze:) = 6. Thus tr(fo) = 
(6/(6? — 1))(6* — 36? + 2) = 0, and e; fo = ef = 0. The element q(3) has 
the formula 
q(3) = (=) [Se + deg — e1€9 — €2€;] 
q(3) = V2 e; + V2e= €1€2 — €2€}. 
The beauty of 16.8 and 16.9 is that they provide specific constructions for these 


projections and degeneracies of the forms. 
Since 16.9 implies condition (ii) of 16.5 (the degeneracy of the bilinear form) 


we have only to establish the uniqueness of solutions A9,... , \-—2 of the equations 
r—2 
6) = p Be Hct q = Mh Be as Tv —2 
s=0 
in order to establish the existence of the three-manifold invariant. (Of course we 


will need to prove the algebraic Theorem 16.8.) That is, we must prove 
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Theorem 16.10. When A = e™*/?", r > 3, then the matrix 

{Tj4; :0<%,j <r — 2} is nonsingular. 

Proof. Suppose that {T;4,;} is singular. This means that there exist yj € C, not 
all zero, such that 


r-—2 


> wiles ont-for y= 0, b,... ,r — 2. 
1=0 


ei ars 


Now consider the functional on tangles a A the formula 


Exactly the same “annulus trick” as we used in Lemma 16.6 then shows that this 


functional is identically zero on tangles. Hence 


Thus 


This means that the matrix 


is singular. Hence there exist constants vp,11,... ,Vr—2 (not all zero) such that 


—— bro 


Now apply the annulus trick once more to conclude that 


5 ( i) = 0, 


7=0 
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oil 4 
(fps) =" 


for all 7 = 0,... ,r — 2 as a functional on tangles. In particular, we can put into 


and hence 


this functional the projector element p(j) of 16.9. Then 
ry, 


( :) 

is equal to 1'(z'), the coefficient of 1; in the basis expansion for 

| 

. f pak ep 1 ae 1 . 

Note that since -§))—- cele) we actually have zr‘ = (z;)', the 7-th 
power of the element 

j= <> E Vj. 

# 


Therefore, to complete this analysis we need to compute l'(z;). (Note that 
1’ (x) = [1/(z;)]'.) It is easy (bracket exercise!) to check by induction that if 
A? = e*®, then 1'.(z;) = —2cos(j + 1)@ for all j. Hence, in our case e’® is a primi- 
tive 2r-th root of unity, whence {cos(j + 1)@ | 7 = 0,1,... ,r —2} are all distinct. 
The matrix {(—2cos(j + 1)8)' | 0 < i,j <r —2} is a Vandermonde matrix, hence 
it has nonzero determinant. This contradicts the assumption that the original 


matrix was singular. // 
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The Temperley-Lieb Algebra. 

It remains for us to prove Theorem 16.8. This is actually an elementary 
exercise in induction using the relations in the Temperley-Lieb algebra. Rather 
than do all the details, let’s analyze the induction step to see why the relation 
lin¢1 = (6— fn) is needed, and see where the polynomials A, come from. Thus 
we have fo = 1, fn = fn—1 — Unfn—1€nfn—-1- We assume inductively that fi=x fe 
and that (€n4ifn)? = Undientifn (n < m—2 for fa € Vm), and e:fn = 0 for 
t<n. Then 


aos = (fn as it iceetitey 


= f2 + pris frentifaentifn 


= Mati fzentifn = Mntifnentifa 


sa fn + pasa Tateeeiyey = Beis fatnsisn 


= fat Untifnentifn — 2untifnentifn 


7573: 


Thus the crux of the matter is in the induction for (eny2fn+1)”. We have 
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(entofn+1)” = (€n42(fn — nti fnensifa))? 
= (Cnt2fn — Unt1en+2fnentifn)” 
= ent+2fnent2fn 
+ Hin41€nt+2fnen+i fnentofnentifn 
— Hn+1€n+2fnent2fnentifn 
— Bn+1€n+2fnentifnentofn 
ss en+of : 
+ Minas fnent2€ng1 eno fendi fn 
— Untiensofaentifn 
— Mati fnent2entien+2fp 
(Elements more than 1 unit apart in the T — L 
algebra commute with one another.) 
= beniofn 
+ Haas fnentefnentifa 
— Un415€n+2fnentifn 
— Hn+ifnentefn 
= (6 — Hn+1 Jensofn + Gis bie Mn+16)en+2fnenti Fn 
= €n42(6 — Unti)(fn — Untifnensifn) 


= (6 — Un41 )eng2fn4i- 


Thus we require that 


Mase =(5—pn41), oF 
fy = 1/6 


Hn+1 = 1/(6 ss Ln). 


We have 
Hi = 1/6 
fo = 6/(6° — 1) 
us = (6? — 1)/(6° —6 —1) 
and generally, 
Hn+1 = An/An+1 
where 


Ao.=1 
a = 3 
An+2 ae 6An4+1 — An. 


It is easy to see from this definition that 
An = | [(6-2cos(kx/(n + 1))). 
k=} 


(HINT: Let 6=2+2~", then 


Boe fe +2~")A,... — An-2 


=> A, —2tAnq1 = 2 '(An-1 — tAn-2) 
A. — tha. =t 

A, — 2 'An-1 = 2" 

= (2-27 )A, = 2"! — (nth), 


I leave the calculation 
tr( fa) =  aiaienat st - ee 


as an exercise. 
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This completes the proof of Theorem 16.8, and hence the construction of the 


three-manifold invariant is now complete. 


// 
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Discussion. I recommend that the reader consult the papers [LICK3] of Licko- 
rish, on which this discussion was based. The papers of Reshetikhin and Turaev 
({RES], [RT 1], [RT2]) are very useful for a more general viewpoint involving quan- 
tum groups. See also the paper by Kirby and Melvin [KM] for specific calculations 
for low values of r and a very good discussion of the quantum algebra. From the 


viewpoint of statistical mechanics, each multiple crossing 


is a (twisted) version of a Potts model (see section 8° of Part II) interconnected 
with the rest of the knot diagram. This suggests that features of these invariants 
for r — oo should be related to properties of the continuum limit of the Potts 
model. In particular the conjectural [AW4] relationships of the Potts model and 


the Virasoro algebra may be reflected in the behavior of these invariants. 
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17°. Integral Heuristics and Witten’s Invariants. 


We have, so far, considered various ways to build link invariants as the com- 
binatorial or algebraic analogues of partition functions or vacuum-vacuum expec- 
tations. These models tend to assume the form 


(K) = )(Kla)alel 


o 

where (K|c) is a product of vertex weights, and o runs over a (large) finite collec- 
tion of states or configurations of the system associated with the link diagram. In 
this formulation, the summation }~ \!!7!l is analogous to the bare partition func- 
tion, and (K) is the analogue of ‘ad expectation value for the link diagram K. 
The link diagram becomes an observable for a system of states associated with its 
projection. 

It is natural to wonder whether these finite summations can be turned into 
integrals. We shall see shortly that exactly this does happen in Witten’s theory 
- using the Chern-Simons Lagrangian. The purpose of this section is to give a 
heuristic introduction to Witten’s theory. In order to do this it is helpful to first 
give the form of Witten’s definition and then play with this form in an elementary 
way. We then add more structure. Thus we shall begin the heuristics in Level 0; 


then we move to Level 1 and beyond. 


The Form of Witten’s Definition. 
Witten defines the link invariant for a link K C M*, M* a compact oriented 


three-manifold, via a functional integral of the form 
Zx= / dAe*rK 


where A runs over a collection of gauge fields on M*. A gauge field (also called 
a gauge potential or gauge connection) is a Lie-algebra valued field on the three- 
manifold. £ denotes the integral, over M?, of a suitable multiple of the trace 
of a differential form (the Chern-Simons form). This differential form looks like 
AAdA+ 24 A AAA. Finally, Tx denotes the product of traces assigned to each 


component of K. If K has one component, then 


rx = Trace[Pexp( f 4) 
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the trace of the path-ordered exponential of the integral of the field A around the 
closed circuit K. Now before going into the technicalities of these matters, we 
will look at the surface structure. For small loops K, the function rx measures 
curvature of the gauge field A [exactly how it does this will be the subject of the 
discussion at Level 1]. The Chern-Simons Lagrangian CL also contains information 
about curvature. This information is encoded in the way L behaves when the 
gauge field is made to vary in the neighborhood of a point zc € M?%. [At Level 
1, we shall see that the curvature tensor arises as the variation of the Chern- 
Simons Lagrangian with respect to the gauge field.] These two modes of curvature 
measurement interact in the integral Zx to give rise to the link invariant. 

We can begin to see this matter intuitively by looking at two issues from the 
knot theory. One issue is the behavior of Zx on a “curl” th > ii ee 


The other issue is the behavior of Zz on a crossing switch 


2S" FS 
Since the curl involves a small loop, it is natural to expect that o> will differ 
from Texp by some factor involving curvature. These factors must average out to 
a constant multiple when the integration is performed. 
The difference between XYand can be regarded as a small loop encircling 


one of the lines. Thus if we write one line perpendicular to the page (as a dot e), 


then the crossing switch has the appearance 


-— —— & = 
ere oa. Seah switch 


and the difference is a tiny loop around the line normal to the page: 


© 


Thus, we expect the curvature to be implicated in both the framing behavior and 
the change under crossing switch. [This approach to understanding the Witten 
integral is due to Lee Smolin [LS1], the author [LK29] and P. Cotta Ramusino, 
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Maurizio Martellini, E. Guadagnini and M. Mintchev (COTT].] 


Level 0. 

This level explores a formalism of implementing the ideas related to curvature 
that we have just discussed. Here the idea is to examine the simplest possible 
formalism that can hold the ideas. As we shall see, this can done very elegantly. 
But this is a case of form without content (“beautifully written but content free” ). 
There is an advantage to pure form - it makes demands on the imagination, and 
maybe there is a - yet unknown - content that fits this form. We shall see. 

To work. Let us try to obtain a formal model for the regular isotopy version 
of the homfly polynomial. That is, let’s see what we can do to obtain a functional 


on knots and links that behaves according to the pattern: 
Vo — = = zV—¥ 


“> 
Neto? = WP 


To this end we shall write 


Vem / dAe*rK 
and make the following assumptions: 
bL 
aoe 
(1) 
(2) “3 a ome os 


(3) '97- —aF 7 py 


Tag = —a~" Fie 
(4) 67/6A=T 


Let it be understood that F represents (the idea of) curvature - so that (1), (2) 
and (3) express the relationship of curvature to the Lagrangian C, to the switching 
relation and to the presence of curls. In this Level 0 treatment we use the formalism 
of freshman calculus, differentiating as though A were a single variable. 
Nevertheless, we do take into account the fact that a curve of finite size will 


not pinpoint the curvature of the field at its center. Thus the local skein relation 
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(2) involves a functional 7 so that 73 —T, = —zF TW», . Strictly speaking, 


one should think of F as measuring curvature at the switch-point p: 


POS 22 2 


2 * =-z tT 
wre 5 laa ron» 


We have “rolled up” the extra geometry of the small finite loop 


Thus 


into the function 7 and let the curvature evaluation happen at the center point 
p. Now in fact we can see approximately what this assumption (4) (67/6A = rT) 


means, for 


">Z — rel = —zF( Sea! 


where da is a function of the area enclosed by the loop £. Thus, to first order of 


approximation, we are assuming a proportionality 
T6A = daébr 


where 6A represents the variation of the gauge field in the neighborhood of the 
line, and da represents a small area normal to the line. Thus the assumption 
67/5A = T is an assumption of a correspondence between field change 
and geometry near the line. 

With these assumptions in place, and assuming that boundary terms in the 
integration by parts vanish, we can prove the global skein relation and curl iden- 


tities: 
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Proposition 17.1. Under the assumptions (1), (2), (3) and (4) listed above, the 
formal integral Vx = f dAe“rx satisfies the following properties: 


i . > a —Vaet =2 
(i) Vo$ V bi —_ 
(ii) ise « pad =aV 


~~" =a !V 


Proof. To show (i), we take the difference and integrate by parts. 


be —_—- = [ aAe’r,g - [ dae! ct 
= / dAe* yg — Tf | 


= | dAc!(-2Fixg ) (2) 
—™> 

=-2z / dA(e* F)7 wy 

—~ 

=-2z / dase = (1) 
cots = ‘ . 

=z | dAe (integration by parts) 

= 2 / dAe“T=» (4) 

“ 
=2V—¥. 
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Part (ii) proceeds in a similar manner. We shall verify the formula for Vey 


Vay = / dAc“ Tey 


se | dAe"(-aFing ) (3) 
sat ~a | dA(e Fling 
de 
=-a a(S a )in (1) 
= a | dAe* a“ (integration by parts) 
= a | dae‘ T ~~ (4) 
=aVery . 
This completes the proof. ie 


Discussion. Notice that in the course of this heuristic we have seen that a plau- 
sible condition on the relation of field behavior to geometry can lead the integral 
over such fields to average out all the local (curvature) behavior and to give global 
skein and framing identities. It would be interesting to follow up these ideas in 
more detail, as they suggest a particular physical interpretation of the meaning of 
the skein and framing identities. In fact, much of this elementary story does go 
over to the case of the full three-dimensional formalism of gauge fields. This we’ll 


see in Level 1. 


Remark. Note that in this picture of the behavior of Vx = { dAe“rK, we see 
that Vx is not an ambient isotopy invariant. Its values depend crucially on the 


choice of framing, here indicated by the blackboard framing of link diagrams. 


Remark. It appears that the best way to fulfill the promise of this heuristic is to 
use the full apparatus of gauge theory. Nevertheless, this does not preclude the 
possibility of some other solution to our conditions (1) - (4). 


In any case, it is fun to play with the Level 0 heuristic. For example, we can 


nob Biff em 


n=0 


expand 
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Thus 
vem a fase ff fe 
val Ll"; 
Thus 


v= 4 ff. f (Alar)... Alen) 


n=0 
where (A(z;)...A(zn)) denotes the correlation values of the product of these fields 
for n points on K. Thus, in this expansion the link invariant becomes an infinite 
sum of Feynman-diagram like evaluations of “self-interactions” of the link K. (See 


[BN], [GMM].) 


Level 1. 

Level 0 had the advantage that we could think in freshman calculus level. In 
order to do Level 1, a leap is required, and we must review some gauge theory. So 
let us begin by recalling SU(2): | 

SU(2) is the group of unitary, determinant 1 matrices over the complex num- 
bers. Thus U € SU(2) has the form U = (* 3 with ad—bc =1and=a,¢=—b 
where the bar denotes complex conjugation. 


Let U* denote the conjugate transpose of U, and note that 


u=( i 4 with aa+ bb = 1 
—b a 


w=($ )F-G)— 


If we write U = e'” where 7 is a 2 x 2 matrix, then the conditions UU* = 1 and 


so that 


Det(U) = 1 become n = n* and tr(n) = 0 (where tr denotes the usual matrix 


trace). A matrix of trace zero has the form 


n= (2 t)=#(o a) +9(0 o)+*(2 0) 
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and the demand n = n* gives rise to the Pauli matrices 


cute «Wit. 4 ue. 8 
TAP OY! 4 Th Peg Fete eave 


whose linear combinations give rise to the matrices 7. 
It is customary to write 7 in the form n = —6(n-7r)/2 where A = (nj, 72,73) 


is a real unit vector, and n-T = 17, + nT? +7373. Then 


—>OO 


| i 6 . 
ef] = eR 7)/2 — lim (1 ~ ant r) 


and one regards 1 — $(d0)f-7 as an infinitesimal unitary transformation. The 
Pauli matrices 7, /2 (a = 1,2, 3) are called the “infinitesimal generators” of SU(2). 
Note that they obey the commutation relations [$Ta, $7] = t€abe$Te where €abc 
denotes the alternating symbol on three indices. 

In general with a Lie group of dimension r one has an associated Lie algebra 
(the infinitesimal generators) with basis elements t,,t2,... ,t, and commutation 
relations 

[ta, te] = tfabcte 


where one sums over the repeated index c. The structure constants fa). them- 
selves assemble into a matrix representation of the Lie algebra called the adjoint 
representation. This is defined via ad(A)(B) = [A,B] for A and B in the Lie 
algebra of G. Thus, let T, = ad(t,), and note that 


Ta(ts) = [ta, to] _ tfabcte. 


Hence (Ta )sc = t fase with respect to the basis {t;,t2,... ,t,}. 


In the case of SU(2), the adjoint representation gives the matrices 


je 0 2 ,f 0 0 3 , (9 -i 0 
T=5 (0 0 =H], TS 5[0°0 0}, T= 5% — 0 Oy. 
ial ~i 0 0 0 00 


These represent infinitesimal rotations about the three spatial axes in R?. These 


bo 


generators are normalized so that Trace(T,7;) = + 5ab where 6,, denotes the Kro- 


necker delta. 
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With these remarks about SU(2) in hand, let us turn to the beginnings of 
gauge theory: First, recall Maxwell’s equation for the magnetic field B: vhly Bae 0 
That t the magnetic field i is divergence-free leads us to write it as the curl of another 
field A. Thus B=VxA where Ais called the vector potential. Since V-(V x Alas 
0 for any A, this ensures that Bi is divergence-free. Since the curl of a gradient is 
zero, we can change A by an arbitrary gradient of a scalar field without it affecting 
the value of the B-field. Thus, if wat + VA, then V x (A’) = aa ¥ xA=B. In 
the same way, the curl equation for the electric field is V x Tx a _OB /Ot, whence 
Ve (E ~ aA /dt) = 0. This suggests that the combination of the electric field and 
the time-derivative of the vector potential should be written as a gradient as in 
E + aA/ Ot = VV. Here V is called the scalar potential. If rer + VA, then 
we must set V' = V — 0A/0t in order to preserve the electric field. 


In tensor form, one has the electromagnetic tensor 
wy = 0” A* — oF A” 


constructed from the four-vector potential A* = (V; A). This tensor is unchanged 
by the gauge transformation A” ++ A’ — 0#A where A is any differentiable 
function of these coordinates. 

This principle of gauge invariance provides a close tie between the formalisms 
of electromagnetic and quantum theory. Recall that a state in quantum mechanics 
is described by a complex-valued wave function (x) and that quantum mechanical 
observables involve integrations of the form (EF) = f ~*Ey. Such an average is 
invariant under a global phase change (zr) + e'?y(z). Thus it is natural to ask 
what happens to the quantum mechanics if we set (x) = e'(")4(z). We see at 


once that the derivatives of '(zr) involve more than a phase change: 
yb! (2) = e!)[B,9(2) + i(8,6(2))¥(2)]. 
If we replace the derivative 0, by the gauge-covariant derivative 
D, = 0, +,1eA, 


(Think of e as charge and A, as a four-vector potential for an electromagnetic 


field associated with #(x).), and if we assume that A, transforms via A, ++ A), = 
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A, — (1/e)0,0(x) when p + p! = e*(*) then we have Div'(x) = FD, w(x). 
In this way, the principle of gauge invariance leads naturally to an interrelation of 
quantum mechanics and electromagnetism. This is the present form of a unifica- 
tion idea that originated with Herman Weyl [WEYL]. 


The Bohm-Aharonov Effect. 

If the wave function °(z,t) is a solution to the Schrodinger equation in the 
absence of a vector potential, then the solution in the presence of a vector potential 
will be y(z,t) = (x, t)e'S/" where S = e fdz- A (See [Q], p. 43.). At first it 
appears that since the new solution differs from the old by only a phase factor, 
the potential has no observable influence. 

Imagine that a coherent beam of charged particles is split by an obstacle and 
forced to travel in two paths on opposite sides of a solenoid. After passing the 
solenoid the beams are recombined and the resulting interference pattern is the 
sum of the wave functions for each path. If current flows in the solenoid, a | magnetic 
field Bi is created that is essentially confined to the solenoid. Since V x ce B we 
see by Stoke’s Theorem that the line integral of A around a closed loop containing 
the solenoid will be nonzero (and essentially constant - equal to the flux of B). 
The interference in the two components of the wave function is then determined 
by the phase difference (e/h) § dz- A(z) consisting in this integral around a closed 
loop. The upshot is that the vector potential does have observable significance in 
the quantum mechanical context! Furthermore, the significant phase factor is the 


Wilson loop 
exp (ier) f aor ay], 
This sets the stage for gauge theory and topology. 
Parallel Transport and Wilson Loops. 
The previous discussion has underlined the physical significance of the integral 
i [?? A-dz 
R(C; A) =e Sr me where A is a vector field. We find that when A undergoes a 
gauge transformation 
Ar A’ =A-VA 


then 
R(C; A’) = e742) R(C; AeA), 
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We can regard this integration as providing a parallel transport for the wave 
function ~ between the points p; and p2. Specifically, suppose that we consider 
the displacement 


pi = 2, po =xt+dz. 


Then 
R(C; A) =1+1A-dz. 


The transport for the wave function (zx) to the point z + dz is given by p*(z) = 
(1+iA-dzr)(zx). Thus, we define the covariant derivative Dy via 


_ ¥(z t+dz) - ¥'(e) 


ita dz 
Thus 
py = Het da) - (2) + (2) - 4) 
dx 
Hence 
Dy = (V —-7A)y. 


(This agrees (conceptually) with our calculation prior to the discussion of the 
Aharonov-Bohm effect.) 


We see that if ~(z) transforms under gauge transformation as 
P(z) > p'(z) =e AY (zx), 
then 
D'p!'(z) = (V —iA')e“4@ y(z) 

(V—-iA+iVA)e“4@ y(z) 

= e*A(t)(_iVA 4+ V —iA+iVA)y(z) 

= eA(V —iA)p 
D'y' = e"“Dy. 


With these remarks, we are ready to generalize the entire situation to an arbi- 
trary gauge group. (The electromagnetic case is that of the gauge group U(1) 


corresponding to the phase e’?.) 
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Thus we return now to a Lie algebra represented by Hermitian matrices 
[T., Tb] = tfaseTc. Group elements take the form U = e~*A*T« (sum on a) with 
A® real numbers. 

In this circumstance, the gauge field is a generalization of the vector potential. 
This gauge field depends on an internal index a (corresponding to a decomposi- 
tion of the wave function into an ensemble of wave functions ta(x)) and has values 
in the Lie algebra: A,(z) = T,A%(x). Thus A(x) = (A(x), Ao(x), A3(z)) giving 
a Lie algebra valued field on three-dimensional space. The infinitesimal transport 
is given by R(z + dz, x; A) = 1—idzr"A,(z). 

In order to develop this transport for a finite trajectory it is necessary to take 
into account the non-commutativity of the Lie algebra elements. Thus we must 


choose a partition of the path C from p; to p2 and take an ordered product: 


KM) 


gf) °°° KO X(Ktl). -° 


JAC 241) 


N 
[[G - Az, (2)44(2(2))). 


oa] 


The limit (assuming it exists) of this ordered product, as Az(£) > 0 is by defi- 


nition the path-ordered exponential 


B 
R(C; A) = Pexp(-i / A(z) de). 
We want a notion of gauge transformation A ++ A’ so that 
R(C; A’) = U(B)R(C; A)U~*(a). 


(This generalizes the abelian case.) 


To determine the transformation law for A, consider the infinitesimal case. 
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We have 


1 — idr" A), = U(x + dz)(1 —idz"A,)U~*(z) 
= U(r + dr)U~ (2) — idx"[U(z + dr)A,U~*(z)| 
= (U(x) + U'(x)dz)U (x) — idx" [(U(2) + U'(x)dz)A,U~*(2)| 
=1+4((0,U)dr"|U~ — idx" [((U + 0,Udz")A,U~*] 
1+ ((O,U)U~)dx" — idx*[UA,U~"] 
=1+((0,U)U~* —iUA,U~)dz" 
= 1 —idz"[i(0,U)U-! + UV A,U~"}. 


A’, = UA,U~' +i(0,U)U~* |. 


This equation defines the appropriate generalization of gauge transformation in 


Thus 


the non-abelian context. 
With this interpretation of covariant derivative and parallel transport via 
Wilson loops, we can recover the gauge theoretic analog of curvature via parallel 


transport around a small loop. That is, given the gauge potential 
Ay = Ay(z) = Ap (z)Ta 
let the curvature tensor F,,, be defined by the formula 
Fy, = 0,A, — 0, A, — t[Ay, Ap] 


where [A,,, A,] = A, A, — AyAz,. Consider an infinitesimal circuit 0 : 


zh + §z# c+ dr" + dx 


zh xr’ + dz", 
Let Ro = R(O; A) = Pexp(i $ Adz) be the Wilson loop for this circuit. Then 


Lemma 17.2. With LU as above, 


R(O; A) = exp{iF,,dr*6zr"}. 
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Proof. 


Ro =R(z,2 + dz)- R(x + dz, zr + dz + 62): 
=R(z + dz + 62,2 + 6z)R(zx + &2, 2). 
Thus R(z,2+dzr)R(r + dz, zx + dz a 5x) 
= exp(2A,(z)dr") exp(t.A,(z + dr)ézr”) 
= exp(?[A, dr’ + A,6z” + 0,A,dz"6z"] 
: [Ans Av]de"6a”), 


Here we are using the (easily checked) identity 


eA GAB — eMAtB)+(A"/2)[4,B] 4 (3) for matrices A and B and scalar x). 


Similarly, the return part of the loop yields 


R(z + dz + 2,2 + 6x)R(x + 62,2) 

= exp(—1A,(z + 6r)dz") exp(—7A,(z)6z”) 

= exp(—7(A, dz" + 0, A,dz"6zr” + A,ézx”) 
~ [Ay A,]dr*éz”). 


Multiplying these two pieces, we obtain 


Ro = exp(t[0, A, — 0, A, — i[A,, Av]|dr"dz”) 
= exp(tF, ,dz"z"). 


This completes the proof. 


// 


Remark. Two directions of expression are useful for this curvature. If we express 


the gauge potential as the 1-form A = A%T,dz" (sum on a and p) then A = A,dzr" 


and 


dA-iANA= =(OnAs ~0,A, —i[A,, A,])dz" A dz” = = Funda" A dx’. 


Thus the curvature can be expressed neatly in terms of differential forms. In this 


language it is customary to rewrite so that the z is not present, but we shall not 
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do this since it is most natural to have the 2 as an expression of the transport 
w(2+dr) = (1+7A,dzr")yp(z). 

The other direction is to explicitly compute the terms of the curvature - using 
the Lie algebra: [T,,T;] = tfaseT- (sum onc). For this formalism, assume the fase 


is anti-symmetric in a, b, c. Then 
Fuv = OypAv — OpAy — t[Ap, Av] 
= 0,A3T, — 0) A>T, — i[AGTa, ApT3] 
= (0,49 — 8,AG)T. — iAL A, (To, Te] 
= 0,49 — 8,A% + A&A! farce 
= 0,43 — OAt, + ALA) feabTe 
= 0,43 — ,A% + ALAS fatcTn 
Fyv = (O,A} — BAG + AAs fate) Ta. 
Therefore, we define Fi, as the coefficient of T, in the summation above: 
Fi, = OpAp — O,At + A} AS fabe- 


The Chern-Simons Form. 
We now turn to the Chern-Simons form, and its relationship with curvature. 


In the language of differential forms the Chern-Simons form is given by the formula 
CS =AAdA-—- SANANA 


where A = A%(z)T, dz" is a gauge potential on three-dimensional space. Here we 


assume that the T, are Lie algebra generators, and that 


(1) tr(T.T,) = (5)6as where 5,, denotes the Kronecker delta, and tr is the usual 
matrix trace. 

(2) [Ta, Ts] = 552 fabeTe with fy, anti-symmetric in a, ), c. 
ORE T>| = fy si Teta) 


(Later in the chapter, we restrict to the special case of the Lie algebra of SU(N) 
in the fundamental representation. ) 
The Chern-Simons form occurs in a number of contexts. An important fact, 


for our purposes, that I shall not verify is that, given a three-dimensional manifold 
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M® without boundary, and a gauge transformation g : M* — G (G denotes the 
Lie group in this context.) then the integral changes by a multiple of an integer. 
More precisely, if CS9 denotes the result of applying the gauge transformation to 
CS, then 


/ tr(CS9) = / tr(CS) + 8x?n(g) 

M? M3 

where n(g) is the degree of the mapping g : M* — G. See [JACI] for the proof of 
this fact. 


Thus, it is sufficient to exponentiate the integral to obtain a gauge invariant 


oo(# [ wes) 


We let Lu = Lu(A) = fxs tr(CS). Then exp((tk/47)£m) is gauge invariant for 


all integers k. 


quantity: 


Witten’s definition for invariants of links and 3-manifolds is then given by the 


Wr= | aacittenden I«(P ex(i 4)) 
d Ky 


(The product is taken over link components Ky.) where the integration is taken 


formula 


over all gauge fields on the three-manifold M*, modulo gauge equivalence. The 
existence of an appropriate measure on this moduli space is still an open question 
(See [A2].). Nevertheless, it is possible to proceed under the assumption that such 
a measure does exist, and to investigate the formal properties of the integral. 
One of the most remarkable formal properties of Witten’s integral formula 
is the interplay between curvature as detected by the Wilson lines and curvature 
as seen in the variation of the Chern-Simons Lagrangian Ly(A). Specifically, we 


have the 


Proposition 17.3. Let CS = AAA-— izA A AAA and 


byetaP a fi tr(CS) 


where M? is a compact three-manifold and A is a gauge field as described above. 


Then the curvature of the gauge field at a point X € M® is determined by the 
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variation of £ via the formula 


Fiv = €uvr6L/6A | . 


The €,,, is the “epsilon” on three indices with value €,23 = +1, value +1 for pvr 
distinct according to the sign of the permutation, and value 0 otherwise. The 
derivative indicated in this formula is a functional derivative taken with respect 
to the gauge field varying in a neighborhood of the point X. The curvature tensor 
is given explicitly as 
Fi, = O,A$ — OA’ + ALAS fate: 
Proof. In order to prove this proposition, we first obtain a local coordinate ex- 
pression for the Chern-Simons form. 
CS =AAdA—(2i1/3)AAAAA 
A= A*%T,dz* 
=> dA = 0;A{Tadz’ A dx* 
AAdA = A?T,0;AbT;dz' A dz) A dz* 
= A¢0; ALT, Tydz' A dx? A dz* 
AAdA = e?* AQ; A®T,Tydz} A dx? A dz’. 
Similarly AA AA A= e'J* A? A’ ACT, TsT edz! A dz? A dz*. Thus 
CS = cikt [asa.atreT, — SASALAST. THT. dv 


where dv = dz! A dx? A dz’. 


Now, we re-express AA AA A using Lie algebra commutators: 
ANANA= 0 AS ALAST Toe 
= S© sgn(m) At, Ab, AS, Ta TT 
mES3 
where S3 denotes the set of permutations of {1,2,3} and sgn(7) is the sign of the 
permutation 7. Thus 


ANANA= — JY sgn(m)ASASASTy(a)Tx(6)Tx(c): 
w€Perm{a,b,c} 
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Here we still sum over a, b, c and use the fact that Aj, is a commuting scalar 


Thus 


ANANA=ASASAS > 
x€Perm {a,b,c} 
= At A} A§{[Ta, Ts]Te — [TaTe]Ts + (Ts, Te]Ta}.- 
Now use the fact that tr(T,T,) = (6,)/2) to find that 


tr([Ta,Ts]Tc) = )_ tr(ifaseTeTc) 
k 


= S°(i/2) fadk Ske 
k 


- (5) fabe- 
Thus 


tr(A AAN A) = € ) ATABASLfobe— facd + foea] 


t fabe sg fact + oe 
— At Ae AS a 
(3) aX | —foac < feab ae Seba 
since fab is antisymmetric in a, b, c. Therefore, tri: AA AAA) = ie RE AG AL AG S Sate. 
Hence 


jke 1 
tr(CS) = bs ASO, A + FASALAS abe] 


We are now ready to compute 6£/5A$ where £ = Jus tr(CS). Note that 


sgn(7)Tx, Im, 1 x. 


al JF AP ALAS i Sade] 
= efJ* A’ kf rbe + eK AG kfare + eA? A fabr 
= 3€* A’ ES rbc 


(since both e and f are antisymmetric), and 
6 .° a OAt 

ee pote, 3 

5Aq vl a” ' Oxi a 

0;(6AZ] 

gtk aj k 

> iAtoy4 se | 


5Ay 


0,[5A5 
= OAT + eg ee. 
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In integrating over M?, we assume that it is valid to integrate by parts and that 


boundary terms in that integration vanish. Thus 
/ 6 ij 57 At0; 4% 
ms OA; , ae 


| ctajay— | €°9, AT 
M* M* 


=2 4 IFO; Al. 
Therefore, 
éL ijk ee ee 
53 = i e O; AX + ail AYAS fase 
6L 1 
ra... r .— 3 : ~[A>, Ac abc 
era Gas | @ AS — 0,48) + 5145, AS] fas 


“i, Fe 
M3 


Note, however that it is understood in taking the functional derivative that we 


multiply by a delta function centered at the point z € M?. Thus 
6L . 
wd FAe(s) ~ Fy(2). // 


We are now ready to engage Level 1 of the integral heuristics. Let’s summarize 
facts and notation. Let K be a knot, and let (K|A) denote the value of the Wilson 
loop for the gauge potential A taken around K. Thus 


(K|A) = tr( Pexp( i I Ay(z)Tadz" ) 


We can write the Wilson loop symbolically as 
(K|A) = [](1 + 143(2)Tadz”) 
z 
where it is understood that this product stands for the limit 


n 
lim [[ (2 + 2A0(xe)Tudzi) 
k= 
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where {z1,22,... , Xx} is a partition of the curve K. With 
Bia wi Cae ae / CS(A) 
M3 
(CS denotes the Chern-Simon form.) we have the functional integral 
Wx = / dAe**/4™)£ (| A) 


and, if K has components K,,...,An then 


n 


(K|A) = [](KilA). 
i=1 
We shall determine a difference formula for W.4 — Wm that is valid in the 
3% a 
limit of large k and infinitesimally close strings in the crossing exchange. Upon 
applying this difference formula to the gauge group SU(N) in the fundamental 
representation, the familiar Homfly skein identity will emerge. 
Before calculating, it will help to think carefully about the schematic picture 
of this model. First of all, the Wilson loop, written in the form 


(K|A) = |] (1+iA,(2)dz”) = [] Bz) 


reK r€K 


is already a trace, since it is a circular product of matrices: 


In this sense, the functional integral is similar to our previous state models in 
that its evaluation involves traced matrix products along the lines of the knot or 
link. But since the link is in three-space or in a three-manifold M*, there is no 
preference for crossings. Instead, the matrices B(x) = (1+2A,(zx)dz”) are arrayed 
all along the embedded curves of K. Each matrix B(x) detects the local behavior 
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of the gauge potential, and their traced product is the action of the link as an 
observable for this field. 

It is definitely useful to think of these matrices as arrayed along the line and 
multiplied via our usual diagrammatic tensor conventions. In particular, if we 
differentiate the Wilson line with respect to the gauge, then the result is a matrix 


insertion in the line: 


aa ma | IT (1+2A$(y)Tady”) 
= i7T.ds" hh 
s(KIA) ae 
a ua 3 


In this functional differentiation, the Lie algebra matrix T, is inserted into the line 
at the point z. In writing zdr”T,(K|A) it shall be understood that T, is to be 
so inserted. Thus dr”T,O means that TJ, is inserted into the product O at 
the point z. Such insertions can be indicated more explicitly, but at the cost of 


burdening the notation. 


Curvature Insertion. 
By Proposition 17.3 we know that Fil, = €yv,6£/5A%, and by Lemma 17.2 
we know that the curvature Fil, can also be interpreted as the valuation of a small 


Wilson loop. More precisely, 17.2 tells us that 
(O|A) = trR(O; A) = trexp(iF,,dr"dr”) 
= tr(1+7F,,dr"dz”) = tr(1+71Fi,Tidr" dz”). 
It follows, that if we change the Wilson line by a small amount in the neighborhood 


of a point z, then the new line will differ from the old line by an insertion of 


1+72F,,dz"dz” at x. Consequently, the difference between old and new lines, 
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denoted by 6(K|A), is obtained by the curvature insertion 
6(K|A) = tda"dz” FT, (K|A). 


Once again, this is an insertion of the Lie algebra element T, at z, the point of 
variation, multiplied by the curvature and by the infinitesimal area traced out by 
the moving curve. 


We now work out the effect of this variation of the Wilson line on Wr. 


Notation. Let (K) denote Wx. This follows our state-model conventions, but 
is at variance with statistical mechanics, where (K) is the quotient of Wx and 
Wo = fy dAe“/4™)£™ . In this notation we have 


sa = [ anctnnco 
= [ dAcl¥l*)¢iderde” Fe, Ta(K A) 


; 6L 
- (ik/4m)L Pinder ee 
[4c (wn re aa dz”T, (K|A) 


Li 5 (e(ik/4n)£) : 
a seen "T,(K|A 
¥ dA 5A%(z) Evy dz" dz"T,(K|A) 
(tk/4m)L 
-F [ dae pay wvrdz" dz” Ta are FAs (a) AIA) 
_ 4m 


=-—— | dade (h/Am) Cie dade’ dx] bs ree y aK (K|A). 
Thus we have shown 
Proposition 17.4. With (K) denoting the functional integral 
K) nis [ cadtnnrenta (K|A) 


where (K|A) denotes the product of Wilson loops for the link K, the variation 
in (K) corresponding to an infinitesimal deformation of the Wilson line K in the 


neighborhood of a point z is given by the formula, 


6(K) = — [ dactt4ey,,de"de” de bs TAT. (K|A). 
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Discussion. In order to apply this variational formula, it is necessary to interpret 
it carefully. First of all, note that }\(r) = €,,»,dz“dz"dz* is the volume element in 
three-space, with dx“dz” corresponding to the area swept out by the deformed 
curve, and dz* to the tangent direction of the original curve. Thus a “flat” 
deformation (e.g. one that occurs entirely in a plane) will have zero variation. On 


the other hand 6(K) will be nonzero for a twisting deformation such as 


eh ae "ee « Wes 
This is where the framing information appears in the functional integral. We 
see that for planar link diagrams the functional integral is necessarily an 
invariant of regular isotopy. 

The term }> 7,7, is the Casimir operator in the Lie algebra. We will use its 
special properties for SU(N) shortly. 

This entire discussion is only accurate for k large, and in this context it is 
convenient to normalize the volume form [e,,,dz4“dz"dz*] so that its values are 
+1, —1 or 9. That is, I shall only use cases where the wv frame is degenerate or 
orthogonal, and then multiply the integral by an (implicit) normalization constant. 


The normalized variation will be written: 


ee [ dactuane S-(2) bs TAT (K|A) 


6(K) = 


with }-(x) = +1 or 0. 


A Generalized Skein Relation. 

We are now in a position to apply the variational equation of 17.4 to obtain a 
formula for the difference poo _ 4 I call this a generalized skein relation 
for the invariant (K). The result is as follows. 

Theorem 17.5. Let (K) denote the functional integral invariant of regular iso- 
topy defined (K) = f[ dAe“**/4™)£(K|A) as described above. Let {T,} denote the 


generators for the Lie algebra in the given representation of the gauge group G. 


Then for large k, the following switching identity is valid 


(>8) - (28) =+(JEQ) 
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where 
(i) z= e~@rt/k) _ e2ni/k) ~ _4ni/k 


(ii) C = 5>T,T! denotes the insertion of T, at z in the line Ny and a second T, 


a 
insertion in the line 7 (Each segment receives a separate insertion.) 


Proof. Write (X$) — (A) = Ay — A- where Ay = (XS) - (3) and ALS 
(2%) - (28). 


The notation denotes the result of replacing the crossing by a graphical vertex. 


Let xz denote the vertex: < 


In order to apply 17.4 to the case of a deformation from AC to% ), 
we must reformulate the proof to include the conditions of self-crossing, since both 
parts of the Wilson loop going through z will participate in the calculation. We 
can assume that only one segment moves in the deformation. Therefore, the first 


part of the calculation, giving 
6(K|A) = idz* dx” Fi,Ta(K|A) 


refers to a T, insertion in the moving line. After the integration by parts, the 
functional derivative 6(K|A)/5A{(z) applies to both segments going through z. 
However, the resulting volume for 5~(z) for the differentiation in the direction of 
the moving line is zero - since we assume that the line is deformed parallel to its 
tangential direction. Thus if we write (K|A) = OO' where O denotes that part of 
the Wilson loop (as a product of matrices (1 + idz#A*)) containing the moving 


segment and O’ the stationary segment, then 


5(K|A) 


at p U . tp ! 
5A%(a) tdz*T,00' + idx *T,00 


where the two terms refer to insertions at z in O and 0" respectively. Since the 


functional integration wipes out the first term, we conclude that 


6(K) = = / dAe(tk/4n)6 rely T.T,| (K|A) 


309 


where T, is inserted in the moving line, while T/ = T, is inserted in the stationary 
line. 

Now, in fact, we are considering two instances of 6(K), namely A, and A_ as 
described at the beginning of this proof. Since the volume element }°(z) is positive 
for A, and negative for A_, we find that A = —A and that A, — A_ = 2A.. 
This difference is the significant one for the calculation. By convention, we take 
the full volume element from toy to be +1 so that 


OY) = CX) 2 _ [ aactanne ps TT, (KIA). 


This formula is the conclusion of the theorem, written in integral form. This 


completes the proof. // 


We now give two applications of Theorem 17.5. The first is the case of an 
abelian gauge (say G = U(1)). In this case the Lie algebra elements are commuting 


scalars. Hence the formula of 17.5 becomes 


(X)- %) =F 
where c is a constant, and there is no extra matrix insertion at the crossing. Now 


note that with A; = —A_ (see the Proof of 17.5) we have A, + A_ = 0. Hence 


0= OY) + (>) . 2( >). Therefore, in abelian gauge, 
() - 08) = =| (08) + 8)] 
(2) -(1-2)08) 


Og) — e(4nic/k) (%) 


in this large k approximation. 


Hence 


or 


Since switching a crossing just changes the functional integral by a phase 


factor, we see that linking and writhing numbers appear naturally in the abelian 
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context: Letting z = e~47#¢/* we have that ( ¥, = (¥Q). By assumption in 


the heuristic, there is an a € C such that 


fo) =e 


Thus a is determined by the equation 


eo) (8 


1 


=> a =2e- 
>o’=27 
=> a = z1/2 


We also have (K®) = 6(K) for some 6, and can assume that ( @ ) = 6 as well. 
With this in mind, it is easy to see that for K = K, UK2U...U K,, a link of n 
components 


LFS t 


Do (Kis Kj )+) > w(Ki)/2 
(K) = ( er 


where €k denotes linking number and w denotes writhe. 

All of these remarks can be extended to normalized versions for framed links in 
three-dimensional space (or an arbitrary three-manifold), but it is very interesting 
to see how simply the relationship of the abelian gauge with linking numbers 
appears in this heuristic. 

The second application is the SU(N) gauge group in the fundamental repre- 
sentation. Here we shall find the Homfly polynomial, and for N = 2 the original 
Jones polynomial. For N = 2, the fundamental representation of SU(2) is given 


by Tg = 0,/2 where 0, 72, 03 are the Pauli matrices. 
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Note that [4,05] = 7 €ab-0- and that tr(T,T;) = (6a5)/2. In order to indicate the 
form of the fundamental representation for SU(N), here it is for SU(3): 


0 
0 
0 


Oo O.-O-0 @? @.o « 
oo Ke 
i 


» 

nA 

| 
cs, Bie 
eo. D &> 
mn (Go Ga oS © 
| 
ccm « 
al 

~~ 

to-) 

II 
aa ae 

Sa © | © @ 


0 gag, Ayrety 

ot ion eel Pt 8. 

0 V3 \9 9 -2 
Then T, = ./2. 


The analog for SU(N) should be clear. The nondiagonal matrices have two 
nonzero entries of i and —i or 1 and 1. The diagonal matrices have a string of 
k 1’s, followed by —k, followed by zeroes - and a suitable normalization so that 
tr(TaT) = $625 as desired. 

Now we use the Fierz identity for SU(N) in the fundamental representation: 


1 1 
S| (Ta)ij(Ta) ee = 5 itd jk - Sy ts okt: 


(Exercise: Check this identity.) 
Applying this identity to 17.5, we find C = )> T,T; 


2 £ 


1 


j l 
a 
~ ON 
k j 7 


Hence, the generalized skein identity 
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becomes, for SU(N), 
OX) - CE) = (3) - me) 
Using Of) = = ( (xf) + ()), as in the abelian case, we conclude 
(1~ re) (8) - (2+ 92) 0S) = FA). 


Now we use this identity to determine a such that he = a>): Let 
§ =1-—7i/Nk, z = —2ni/k. Then the identity above is equivalent to 


ag) - 92%) ==(53). 
ao) - (6) ==(@) 


The extra loop has value N since (compare with the Fierz identity) we are tracing 


Hence 


an N x N identity matrix. Thus 
paene) — Fe HOW) ae) 


or 


with z=2—27!. Thus Ba =2%, 


It is then easy to see that for the writhe-normalized 
Pr a~“(K) (Kk) 


we have 
me a 
(Ba) ne — (Ba) Ba = ae: 


Thus a Pt _ a" BS. =(x- oo) Poe . This gives the specialization of the 
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Homfly polynomial. Note that they correspond formally to the types of special- 
ization available from the state models built via the Yang-Baxter Equation and 
the SL(N) quantum groups in Chapter 11. A similar relationship holds for the 
Kauffman polynomial and the SO(N) gauge in the fundamental representation. 
See [WIT3]. 


Beyond Integral Heuristics. 
The next stage beyond these simple heuristics is to consider the large k limit 


for the three-manifold functional integrals 
Zms = [ aacteitenene 


In Witten’s paper [WIT2] he shows how this leads to the Ray-Singer torsion (ana- 
lytic Reidemeister torsion) for the three-manifold M°, and to eta invariants related 
to the phase factor. See also [BN] and [GMM] for a discussion of the perturba- 
tion expansion of the functional integral. Quantization leads to relationships with 
conformal field theory: See Witten [WIT2] and also [MS], [CR1], [CR2]. In [MS] 
Witten explains his beautiful idea that can rewrite, via surgery on links in the 
three-manifold M?, the functional integral as a sum over link invariants in the 
three-sphere. This expresses Zs in a form that is essentially equivalent to our 
descriptions of three-manifold invariants in section 16°. 

It is worth dwelling on the idea of this surgery reformulation, as it leads 
directly to the patterns of topological quantum field theory and grand strategies 
for the elucidation of invariants. The surgery idea is this: Suppose that M" is 
obtained from M by surgery on an embedded curve K C M. Then we are looking 
at a way to change the functional integral Zw = f dAe*/4™)&m by changing the 
three-manifold via surgery. We already know other ways to change the functional 
integral relative to an embedded curve, namely by adding a Wilson loop along 
that curve. Therefore Witten suggested writing Zy as a sum of integrals of the 
form 


Zm(K,G,) = / dAe'*k/4m)£u (KA), 


where (K|A) denotes the value of the Wilson loop in the representation G x of the 


gauge group G. Applied assiduously, this technique re-writes Zy as a sum of link 
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invariants of the surgery curves in S*. Much remains to be understood about this 
point of view, but the specific constructions of Reshetikhin, Turaev and Lickorish’s 
work with the bracket (see Chapter 16) show that this approach via surgery to 
the three-manifold invariants is highly non-trivial. 

The idea of looking at the functional integral on a decomposition of the 
three-manifold is very significant. Consider a Heegard decomposition of the three- 
manifold M*. That is, let M* = M? Uy M3 where M3 and M3 are standard 
solid handlebodies with boundary a surface F and pasting map yy: F' > F. The 
diffeomorphism ~ is used to glue M, and M2 to form M. Then we can write 
(formally) 

2m = (M;|¥|M2) 


in the sense that these data are sufficient to do the functional integral and that 
(!;| can be regarded as a functional on pairs (~%, M2) ready to compute an 
invariant by integrating over M, Uy M2. In this sense, the functional integral 
leads to the notion of a Hilbert space H of functionals (M,| and a dual space H* 
with its ket |M2). A handlebody My gives rise to a “vacuum vector” (M,| € H 
and the three-manifold invariant (determined up to a phase) is the inner product 
(M,|%|M2) essentially determined by the surface diffeomorphism y: F > F. 

Thus formally, we see that the Hilbert space H depends only on F and that 
there should be an intrinsic description of the three-manifold invariant via Ht}, 
an inner product structure and the pasting data w. This goal has been accom- 
plished via the use of conformal field theory on the surface. (See [CR1], [CR2], 
[CLM], [KO2], [SE], [MS].) The result is a definition of these invariants that does 
not directly depend upon functional integrals. N evertheless, the functional inte- 
gral approach is directly related to the conformal field theory, and it provides an 
organizing center for this entire range of techniques. 

With these remarks, I reluctantly bring Part I to a close. The journey into 
deeper mysteries of conformal field theory and the functional integral must wait 


for the next time. 
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Remark. Figure 21 illustrates the form of the basic integration by parts maneuver 


that informs this section. This maneuv shown in schematized form. 


- -\Xp 
Sewn SH/ SAS 


Boe a 
=p {By 


b= Be fs 


aR | a ——F 
Ra»Wilsonloop, SK= QR 


B- TLR, <>=\e**R 
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18°. Appendix — Solutions to the Yang-Baxter Equation. 

The purpose of this appendix is to outline the derivation of conditions for a 
two-index spin-preserving solution to the Yang-Baxter Equation. 

Consider a solution R = R*8 of the Yang-Baxter Equation (without rapidity 
parameter) where the indices all belong to the set J = {—1,+1}. Assume also that 
the solution is spin-preserving in the sense that R25 4 0 only when a+b = c+d. 


There are then exactly six possible choices of spin at a vertex 
a b 


Rea 
The six possibilities are shown below 
~ es = eae 7c - + + - 
p n £ r d s 
The lower-case letters (p,n, é,r, d,s) next to each local state designate the corre- 


sponding vertex weight for the matrix R. Thus we can write R in matrix form 


as 


The Yang-Baxter Equation (without rapidity parameter) reads 
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a 8 


d e + 
S| REPRE 7 Rie S 5 RRS my 
d, d, 


The main result of this appendix is the 


n000 
Theorem. R= |? : ‘ is a solution to the Yang-Baxter Equation if and only 
if the following egg are satisfied: 
rld.= 0 
ris =O 
rl(£—r)= 


pl = pl? + eds (*) 
n?l= nt? + eds 
p’r = pr? + rds 
n*r = nr? +rds 
Proof (sketch). As we have noted above, the Yang-Baxter Equation has the 
form 

cay = RE 
where £L and R denote the left and right halves of the equation and the indices 
a,b,c,d,e, f € J = {-1,+1}. Thus YBE in our case reduces to a set of 64 specific 
equations, one for each choice of a,b,c,d,e, f. These are further reduced by the 
requirement of spin-preservation. Thus, for any given choice of a, b,c, d,e, f we 


must, to construct L, find 2,7, k so that 


a+b = 147 
jtce = k+f el 
itk = d+e 
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Let (a, b,c/i,j,k/d,e, f) denote a specific solution to this condition. Since a con- 
figuration for L is also a configuration for R (turn it upside down!), it suffices to 


enumerate the 9-tuples for £, in order to enumerate the equation. Here is the list 


of 9-tuples. 

0. (F4+4+/+4+4+/4+44) ‘ {2 — oa 
1. (+4+-/+++4/+4-) e 1 tee + an 
(++-/++-/+-+) (-—++/-++/+-+) 
(++-/++-/-++4) (-—++/+-+/++-) 
re +/+--/+- me 5 ti +-/-++/-+- ay 
(+-+/-++/+-+) (-+-/+--/-+-) 
ees +/-+4+/- pth +f + ier hare | 
(+-—+/+--/-+4) (-+-/-++/+--) 
(+-+/+-+/++4-) (-+-/-+-/--+) 
te 6. (--+/---/--4) 
(t= =[ 4 Pee (—-+/--+/-+-) 
ae +) -34 3; (==4/——+/+ -—-) 

[t--~ te <faem 
(t-+] +t few RS ee = / - ~~) 


All the equations can be read from this list of admissible 9-tuples. For exam- 
ple, suppose that we want the equations for (a,b,c) = (+,-,+) and (d,e,f) = 
(+,+,—). Then the list tells us that the only £ configuration available is 

(+ —+/+-—+/++-) corresponding to 


with product of 


vertex weights sp. 


This look-up involves checking entries that begin with (+ — +). Now for the 
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R-configurations, we want 


* + 
i 
+f V+ 


We find (- ++/+-——/+-—+) and (—++/-—++/+-—+) with configurations 


and vertex weights: 


+- + ie a 

. te 

2 5 ee + i+ I= 
res spl 


Thus this specific equation L = R is 
esp = rks + spl 


or O=ris, 
Using this table of allowable configurations it is an easy task to enumerate 
the full list of equations. There are many repetitions, and the complete list of 


equations is exactly as given in the statement of the theorem. This completes the 


proof. // 


Remark. The six basic configurations for these solutions are in correspondence 
with the six basic local configurations of the six-vertex model [BA1] in statistical 
mechanics. In particular, they correspond to the local arrow configurations of 


the ice-model. In the ice-model the edges of the lattice (or more generally, a 
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4-valent graph) are given orientations so that at each vertex two arrows go in 


and two arrows go out. This yields six patterns 


KX KM 


By choosing a direction (e.g. “up” as shown below) and labelling each line + or 


— as it goes with or against this direction, we obtain the original spin-preserving 


te" ad — 
SY N+ 


Jones and Alexander Solutions. 


labellings. 


We leave the full consequences of the theorem to the reader. But it should be 


noted that the special case r = 0, £ # 0, d= s =1 yields the equations 


p’ = pl+1 
n?=nl+1 


Thus assuming p # 0 4 n, we have p— p-! =n—n-!. This has two solutions: 
p=nand pn = —1. As we have previously noted (section 8°) p =n gives the YB 
solution for the SZ(2) quantum group and the Jones polynomial, while pn = —1 
gives the YB solution derived from the Burau representation and yielding the 


Alexander-Conway polynomial (sections 11° and 12°), 


PART II 
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PART II. KNOTS AND PHYSICS — MISCELLANY. 


This half of the book is devoted to all manner of speculation and rambling 
over the subjects of knots, physics, mathematics and philosophy. If all goes well, 
then many tales shall unfold in these pages. 


1°. Theory of Hitches. 


This section is based on the article [BAY]. 

We give a mathematical analysis of the properties of hitches. A hitch is a 
mode of wrapping a rope around a post so that, with the help of a little friction, 
the rope holds to the post. And your horse does not get away. 


First consider simple wrapping of the rope around the post in coil-form: 


uw te 


wow It 


Assume that there are an integral number of windings. Let tensions T; and T) 
be applied at the ends of the rope. Depending upon the magnitudes (and relative 
magnitudes) of these tensions, the rope may slip against the post. 

We assume that there is some friction between rope and post. It is worth 
experimenting with this aspect. Take a bit of cord and a wooden or plastic rod. 
Wind the cord one or two times around the rod. Observe how easily it slips, and 
how much tension is transmitted from one end of the rope to the other. Now wind 
the cord ten or more times and observe how little slippage is obtained — practically 
no counter-tension is required to keep the rope from slipping. 


In general, there will be no slippage in the T2-direction so long as 
Ty <«T; 


for an appropriate constant «. This constant « will depend on the number of 


windings. The more windings, the larger the constant k. 
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A good model is to take « to be an exponential function of the angle (in 
radians) that the cord is wrapped around the rod, multiplied by the coefficient of 
friction between cord and rod. For simplicity, take the coefficient of friction to be 
unity so that 


a ef/2n 


where 6 is the total angle of rope-turn about the rod. 
Thus, for a single revolution we need T2 < e7; and for an integral number n 
of revolutions we need T2 < e"J; to avoid slippage. 


A real hitch has “wrap-overs” as well as windings: 


— 
oo 7) Clove Hitch 


Here, for example, is the pattern of the clove hitch. In a wrap-over, under tension, 


the top part squeezes the bottom part against the rod. 


TT 
Kashoons 
Teg. wad 
4 
Th 


Hold Fast 
Io <1) +uT 
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This squeezing produces extra protection against slippage. If, at such a wrap- 

over point, the tension in the overcrossing cord is T, then the undercrossing cord 

will hold-fast so long as Tp < T,; + uT where uw is a certain constant involving 

the friction of rope-to-rope, and T2 and T, are the tensions on the ends of the 
undercrossing rope at its ends. 

With these points in mind, we can write down a series of inequalities related 


to the crossings and loopings of a hitch. For example, in the case of the clove hitch 
2 
e*T, 
Ta 
Te a 


we have 


that the equations necessary to avoid slippage are: 


Ti < Tot+ueTi 
To < e*T, + ueT}. 


Since the first inequality holds whenever ue > 1 or u > 1/e, we see that the 
clove hitch will not slip no matter how much tension occurs at T> just so long 
as the rope is sufficiently rough to allow u > 1/e. 

This explains the efficacy of this hitch. Other hitches can be analyzed in a 
similar fashion. 


3 
a, 


¥ 
IAIA IA IA 


In this example, if we can solve 


Ti *, uel3 
T, < T; + uT3 
T3 < eT? + ueT3 
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then the hitch will hold. 


In matrix form, we have 


The determinant of this matrix is 
1 — ue(2 — e). 


Thus the critical case is u = 1/e(2+). For u > 1/e(2 +e), the hitch will hold. 


Remark. Let’s go back to the even simpler “hitch”: 


Ty < To + ueT 


Our abstract analysis would suggest that this will hold if we > 1. However, there 
is no stability here. A pull at “a” will cause the loop to rotate and then the 
“u-factor” disappears, and slippage happens. A pull on the clove hitch actually 
tightens the joint. 

This shows that in analyzing a hitch, we are actually taking into account some 
properties of an already-determined-stable mechanical mechanism that happens to 
be made of rope. [See also Sci. Amer., Amateur Sci., Aug. 1983.| 

There is obviously much to be done in understanding the frictional properties 
of knots and links. These properties go far beyond the hitch to the ways that 


ropes interplay with one another. The simplest and most fascinating examples are 
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the square knot and the granny knot. The square knot pulls in under tension, 


each loop constricting itself and the other - providing good grip: 


Square Knot 


Construct this knot and watch how it grips itself. 
The granny should probably be called the devil, it just won’t hold under 


B 


tension: 


B’ 


Granny Knot 


Try it! Ends A and B, are twisted perpendicular to ends A’ and B’ and the rope 


will feed through this tangle if you supply a sufficient amount of tension. 
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The fact of the matter is that splices and hitches are fantastic sorts of me- 
chanical devices. Unlike the classical machine that is composed of well-defined 
parts that interact according to well-understood rules (gears and cogs), the slid- 
ing interaction of two ropes under tension is extraordinary and interactive, with 
tension, topology and the system providing the form that finally results. 

Clearly, here is an arena where a deeper understanding of topology instan- 
tiated in mechanism is to be desired. But here we are indeed upon untrodden 
ground. The topology that we know has been obtained at the price of initial ab- 
straction from these physical grounds. Nevertheless, it is the intent of these notes 
to explore this connection. 

We do well to ponder the knot as whole system, decomposed into parts only 
via projection, or by an observer attempting to ferret out properties of the inter- 
acting rope. Here is a potent metaphor for observation, reminding us that the 
decompositions into parts are in every way our own doing - through such explica- 


tions we come to understand the whole. 


Tying the Bowline 
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2°, The Rubber Band and Twisted Tube. 


(one ordinary supercoil) 


“all rolled up” 


ACT 2AF YT TI “the first “knurls” ” 


ito Ge rr all “knurled up” 
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If you keep twisting the band it will “knurl”, a term for the way the band gets 
in its own way after the stage of being all rolled up. A knurl is a tight super-coil 
and if you relax the tension ( <——Qgg—@® =) on the ends of the band, 
knurls will “pop” in as you feel the twisted band relax into some potential energy 
wells. It then takes a correspondingly long pull and more energy to remove the 


knurls. 


The corresponding phenomena on a twisted — spring-loaded tube are even 


easier to see: 


ES kkk 


tightly held, no evidence of twist. 


“knurl” 


supercoiled 


In all these cases, it is best to do the experiment. The interesting phenomenon 


is that once the first knurl has formed, it takes a lot of force to undo it due to the 
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interaction of the tube against itself. 


The energetics of the situation demand much experimentation. I am indebted 


to Mr. Jack Armel for the following experiment. 


The Armel Effect. Take a flat rubber band. Crosscut it to form a rubber 
strip. Paint one side black. Tape one end to the edge of a table. Take the other 
end in your hand and twist gently counterclockwise until the knurls hide one color. 
Repeat the experiment, but turn the band clockwise. Repeat the entire experiment 


using a strip of paper. 
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3°. On a Crossing. 


This section is a musing about the structure of a diagrammatic crossing. 


og 
a 


This (locally) consists in three arcs: The overcrossing arc, and two arcs for the 
undercrossing line. These two are drawn near the overcrossing line, and on opposite 


sides of it — indicating a line that continuously goes under the overcrossing line. 


What happens if we vary the drawing? How much lee-way is there in this 


visual convention? Po ae 
P.. © Fe — 


Obviously not much lee-way in regard to the meeting of the arcs for opposite sides. 


And the gap?? | | 


—+- —- ee 


Here there seems to be a greater latitude. | 


Too much ambiguity could get you into trouble. 


A typical arc in the diagram begins at one undercross and travels to the next. 


~Along the way it is the overcrossing line for any other arcs. Could we generalize 


knot theory to include “one-sided originations”? 


O09 A) wb SO 


What are the Reidemeister moves for the likes of these diagrams? 


99a 
a ~@0! 
eo. © -@ 
: 


aS. 


must be forbidden! 


Surely 


~~ 


Would you like some rules?? Ok. How about 


1. — left alone (we’ll do regular isotropies) 


ian cis aa 
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3 SOP SEL 
~ = ~ -. 


Km D 
7 


Call this Imaginary Knot Theory. Invariants anyone? (Compare with [K] and 
also with [TU4].) 


OP ~P~@)~O0 
+ A> 


This idea of loosening the restrictions on a crossing has been independently 


invented in braid form by M. Khovanov [K]. In his system one allows 


XA hae 


and adopts 


This makes the individual three-vertex cnaae \ into analogs of three- 


vertices in recoupling theory (compare sections 12° and 13° of Part II). Outside 
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of braids, it seems worthwhile to include the wnat N as well. We 
formalize this as slide equivalence in the next section. 
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4°, Slide Equivalence. 


Let’s formalize slide equivalence for unoriented diagrams as described in 


the last section. Let slide equivalence (denoted ~) be generated by: 


) 
Ps ver 


V'. g w ~ J 


IY. pis oD) Fan, 
v Ot A ae 
NA RoW 


Note that the usual Reidemeister moves of type II and III are consequences 


of the axioms of slide equivalence: 


jf. NI e ~ 
RT eM 


The oriented versions of the moves for slide equivalence should be clear. Moves 


I' and II’ hold for any choice if orientations. Moves III’ and IV’ require that paired 
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arcs have compatible orientations. Thus 


and > 


Definition. A category [M] C is said to be a mirror category if every object 
in C is also a morphism in C and every morphism in C’ is a composition of such 
objects. 

We see that any oriented slide diagram can be regarded as a diagram of objects 


and morphisms for a mirror category. Thus 


a:b — Ob 

a bia — 
b(—) S a:c— 6b 
b:a ——»> C 

a& c:b—> 


Of course the diagrams, being in the plane, have extra structure. Nevertheless, 
each of the slide-moves (I' to IV’) expresses a transformation of diagrams that 


makes sense categorically. Thus I’ asserts that 
as A a:X—» Y 
x 6 b:Y ——» Z 


morphisms can be composed without diagrammatic obstruction. II’ allows the 


insertion or removal of self-maps that are not themselves target objects. III’ is 
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another form of composition. 
* YX 


Se 


2 


57 


IV’ gives different forms of — me as well: 


AN” ie ‘ 


a, 3 — 2 —> W 
gio Ys a4) c: — Z 
y¥: W- Z@ b: Z — Y 


Thus the abstract version of IV’ in mirror category language is that given mor- 
phisms a: X — Z,b: Z + Y and an object-morphism 7 : W — Z then there 
exist morphisms c: y > Z, a! : X + y such that bocoa' = boa. 

This suggests defining a special mirror category as one that satisfies the 
various versions of IV’ and the analog of II’. The slide diagrams are depictions of 
the generating object-morphisms for special mirror categories of planar type. 

To return to diagrams in the category of side-equivalence, it is a very nice 


problem to find invariants. This is open territory. (Use orientation!) 


x - 8S 
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5°. Unoriented Diagrams and Linking Numbers. 

Let’s note the following: The linking number of a two-component link 
in absolute value depends only on the unoriented link. 

Yet we normally go through all the complexities of putting down orientations 
to determine the linking number. In this section I will show how to compute the 
absolute value of the linking number from an unoriented diagram. Let K be any 
unoriented link diagram. Let K© be the result of orienting K. Thus O belongs 
to one of the 2!! orientations of K where |K| denotes the number of components 
of K. 

Define [K] by the formula 


[K] = 5> aK"), 
oO 


Thus [K] is the sum over all possible orientations of K of a variable a raised to 


the writhe of K with that orientation. 


Remark. It is useful for display purposes to use a bracket in many different 
contexts and to denote different polynomials. Let us adopt the convention that a 
given bracket is specified by its last definition, unless otherwise specified. 
Certainly, [K] = > av(* °) is a regular isotopy invariant. 
a) 
If Ko is a specific orientation of K then A(Ko) = a~¥’‘*°)[Ko] will be an 


ambient isotopy invariant of the oriented link Ko. Now 
oO 
A( Ko) = ¥ gq w(K™ )—-w(Ko) 
O 


o 
=1+ > amk?)-w(Ko) 
O40, 


where Op denotes the orientation of Ko. 
To see what this means, note the following: if Ky = Li UL2U...U Dp (its 


link components), then 


w(Ko) = 2 w(L;) + ye 2¢k(L;, L;). 


i<j 
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Hence if K® results in the changing of orientations on some subset of the L;, we 
can denote this by 
KOS! SLEU. SOLS 


where €; = +1 (1 for same, —1 for changed). But w(L*) = w(L;), hence 


w(K°) — w(Ko) = > 2(ek(Li', L#) — ek(L;, L;)) 
i<j 


e; = —1l, €; =+1 
or €¢,=+1, 6;=-1 


} => Lk( Ls, L) = —tk(L;, L4). Thus 


w(K°) — w(Ko) = —4 >> £k( Li, L#). 
t<j 
ei FE; 
Thus 
A(Ko)=1-4 > &k(L,L') 
L,L'CK? 
where L, L' are a pair of different components of K © such that exactly one 


of them has orientation reversed from the reference Ko. 


This is an exact description of the associated ambient isotopy invariant to [K’)]. 
The simplest case is a link of two components K = K, U K2. Then there are 


four possible orientations. 


Ko = Ky} WK} Say w(Ko) = wo 
Ko = Ky OR ey w(K = w(K3) 
Ay = kt U Ky 


Thus 
[K] = 2(a(KTUKZ) : a@(KTUK; )) 
=> [K] = 2(a" + 0%) 


where 


ld, — da| = 4|ek(K7", K7)|. 
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Thus, for a two-component link, [K] calculates (via the difference of two 


exponents) the absolute linking number (> 0) of the two curves. 
What I want to do now is show how [K] = 5 a*") can be calculated recur- 
sively from an unoriented link diagram without assigning any orientations. 


In order to accomplish this feat, first extend the writhe to link diagrams 


containing a (locally) 4-valent graphical vertex in the oriented forms 


ee as 


Do this by summing over +1 contributions from the crossings. Thus 


()-» 


Definition 5.1. xX | — a qk?) 
oP 


0c0,(FX) 
be on 
oco_(pX) 


where O+(X) denotes all orientations of the link that give a locally + 


orientation of the two lines at the site indicated. Thus 


0.( ZX) @ SuX 
0.( XX )~ xX ups 


where this diagram indicates all orientations of K with this local configuration at 


the crossing under surveillance. 


Proposition 5.2. [X] =$(|X]+[<X]-[)(]) 
X]_="(X}-[A] + DQ) 
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Proof. Consider the possibilities. 


\( «» at weet ee 


Therefore 4 to oo ( «2 i Xs. ) 
= [X]+[R]-DQ =2"[X] 


LX] -[<]+ f=" 2X]. i 


Corollary 5.3. 


© [X] = (FS) ] +) +) OS] 


(b) If G is a planar graph with 4-valent vertices then 


and similarly 


iG] = 2101 


where |G| denotes the number of knot-theoretic circuits in G (i.e. the number 
of components in the link that would be obtained by creating a crossing at 


each vertex). 
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Proof. (a) follows from the previous proposition, coupled with the fact that 
infil = (Sea pt [FX] _. (b) follows from the fact that a link with r com- 


ponents has 2” orientations. // 


Remark. Note that [O] = 2. The formulas of this corollary give a recursive 
procedure for calculating [K] for any unoriented K. Hence we have produced the 


desired mode of computing absolute linking number from an unoriented diagram. 


X]=(S—)IR] + (= )D0+ CK) 
IX] = (=) ] + (D+ CX] 


It follows from these equations that 


X]-[A]-(4-)R]-DC) 
ak one (em al 


Thus [K] of this section is a special case of the Dubrovnik polynomial discussed 


in section 14° of Part I. 
We can also view the expansion formulas for [K] in terms of a state sum- 


mation of the form 


[K] =) [K|@]2'¢ 
G 
where each state is obtained from the diagram for K as follows: 


1. Replace each crossing of KI by one of the three local configurations 
me (eet? 62’) ( 
~~ 
labelled as indicated. Note that the label A corresponds to the A-split 
—_” 
— 
a eS 
2. The resulting labelled state G is a planar graph (with 4-valent vertices). 
Let [K|G] denote the product of the labels for G. 
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Let |G| denote the number of crossing circuits in G, where a crossing circuit 


is obtained by walking along G and crossing at each crossing, e.g. 


eg |& |=3. 


It then follows from our discussion that if we set 


C=Z(ata) €e> DK 
B=5(01-a) «-» )( xX 


1 
A= 5 (a — a7") <-> pel 


mea = [>] = ALT=14+8D0+c¢L*], 
(x]= Wa ai. 


I will leave the details of verification as an exercise. However, here is an 


example: 2, 
CK 
4. 


A B C 


Rows are labelled with the state choice for vertex 1, columns for vertex 2. 


Thus 
> _[KlG]2!'4! = A? .2? + AB-2! + AC -2! 
G 


+ BA-2) + B?. 224+ BC-2) 
CA-21}+CB.2'+C?.2? 

= 4(A? + B? + C0”) + 4(AB + AC + BC) 

=(a-a™')? + (a7? — a)? + (a+a7")’ 
+ (a7! —a)(a—a~) + (a—a™)(a+a~*) 
+ (a7! —a)\(a+a~*) 

=(a-—a')?+(at+ ay 

= 2(a* + a~”) = [K] as expected! 


CHK [kK] = 2 (X94 9%) 
|£k(K)| = | dia 
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6°. The Penrose Chromatic Recursion. 

A diagram recursion very closely related to the formalism of 5° occurs in the 
number of edge 3-colorings for planar trivalent graphs. We wish to color the edges 
with three colors - say red (R), blue (B) and purple (P) so that three distinct 


colors occur at each vertex. 


R B 
p 


P 


For example, 


is such a coloring. In [PEN1] Penrose gives the following recursion formula: 


X]-[(]-[X! 


where [G] = 3!¢! for a 4-valent planar graph G, and |G| denotes the number of 


crossing circuits of G. For example, 


| : 100) - [oo] =#-3=6. 


The proof of this recursion formula is actually quite simple. I will give a state 
summation that models it. 


In the plane, we may distinguish two types of oriented vertex. 


These two types correspond to the cyclic order RBP or BRP (counterclockwise) 
at the vertex. I shall label a vertex of type RBP by /—1 and a vertex of type 
BRP by +/—1. 
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Thus, 


We shall need to distinguish between maps with and without singularities. 
Thus 


CG 


has a singularity (the fourfold (valent) crossing at c). 


Definition 6.1. A cast is any (possibly singular) embedding of a graph (with 
trivalent vertices) into the plane. All cast singularities are ordinary double points 


as in 


A planar cast or map is a cast that is free of singularities. 

Now there is a nice way to think about an edge coloring of a cast by the 
three colors R, B, P. This is called a formation. (The terminology and is due to 
G. Spencer-Brown [SB1].) In a formation we have red (R) circuits and blue (B) 


circuits. Two circuits of opposite color can share an edge and 


: / 
his bs nt of 
a ee 
P 
: 
cross or bounce e 


Here I let 
denote blue (B). I also regard the superpositions of red and blue as purple. Thus 


denote red (R) and I let eee aa ae an am oe 


am mm & es) ae Gh eee ea a= com 
Sa SRR A EE SNORE Ss CMR Tet HERES Ee AER ETS NRT 


is purple (P). For planar casts it is a very easy matter to draw formations. Just 
draw a disjoint collection of red circles and interlace them with blue circles (cross- 


ing and bouncing). 


348 


Thus for a map (planar cast) a formation corresponds to an edge coloring and 
it is a certain collection of Jordan curves in the plane. It is easy to see how to 


formate any cast if you are given a 3-coloring for it. (Check this!) 


Definition 6.2. Let G be a cast, and S$ a 3-coloring of the edges of G (three 
distinct colors per vertex). Define the value of S with respect to G, denoted 
[G|S], by the formula 


[G|S] = |] €() 


j=l 


where {1,2,...,n} denotes the vertices of G, and e(7) = +\/—1 is the label 
assigned to this vertex by the coloring S. 


Examples. ons 


[ols]=(F) OR) = 


ah ar 


Proposition 6.3. Let M be a planar cast, and S$ a 3-coloring of M. Then 
[M|S] = 1. That is, the product of the imaginary values assigned to the vertices 
of M by the coloring S is equal to 1. 


‘ ? 
Proof. e 
\ 1B ‘8 
| 


Take the formation F associated to S. Note that bounces contribute 
(/—1)(—V—1) = +1 while crossings contribute (£/—1)(tV—1) = —1. Thus 
[G|S] = (—1)° where c is the number of crossings between red curves and blue 


curves in the formation. But c is even by the Jordan curve theorem. // 


Definition 6.4. Let [G] = )> [G|S] where G is any cast, and S runs over all 
S 
3-colorings of G. 


Proposition 6.5. If G is a planar cast, then [G] equals the number of distinct 


3-colorings of the edges of G with three colors per vertex. 


Proof. By the previous proposition, when G is planar, then [G|S] = +1 for each 
S. This completes the proof. // 


Proposition 6.6. Let G be any cast. Let denote a specific edge of G and 
let )¢ and 4 denote the two casts obtained by replacing this edge as indicated. 


ic X]-[0(]-[X} 


Proof. Let S, denote the states (colorings) S contributing to the edge in the 


form 
AP 
Sy (FV-D(FV-D = +1 , 


and let S_ denote the states S contributing to the edge in the form 
+, Y-| 
+. ¥-| 
@ 


Then 
R 
FT xa Ye Ke 
Vall R/\B 


— . oy’® “bounce. 
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Thus the sum over all states becomes the sum over crossing types plus bounces. 


‘[XI--[X]+bd, 


since S; is in 1-1 correspondence with states of ) ( and S_ is in 1-1 correspondence 


with states of > 4 ; // 


Examples. 


[D] = [00] - foo] -s*-s=« 
@|-@18)--»-« 


Note that [G] does not necessarily count the number of colorings for a non-planar 


cast. 


Theorem 6.7. (Kempe). Coloring a planar cast with 3 colors on the edges is 
equivalent to coloring the associated map with 4 colors so that regions sharing a 


boundary receive different colors. 


Proof. Let W be a fourth color and let K = {R, B,P, W} with group structure 
given by: W = 1, R? = B? = P? = W, RB=P, BR=P. 

Choose any region of the edge-colored map and color it W. Now color an ad- 
jacent region X so that WY = X where Y is the color of their common boundary. 


Continue in this fashion until done. // 


A Chromatic Expansion. 

There is a version of this formalism that yields the number of edge-three- 
colorings for any cubic graph. (See [JA6] for a different point of view.) To see 
this, let denote two lines that receive different colors, and let also 


denote lines that receive different colors. Then we can write 


XK 


in the sense that whenever either of the graphs on the right is colored with distinct 
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local colors, then we can amalgamate to form a coloration of the graph on the left. 


ED -00:® 


=3-2+0=6. 


Since loops can not be colored differently from themselves, many states in this 
expansion contribute zero. Let us call this state summation the chromatic ex- 


pansion of a cubic graph. Note how the dumbbell behaves: 


> AR... 


In fact, it is easy to see that the 4-color theorem is equivalent to the following 
statement about Jordan curves in the plane: Let J be a disjoint collection 
of Jordan curves in the plane. Assume that J is decorated with pro- 
hibition markers ~* , (locally as shown, and never between a curve 
and itself). Then either the loops of J can be colored with three colors 


in the restrictions indicated by the prohibition markers or some sub- 


set of markers can be switched ( Yaa — 


, ) to create a colorable 
switch 


configuration. 


For example, let J be as shown below 


Then J has no coloring, but J', obtained by switching all the markers, can be 
colored. 

From the chromatic expansion we see that if X represents an edge in any 
minimal uncolorable graph then both ¢ and x must receive the same 


colors in any coloring of these smaller graphs. The simplest known (non-planar) 


32 


example is the Petersen graph shown below: 


At edge a we find ( fe a 
ais g 
2? 22 — 
c- & 
ak 


f 
: Mt : : 
and in each case a and a’ are forced to receive the same color. 


Remark. The Petersen is usually drawn in the pentagonal form [SA]: 
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7°. The Chromatic Polynomial. 


The chromatic polynomial is a polynomial K(G) € Z[z] associated to any 
graph G such that K(G)(z) is the number of vertex colorings of G with z 
colors. (In a vertex coloring two vertices are colored differently whenever 


they are connected by an edge.) 


Examples. 


K(A) Se whe ike Be? Se? + 22. 


Note that, by convention, we take K(G) = 0 if G has any self-loops. 


To begin this tale, we introduce the well-known [WH2] recursive formula for 
K(G): 


K( ok )=*( » < )-#( HE) 


K(G) = K(G —a) — K(G/a). 


This formula states that the number of colorings of a graph G with a specified 
edge a is the difference of the number of colorings of (G — a) (G with a deleted) 
and (G/a) (G with a collapsed to a point). This is the logical identity: 


Different = All - Same. 


The formula may be used to recursively compute the chromatic polynomial. 
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For example: 


ze — 2g 
of = 442. 
©) ele ee 32° + 2r 
“2 + 2 
1K (By) = 22 - (2-2). 


In this computation we have used the edge-bond @—4-——@ to indicate a 
collapsed edge. Thus 


“| pet )-*( See ee) 


As the middle section of the computation indicates, the recursion results in a sum 
of values of K on the bond-graphs obtained from G by making a choice for every 
edge to either delete it or to bond it. Clearly, the contribution of such a graph is 
(—1)#(bonds) 5 #(components). 

Thus, for any graph G we may define a bond state B of G to be the result 
of choosing, for each edge to delete it or to bond it. Let ||B|| denote the number 
of components of B and i(B) the number of bonds. 

Thus B ee is a bond state of ae , and ||B|| = 2, 7(B) = 2. 


We have shown that the chromatic polynomial is given by the formula 


K(G) = S(-1' cll, 
B 


355 


The first topic we shall discuss is a reformulation of this chromatic formula 
in terms of states of a universe (planar 4-valent graph) associated with the graph 
G. In fact, there is a one-to-one correspondence between universes and 
planar graphs. The correspondence is obtained as follows (see Figure 7.1). 

(i) Given a universe U, we obtain an associated graph G by first shading U in 
checkerboard fashion so that the unbounded region is colored white. (Call 
the colors white and black.) For each black region (henceforth called shaded) 
place a vertex in its interior. Join two such vertices by an edge whenever they 


touch at a crossing of U. Thus 


Py 
$® OPS 


A graph G and its universe U. 


Figure 7.1 


Compare this description with Figure 7.1. 
(ii) Conversely, given a graph, we obtain a universe by first placing a crossing on 


each edge in the form 


356 


Tie rns 
® *,¢ bed | ey « .) 
: eee 


Exercise. Formulate this correspondence precisely, taking care of examples such 
as 

(In the literature, the universe associated with a planar graph is sometimes 
referred to as its medial graph.) By replacing the graph G by its associated 
universe U, we obtain a reformulation of the chromatic polynomial. Instead of 
deleting and bonding edges of the graph, we split the crossings of U in the two 


possible ways: 


Since coloring the vertices of the graph G corresponds to coloring the shaded 
regions of U so that any two regions meeting at a crossing receive dif- 


ferent colors, we see that the chromatic identity becomes: 


oe.) 


By splitting the crossings so that the crossing structure is still visible we can 
classify exterior and interior vertices of a chromatic state. A chromatic 
state of a shaded universe U is a choice of splitting at each vertex (crossing). A 
split vertex is interior if it locally creates a connected shading, and it is exterior 


if there is a local disconnection. See Figure 7.2. 
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interior 


exterior 


Figure 7.2 


Chromatic States of U 


1 


= 1,154 


|| S3|| 


? 


1 


’ || Se 


|| Si || = 2 


,3(S4) — 2 


)=1 


1(51) = 0,7(S2) = 1,1(S3 


= S(-1)) Ist 
S 


K(U) 


(—1)'s* + (-1)'2 + (-1)'(2) + (-1)?2 


. K(U)=2? —z 


Figure 7.3 
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In Figure 7.3 we have listed all the chromatic states for a small universe U. 
Since interior vertices correspond to bonded edges in the associated graph we see 


that the coloring formula for the universe is: 


K(U) = YS (-1) aIl5 (*) 
Ss 

where 2(S)) is the number of interior vertices in the chromatic state S, and ||S|| is 
the number of shaded components in S. 

The subject of the rest of this section is an easily programmable algo- 
rithm for computing the chromatic polynomial for planar graphs. (Of 
course the graphs must be relatively small.) 

Later we shall generalize this to the dichromatic polynomial and relate it to 
the Potts model in statistical physics. There the algorithm is still useful and can be 
used to investigate the Potts model. On the mathematical side, this formulation 
yields a transparent explanation of the interrelationship of the Potts model, certain 
algebras, and analogous models for invariants of knots and links. There is a very 
rich structure here, all turning on the coloring problem. 

Turning now to the algorithm, the first thing we need is a method to list 
the chromatic states. Since each state is the result of making a binary choice 
(of splitting) at each vertex of U, it will be sufficient to use any convenient method 
for listing the binary numbers from zero (0) to 2" — 1 (n = the number of vertices 
in U). In particular, it is convenient to use the Gray code. The Gray code lists 
binary numbers, changing only one digit from step to step. Figure 7.4 shows the 


first terms in the Gray code. 
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0 

1 

| eee 

1 0 

ae ae 

Yo. 

1:8: 4 

i = 4 

aoe ee 
ee ee Gray Code 

ee See ee 

1. 14g 

1 Geto 

ivoze. 1 

1 @ el 

1 ee 0 

ie eo 


Figure 7.4 


The code alternates between changing the right-most digit and changing the digit 
just to the left of the right-most string of the forms 100... 0. 

Since we are changing one site (crossing) at a time, the signs in this expansion 
will alternate +-—+—+... (These are the signs (—1)*5) in the formula (*).) The 
crucial item of information for each state is ||.$||, the number of shaded components. 
Thus we need to determine how ||S|| and ||S'|| differ when S’ is obtained 


from S by switching the split at one vertex. 


43.8 Tevshs see 3% 
= preg MSS, 
foot 4 
switch 


We have 
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Lemma 7.1. Let S and S’ be chromatic states of a universe U. Suppose that S’ 
is obtained from S by switching the split at one vertex v. 


Then 
1) ||.S’|| = ||.S|| — 1 when v is an exterior vertex incident to disjoint cycles of S. 
2) ||S’|| = |||] + 1 when v is an interior vertex incident to a single cycle of S. 


3) ||.S"|| = ||S|| in any other case. 


(Refer to Figure 7.5.) 


sa 
> 
. ~ SI] = ||Sl| -1 
oee® SCS r 
setetsd SS, 
Reesor FSR, 
$. € *4 ee > m4 rs 
a Ge a se 
2 g A Fett) oO hoe he 
Sct gale® es AS — 
es sg Wt? ie 
CJ * y . 
® mRe ‘ <2 
Siar x | 
é ey" ISI = 1S" 


Figure 7.5 


It should be clear from Figure 7.5 what is meant by incidence (tq) cycles of 
S. Any state S is a disjoint union of closed curves in the plane. These are the 
cycles of S. Any vertex is met by either one or two cycles. 

We see from this lemma that the construction of an algorithm requires that 


we know how many cycles there are in a given state. In fact, it is a simple matter 
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to code a state by a list of its cycles (plus a list of vertex types). Just list in 


clockwise order the vertices of each cycle. For example, (view Figure 7.6), 


U 
cycles vertex ft 
123 interior 
23 2 I exterior 


exterior 


Figure 7.6 


In Figure 7.6 we have illustrated a single trefoil state S, the list of cycles and the 
list of vertex types. From cycle and vertex information alone, we can deduce that 
switching vertex 3 reduces the number of components by 1 (It is an exterior vertex 
incident to two cycles.). 

Thus we have given the outline of a computer-algorithm for computing the 
chromatic polynomial for a planar graph. The intermediate stages of this algorithm 
turn out to be as interesting as its end result! In order to discuss this I give below 
an outline form of the algorithm adapted to find the chromatic number of the 
graph: 


1. Input the number of colors (NUM) (presumably four). 


2. Input state information for one state S: number of vertices and their types, 


list of cycles, number of shaded regions. 


3. Initialize the SUM to 0. (SUM will be the partial value of the state summa- 


tion.) 
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4. SUM = SUM + (-1)*S)(NUMIISIl), (Here i(S) denotes the number of 


interior vertices in S, ||S|| is the number of shaded regions. ) 
5. Print log(SUM) on a graph of log (iterations of this algorithm) versus log(SUM). 


6. Use the gray code to choose the vertex V to be switched next. (If all states 
have been produced, stop!) 


7. Use the choice V of step 6 and switch the state S to a new state by re-splicing 
the cycles and changing the designation of the vertex v. (interior 2 exterior). 
Let the new state also be called S. 


8. Go to step 4. 


This algorithm depends upon the choice of initial state only in its intermediate 
behavior. I find that the easiest starting state is that state 5) whose cycles are the 
boundaries of the shaded regions of the universe U. Then all vertices are external 
and ||So|| = (NUM™) where M equals the number of shaded regions. This is the 
maximal value for So. 

By analyzing the gray code, one can see that under this beginning the in- 
termediate values of SUM are always non-negative. That they are always 
positive is a conjecture generalizing the four color theorem (for 
NUM = 4). 

In fact, we find empirically that the graph of the points of the log — log plot 
for 2* iterations K =1,2,... is approximately linear (these values correspond to 
chromatic numbers of a set of subgraphs of the dual graph I'(U))! Clearly much 
remains to be investigated in this field. 

Figure 7.7 illustrates a typical plot produced by this algorithm. (See [LK10].) 
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| 09, (46 iteratio ns ) 
Figure 7.7 


The minima in this plot correspond to chromatic numbers of subgraphs (i.e. 
they occur at 2* iterations). The peaks correspond to those states where the gray 
code has disconnected most of the regions (as it does periodically in the switching 
process, just before switching a new bond.). 

It is amusing and very instructive to use the algorithm, and a least squares 


approximation to the minima, as a “chromatic number predictor.” 
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8°. The Potts Model and the Dichromatic Polynomial. 


In this section we show how the partition function for the Potts model (See 
[BA2].) can be translated into a bracket polynomial state model. In particular we 
show how an operator algebra (first constructed by Temperley and Lieb from the 
physics of the Potts model) arises quite naturally in computing the dichromatic 


polynomial for universes (four-valent planar graphs). 


Before beginning a review of the Potts model, here is a review of the operator 


iT A ules Oe 


The diagrams h; and hg represent the two generators of the 3-strand diagram 


algebra: 


algebra D3. The diagrams are multiplied by attachment: 


Elsewhere, we have used e; for hj and called this algebra (directly) the Temperley- 
Lieb algebra. Strands may be moved topologically, but they are not allowed to 
move above or below horizontal lines through the fixed end-points of the strands. 


Multiplication by 6 is accomplished by disjoint union. 


In D,, the following relations hold: 


h? = 6h; imi. yh — 1 
hihigihi = hi 
Aigihjhign = Aina 
hk, = hl i—j]>1 
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See Figure 8.1 for an illustration. 


U 
() “0H hi = bhy 
/) 

UI] y 


( | Diagram Algebra Relations 
Figure 8.1 


The Potts Model. 

In this model we are concerned with calculating a partition function associated 
with a planar graph G. In general for a graph G with vertices 2,j,... and edges 
(i,j) a partition function has the form Zg = S>e~*(5)/kT where S$ runs over 


states of G, E(S) is the energy of the state S, kis Boltzmann’s constant and T 
is the temperature. 

This presumes that there is a physical system associated to the graph and a 
collection of combinatorially described states S, each having a well-defined energy. 
The partition function, if sufficiently well-known, contains much information about 
the physical system. For example, the probability for the system to be in the state 
S is given by the formula p(S) = e~#(5)/'T /Z, 

This exponential model for the probability distribution of energy states is 
based on a homogeneity assumption about the energy: If p( £) denotes the proba- 
bility of occurrence of a state of energy E then p(E+ K)/p(E'+ K) = p(E)/p(E’) 
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for a pair of energy levels E and E’. Furthermore, states with the same energy 
level are equally probable. 

The Boltzmann distribution follows from these assumptions. The second part 
of the assumption is an assumption that the system is in equilibrium. The homo- 
geneity really has to do with the observer’s inability to fix a “base-point” for the 
energy. 

In the Potts model, the states involve choices of q values (1,2,3,... ,q say) 
for each vertex of the graph G. Thus if G has N vertices, then there are q™ states. 
The q values could be spins of particles at sites in a lattice, types of metals in an 
alloy, and so on. The choice of spins (we’ll call 1,... ,g the spins) at the vertices 


is free, and the energy of a state S with spin S; at vertex 2 is taken to be given by 
E(S) =} 6(5i, 53). 
(i,3) 
Here we sum over all edges in the graph. And 6(z,y) is the Kronecker delta: 


rie efttomey 


Thus, the partition function for the Potts model is given by 


K } > 6(Si,5;) 
e 3) (K = -1/kT) 


I] eK 6(Si,S;) 

(i,9) 

“ Zo = >> [] (+ v6(5i, $;)) 
S (3,7) 

where v = e* —1 


(ie. eO9 = 1+ v6(z,y)). 


* 
2 


This last form of the partition function is particularly convenient because it 


implies the structure: 


Z( Se—eS = 2( So & )+02( See ) 


Z(e U H) =q2(H). 
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Here ~pe e& denotes the graph G( peo ) after deletion of one edge, 
while -e<- means the graph obtained by collapsing this edge. 


Hence, Z(G) is a dichromatic polynomial of G in variables v, gq. 


Remark. In some versions of the Potts model the value of v is taken to vary 


according to certain edge types. Here we have chosen the simplest version. 


Remark. One reason to calculate Z(G) is to determine critical behavior corre- 
sponding to phenomena such as phase transitions (liquids to gas, ice to liquid, 
...). Here one needs the behavior for large graphs. The only thoroughly analyzed 


cases are for low q (e.g. g = 2 in Potts is the Ising model) and planar graphs. 


Remark. For v = —1, Z(G) is the chromatic polynomial (variable q). Physically, 
v = —1 means —1 = e~!/*T _] = e—1/'T = 0, Hence T = 0. 


Dichromatic Polynomials for Planar Graphs. 
Just as we did for the chromatic polynomial, we can replace a planar graph 
with its associated universe (the medial graph) and then the dichromatic polyno- 


mial can be computed recursively on the shaded universe via the equations: 


0 (BG) -(B €)--( Be) 
(ii) Z (@ ux) =9Z e< ) Here & stands for any connected shaded 


region, and | | denotes disjoint union. 


Defining, as before, a chromatic state S to be any splitting of the universe U 
so that every vertex has been split, then with the shading of U we have the 


numbers 


||S|| = number of shaded regions of S, 
and 


2(.S’) = number of interior vertices of S. 


Then, as a state summation, 


Z(U) = Sy glSllyi), 
S 
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We will now translate this version of the dichromatic polynomial so that the 
shaded universe is replaced by an alternating link diagram and the count 


\|S|| of shaded regions is replaced by a component (circuit) count for S. 


Proposition 8.1. Let U be a universe (the shadow of a knot or link diagram). 
Let U be shaded in checkerboard fashion. Let N denote the number of shaded 
regions in U (These are in one-to-one correspondence with the vertices of graph 
T'(U). Hence we say N is the number of dual vertices.). Let S be a chromatic 
state of U with ||S|| connected shaded regions, and i(S) internal vertices. Let |S| 
denote the number of circuits in S (i.e. the number of boundary cycles for the 


shaded regions in S$). Then 
ISI] = 3(N — (5) + |S). 


Proof. Associate to each state S a graph ['(S): The vertices of ['(S) are the 
vertices of ['(U), one for each shaded region of U. Two vertices of I'(S) are 
connected by an edge exactly when this edge can be drawn in the gap of an 


interior vertex of S. Thus 


an edge of ['(S). 


Thus the edges of I'(S) are in one-to-one correspondence with the interior vertices 
of S. I'(S) is a planar graph, and we assert that the number of faces of I(S) 
is |S| — ||S|| +1. 

To see this last assertion, note that each cycle in ['(S) surrounds a white 
island interior to one of the black components of S$. Thus we may count faces 
of I'(S) by counting circuits of S, but those circuits forming outer boundaries to 
shaded parts of S must be discarded. This accounts for the subtraction of ||S|]. 
We add 1 to count the unbounded face. 


Clearly, ['(5') has ||S|| components. Therefore we apply the Euler formula for 
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planar graphs: 


(Vertices) — (Edges) + (Faces) = (Components) + 1 
N —«(S) + (|S|— [S|] +1) = [Sl +1. 


Hence N — i(S) + |S| = 2||S||. This completes the proof. // 


Example. 


|S] = 2 


S| =3 
(Sad 


r7(S) 


Thus 


N-i(S)+|S|_ 4-3+3 | 
eee 


2; 
3 


|S] = 2. 


370 


Note that in the dichromatic polynomial, S contributes the term q|Slly"5) = 
q?v* here. Since the number of v-factors corresponds to the positive energy con- 
tributions in the Potts model, we see that these contributions correspond to the 
clumps of vertices in I'(S) that are connected by edges. These vertices all mutually 


agree on choice of spin state. 


Now the upshot of Proposition 8.1 is that we can replace ||S|| by |S| in our 


formulas! Let’s do so! 


Z(U) = >. gllSllyiS) 
S 


= Jo g/N-HS+15) yi(S) 
Ss 
. Z(U) a gX/? pT id ee aise ts 
Ss 

Let 

| WU) = D(g"/?)!51(q7 1/70). 

Ss 
Thus 
Z(U) = qN?P WU). 
We are now ready to complete the reformulation of the dichromatic polyno- 


mial. The shading of the universe will be translated into crossings of a link 


diagram as indicated below (Figure 8.2): 


tt 


eee 


1t 


=~. 
= 


Crossing Transcriptions of Local Shading 


Figure 8.2 
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SARS KS 


ey 
QD XY NR 


Figure 8.3 


Since W satisfies 


BG) (Be) (ag 


w(OuK.) = q'/?W(K). 


(Note the extra component is not shaded!) We can write the 
W-Axioms (The Potts Bracket). 


1. Let K be any knot or link diagram. Then W(K) € Z[q!/?,q71/?,0] is a 


well-defined function of gq and v. 
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3. W(OUK) = e?WK) 


4. w( O ) =e". 


and the Z-Definition: Z(K) = q%/?W(K) where N is the number of shaded 
regions in K. (Compare with [LK10].) 


According to our discussion, the dichromatic polynomial (hence the Potts 
partition function) for a lattice £ can be computed by forming a link diagram 
K(L) obtained by first forming the medial graph of CL, regarding it as a shaded 
universe U, and configuring the knot diagram K(L) according to the rule of Figure 


8.2. In Figure 8.3 we have indicated these constructions for a 5 x 5 lattice CL. 


Here is a worked example for the 2 x 2 lattice: 
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(a) Direct computation of Z(L) = Z;. 


a(T1)-a(Ld)+a( 4 ) 
-a(1)on(1) 
+07( )+a(O ) 
= (9+»)2i( Be! ) +(e )+a(O ) 


=(¢+v)(qtv)’q+v(gt+v)’qt+vr(q+v)q 
=(g+v)'qt(q+v)vgt (qtv)v'q 
= (q° + 3q7v + 3qu? + v°)q 
+(q? + 2qv +7 )og+q’v’ +0°q 
= gt + 3q°v + 3q7v? + qu® 
Ae qev = Qq*v" 4. qu? be q?v? + qu® 


De z( ae ) = gt + 4q°v + 6q7v? + 3qv° 


(b) Computing W(X) first. 


Reeds compute Wee lial the tues 
w(X<)=-w(De)+7(R ) 
w(OUL) =»), WO=y 

with ¢ = q7}/?v, y = q)/?. 


Before, doing the 2 x 2 lattice, let’s get some useful formulas: 
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(7) =a+0"()=atan(—~) 
w(~6-)=w(“o )+2w(@ ) 
sn Joo) 
ie w( ~o) = (gil? 4 ow (— ) = (2+ Ww(—~ ) 
Returning to our lattice/knot diagram K, we have 
"(BY )-w(BS_) +w( B ) 
-osvm( © )eefn( QP )+-(® ) 
=(x+y)*yt+a(et+y)?yt+ 2w(@ ) 
=(r+y)y+a(x+y)?y+ 
+2(w( CQ ) + aw CS )) 
=(xt+y)yta(rt+y)yt+27((c+y)y + a(x + y)y) 
.. w( es ) =(r+y)y+(c+y)ay t+ (x + y)(x?y + zy). 
We leave as an exercise for the reader to show that Z(L) = q®/?W(K(L)) for 


this case! 


Comment. Obviously, this translation of the dichromatic polynomial into com- 
putations using knot diagrams does not directly make calculations easier. It does 
however reveal the geometry of the Temperley-Lieb algebra in relation to the 
dichromatic polynomial (via the Potts model). 

I will show how the W-formulation of the dichromatic polynomial naturally 


gives rise to a mapping of braids into the Temperley-Lieb algebra. 
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The idea is as follows: If we expanded W on a braid diagram out into the cor- 
responding states, we would find ourselves looking at an element of the Temperley- 


Lieb algebra. For example, if ” were eelgeriectine W(£) for 


p= O\ 


then one possible local state configuration is 


U 
(\ 


and this is hy h2h; in D3. In general, if we expand (for example) 


W = ( 6 ) = W(o10201) 


we can obtain the expansion algebraically by replacing 
o; by ZI+czh; 
Oj . by zZI+h; 
and formally multiplying these replacements. 


For example, in the above case we have 
(J + xhy)(I + rho)(T + rh) 
= (I+ rh; + rh2 +: 27hyh2)(I + zhy) 
=ZTizh, + 2h. 4+ 27hyhe 
+ thy +: 27h? + chghy + 2*hihohy 
= I +2(xh,) + (rho) + (27h? +1) + (2? hy ho) 
+ (rh2h;) + (x*hyhohy). 
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Now it is not the case that W is a topological invariant of braids (when we put a 
braid in W we mean it to indicate a larger diagram containing this pattern), how- 
ever this correspondence does respect the relations in the Temperley- 
Lieb algebra. 

Thus 


W(hyhgh) = "lg = w/YI = W(h) 


and 


roy) om] or 


(h? = 6hy, let W(6X) = yW(X) be the algebraic version of W oux = 
yW(X). Therefore let 6 = y here.) What is the image algebra here? Formally, 
it is U, = Z[r,y](D,). That is, we are formally adding and multiplying elements 
of D, with coefficients from Z[z, y] - the polynomials in z and y. 

In creating this formulation we have actually reformulated the calculation of 
the rectangular lattice Potts model entirely into an algebra problem about U/,. 
To see this, think of the link diagram K(L) of the lattice £ as a braid that has 


been closed to form K(L) by adding maxima and minima: 


° 


This way of closing a braid 8 to form P() is called a plat. 


LLL 


ee 6 


P(f) = K(L) 


Now note. Let R denote the diagram 


UU... U 


shyhshs...hon-1 € Dan 
Then, if 8 is any element of B2, we have RGR = P(P)R. 
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FH. P(e) 
AA () R 


RBR = P(B)R. // 


The upshot of this formula is that all of the needed component counting will 
happen automatically if we substitute for § the product expression in U,. Let 


X(8) denote the corresponding element of Un: 


~ 


X:B,-U, 
X(0;) = ZI+¢zh; 
X(o7") = al+h; 
a 


{X(ab) = X(a)X(b)}. 


Here B,, is the collection of braid diagrams, described by braid words. On the 
diagrammatic side we are not including ambient isotopy. On the algebraic side 
B,, is the free group on 0},... ,On—1, 07 1,--- 04-1, Z (modulo o;0; = oj; for 


li — j] > 1). Then if R = hyhs...hon—1 and f € Bon we have 


RX(6)R = W(P(8))R, 


a completely algebraic calculation of W using the operator algebra U,,. 
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( / 
Example. eS, ame P( Vw) ) = P(og0j7 103102) 


B = 020; ' 03102 
X(B) = (Z + xh2)(aT + hy)(2T + hg)(Z + rho) 
= (77 +2 he + hy + th2h;)(xT + h3)(I + rh2) 
= 27+ a°ho + chy + 27hgh; + chg3 + 272hgh3 + hyh3 + choh, h3(I + rh2) 
X(B) = 274+ 2°ho+ ch, +. 27hgh, 
+ th3 + 27 hgh3 + hyh3 + thehyhg 
+ x°ho + 2th? + 2*hyho + 27hghyho 
+ t*h3h2 + 2°hghgh2 + rhyh3ho 
+ 2*hohyhsho. 


These correspond to the sixteen states of K. Let’s take one term and look at 


it algebraically and geometrically. For this problem, 8 € B, and 


R= hyh3 «» U U 
ana 


Take RX(8)R and look at the term 


R[x*hah3h2]R 
= r*hyhg3hgh3hghyhs 
= z*hyh3hohyhs 

z*hyh3hgh3h, 

= z*hyh3h, 

= 2*h?hg 

(x*y)hyhg 

= (2’y)R. 
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Geometrically: 


U 


hah3she 


i 


RhakgyRe» WY U }( 
< 
i 


VIN 


and the extra component gives rise to the y in the algebra. 


To summarize, we have shown that for any braid diagram 6 € a the W- 


polynomial is given algebraically via 
W(P(8))R = RX(B)R. 


This yields an operator-algebraic formulation of the Potts model that is formally 
isomorphic to that given by Temperley and Lieb (see [BA1]). Our method con- 
structs the operator algebra purely geometrically. In fact, this formulation makes 
some of the statistical mechanical features of the model quite clear. For example, 
in the anti-ferromagnetic case of a large rectangular lattice one expects the critical 
point to occur when there is a symmetry between the partition function on the 
lattice and the dual lattice. In the bracket reformulation of the Potts model this 
corresponds to having W(X) — W(A) and this occurs when g~!/2)y = 1, 


Hence the critical temperature occurs (conjecturally) at 


ORM 12% 
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or 
‘ 


~ Rin. + Va) | 


Obviously, more work needs to be done in this particular interconnection of knots, 


‘4 


combinatorics and physics. 


Exercise. Show that the dichromatic polynomial of any planar graph G can be 
expressed via the Temperley-Lieb algebra by showing that Zg = qN/2{K (G)} 
where {L} = W, is the Potts bracket, N is the number of vertices of G and K (G) 
is a link in plat form. (HINT: Obtain K(G) from the alternating medial link K (G) 
by arranging maxima and minima.) Consequences of this exercise will appear in 
joint work of Hubert Saleur and the author. Compare with [SAL2]. 
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9°, Preliminaries for Quantum Mechanics, Spin Networks and Angular 


Momentum. 


This section is preparatory to an exposition of the Penrose theory of spin- 
networks. These networks involve an evaluation process very similar to our state 
summations and chromatic evaluations. And by a fundamental result of Roger 
Penrose, there is a close relation to three-dimensional geometry in the case of 
certain large nets. This is remarkable: a three-dimensional space becomes the ap- 
propriate context for the interactive behaviors in a large, purely combinatorially 
defined network of spins. 


We begin with a review of spin in quantum mechanics. 


Spin Review. (See [FE].) 


Recall that in the quantum mechanical framework, to every process there 
corresponds an amplitude, a complex number 7. ~ is usually a function of space 
and time: 7(z,t). With proper normalization, the probability of a process is equal 
to the absolute square of this amplitude: 


prob(y) = ~*~ 


where ~)* denotes the complex conjugate of y. Iam using the term process loosely, 
to describe a condition that includes a physical process and a mode of observation. 
Thus if we observe a beam of polarized light, there is an amplitude for observing 
polarization in a given direction @ (This could be detected by an appropriately 
oriented filter.). 


6 


Consider a beam of light polarized in a given direction. Let the axis of an an- 
alyzer (polaroid filter or appropriate prism) be placed successively in two perpen- 
dicular directions x, y to measure the number of photons passing a corresponding 


lined-up polarizer. [z and y are orthogonal to the direction of the beam.| Let a, 
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and ay be the amplitudes for these directions. Then, if the analyzer is rotated by 6 


degrees, with respect to the z-direction, the amplitude becomes the superposition 


a(@) = cos(@)a, + sin(A)ay 


=) 


This result follows from the two principles: 


1) Nature has no preferred axis. [Hence the results must be invariant under 


rotation.| 
2) Quantum amplitudes for a mixed state undergo linear superposition. 


The polarizer experiment already contains the essence of quantum mechanics. 
Note, for example, that it follows from this description that the amplitude for the 


process 
z-filter followed by y-filter 
is zero, while the process 
z-filter / 45°-filter / y-filter 


has a non-zero amplitude in general. Two polarizing filters at 90° to one an- 
other block the light. Insert a third filter between them at an angle, and light is 
transmitted. 

The two principles of non-preferential axis and linear superposition are 
the primary guides to the mathematics of the situation. 

In the more general situation of a beam of particles there may be a vector of 
amplitudes 


a= (@1,42,... Gn). 


Rotation of the analyzer will produce a new amplitude 


a'=D(R)a 


where R denotes the rotation in three-dimensional space of the analyzer. 


If S and R are two rotations, let SR denote their composition (first R, then 
S). We require that D(SR) = D(S)D(R) and that D(R) and D(S) are linear 
transformations. 

Linearity follows from the superposition principle, and composition follows 
essentially from independence of axis. That is, suppose a is the amplitude for a 
standard direction and that we rotate by R to get a! = D(R)a and then rotate 
by S to get a” = D(S)D(T)a. This is the same experiment as rotating by SR 
and so a” = D(SR)a also, whence D(SR) = D(S)D(R). (This is true up to a 
phase factor.) 

In order to discuss the possibilities for these representations, recall that over 


the complex numbers a rotation of the plane can be represented by 
ef = Jim (1+ 18/n)”. 
Note that this is a formal generalization of the real limit e” = lim (1+ 2/n)", 
and note that im 
(1+ie)z = z+ 1€z 


Zz 


a x 


Multiplication of a complex number z by (1 + ie) has the effect of rotating it by 
approximately ¢ radians in a counter-clockwise direction in the complex plane. 
Thus we can regard (1 + te) as an “infinitesimal rotation”. 
Following this lead, we shall try 
D(e/z) =1+1eM, 
D(e/y) =1+%eM, 
D(e/z) =1+ 16M, 
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where these represent small angular rotations about the z, y and z axes respec- 
tively. For this formalism, D(@/z) denotes the matrix for a rotation by angle 6 


about the z-axis, and so 


D(4/z) = lim(1 + ieM,)°/¢ 
aie (e'M: g 


D(6/z) = e'®™: 
For a given vector direction v, we have D(6/v) = ei(%-M) where 


M = (Mz, M,, Mz) 
2: Magee vyMy + 0,M,Q. 


Proposition 9.1. D(R) is a unitary matrix. That is, D(/R)~' = D(R)* where + 


denotes conjugate transpose. 


Proof. It is required that ~* be invariant under rotation. But if ~’ = Dw, then 


o'y'* = Dy(Dy)* = > (Dd)(H"D"); 


x ‘ (x Djs) (x vidi) 
- d. 2 DjyiDinbj vx 


= SDD") jnPiPe- 
j,k 
In order for this last formula to equal ~y* for all possible, x we need DD* = I. 
// 


Since D = e'®™ is unitary, we conclude that 


Lie: DPM e9(M—M*) 


Thus M = M* and so M is Hermitian. 
Thus the matrices M are candidates for physical observables in the quan- 
tum theory. [Since they have real eigenvalues, and the quantum mechanical model 


for observation is My = Ay for some amplitude y.| 
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Consequently, we want to know more about M,, My and M,. In particular, 
we want their eigenvalues and how they commute. 

To obtain commutation relations for M, and M,, consider a rotation by « 
about z-axis followed by rotation by ¢ about y-axis followed by rotation by 


—e about z-axis followed by rotation by —n about y-axis. 


1. Up to 1st order the z-axis is left fixed. 


x 
Ev é 
4 en \ => point on y-axis ends up © —e7 around z. 
Py 
% ” 


3. a } => point on z-axis rotates * —en around z. 


22 
m% ~e2 


Thus 
(1 — ienM,) © D(—n/y)D(—€/z)D(n/y)D(€/z) 
= (1 —inM,)(1 —ieM,)(1 + inMy)(1 + teMz) 
= —iM, =—M,M, — M,M, + M,M, + MzMy. 
So 


M,M, - M,M, = -iM,. 


Because of this minus sign it is convenient to rewrite to the conjugate representa- 


tion. Then we have: 


386 


EBigenstructure. 
Let 


M? = M2? +M?+M? 
M_=M,-iM, 
Ms = M, + .M,. 
Note that M? commutes with M,, M, and M,. (Exercise - use the commutation 


relations (*).) 


M_(M, — 1) 
M,(M, +1). 


Proposition 9.2. M,M_ 
M,M4 


Proof. 


M,M_ = M,(M, —iM,) 
= M,M, —iM,M, 
= M,M, +iM, —iM,M, 
= (M, —iM,)(M, — 1) 
. M,M_ = M_(M, -1) 
M,M, = M,(M; +iM,) 
= M,M, +iM, +iM,M, 
= (M, + iMy)(M; +1) 
. M,M, = My(M, +1). 


// 
Now suppose that M,a‘™ = ma'™., That is, suppose that a‘™ is an eigen- 
vector of a‘™) with eigenvalue m. Then 
M,M_a\™ = M_(M, —1)a“™ 
= M_(m— 1)a™ 
= (m—1)M_a™), 


Thus M_a‘™) becomes a new eigenvector of M, with eigenvalue (m — 1). 
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We can define 
ca™-)) = M_at™ 


with the constant c to be determined. 


Assume that a‘™ is normalized for each m so that 1 = )) al a’™* Then 
n 


1 


ee” 


i= 


> [Mo [M_o™ 


Hence 


1 
+ ace (m))* (m) 
soe DIM Ig Ma 


1 * 
— 1) Set M_a™ 
— > fa)", [M2 M_a!™] 


= fal} [My Ma Jy. 


oc 
Now 
M,M_ =(M, +1M,)(M, —iM,) 
= M?+ M; + i(M,M, — M:M,) 
= M2 + M?+i(-iM.) 
= Mi+My+M, 
M,M_ = M? —- M?+M.. 
We may choose a‘™)’s so that 
M?a\™) = ka” 
(since M? commutes with the other operators) for a fixed k, and ask for the 
resulting range of m-values. 


c= > a(™)*(M, M_)a‘”) 
M_a’™) = ca’™-) 
hae? os c*al™) 

=>||c? =k-—m?+m|]. 


Thus |c| = (k — m(m — 1))?/*. From this it follows that k = j(j + 1) and 2) 


is an integer. 
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Proof. Let m = —j be the lowest state - meaning that M_a‘™) = 0. This implies 
c = 0 for m = —j whence 0 = k — (—j)(—j — 1) whence k = j(j +1). 

By the same argument, if the largest value of m is 7’ then k = j'(j'+1). Thus 
j =j' and 2j is integer. // 
Example. j = 1/2. 


Then there are two states. Let 


q(t/2) — fs. q(-1/2) — (2) 
c= [j(j +1) —m(m-1)}”? 


LQG) -wer 


2 oa ° 


Thus 


0 0 
ie 
Me = 4 € a =o 
=i 1 0 U] a a | M, —1iM, 
My = 3\ ; pier M, = M,+iM, 
10 
M, = ( 4p) = 5 oz 


where 0;, Oy, 0, are the Pauli matrices satisfying 


oe ee 
0, = 0, =0,=1 


O7,0y = —Oy0z = 10, 


Quick Review of Wave Mechanics. 


yp rom Aet(k2—vt) 


 - vg 


(hk = h/27) 
nO a By 
in? = hky = py. 


De Broglie suggested (1923) that particles such as electrons could be regarded 


as having wave-like properties, and his fundamental associations were 


E = hw 
p = Ak 


for energy E and momentum p. These quantities can be combined in a simple 
wave-function y = e'(*t—wv#), 


This led Schrédinger in the same year to postulate the equation 


Ob _ 


ha = AY 


where H = p*/2m + V represents total energy, kinetic plus potential. And one 


associated the operator 


ho 
t Ox 
to momentum. So 
= (—ih)? 0? s | aa 
~ Wm Oz? ee 2m Ox? 7 


At about the same time, Heisenberg invented matrix mechanics, based on 
non-commutative algebra. Heisenberg’s mechanics is based on an algebra where 


position z and momentum p no longer commuted, but rather 


rp — px = hi. 
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The formal connection of this algebra and the Schrédinger mechanics is contained 


in the association of operators (such as (f/i) 0/Ozx to p) for physical quantities. 


Note that 
ho ho 
Tag th)- t— a (f) 
=F [F+25 of 7] - oe 
Ox H 


Thus rp — pr = hi in the Schrédinger theory as well. 

One consequence is that position and momentum are not simultaneously ob- 
servable. Observability is associated with a Hermitian operator, and its eigenbe- 
havior. 

It took some years, and debate before Max Born made the interpretation 
that ~ measures a “complex probability” for the event - with ~*% as the real 
: probability. 

To return to the subject of rotations, let us consider the role of angular mo- 


mentum in quantum mechanics. Let 
Tr =iz+ jy t+kz 
P = ip, + jpz + kp, 


where 7, j, k denotes the standard basis for R*. The classical angular momentum 


omnes 


is given by L = Tx D. 


aa oe 
L=rxp=|¢ oe 
Pr Py Pz 
In quantum mechanics, p == ihV. Thus 
pes’ § 3) 
: 7 \" dz Oy 
PES § EE 
. i\"Oz Ox 
hf oO O 
L, 
= (237 '%) 
I? =|L-L|=12 +124 12. 
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Let [a,b] = ab— ba. Then 


re 
[Ly,L:.) = ikl, $ Lx L=ihL. 
[L,,L,] = ihL, 


[L?, L.] = 0, so L? commutes with L. 
The formalism for angular momentum in quantum mechanics is identical to 
the formalism for unitary representation of rotational invariance. The operators 


for angular momentum correspond to rotational invariance of ». 


Digression on Wave Mechanics. 


Note that sin(X + Y) + sin(X — Y) = 2sin(X) cos(Y). 


_ (20 A =~ wave-length 
sin( Fe a ct) c =  wave-velocity 
_ (2a : 
sin( (e ~ ct)) = sin(kz — wt) 
Ki = Oa X, w = 2nc/rA = Qrv. 
Let 
um a sin (kx — wt) +sin(k'z — 7) 
ee pemeee samme 


A+Y X—Y 


k +k’ w+w’ 
+ xm(sH (25) 


Pies k+k' wt+wu' , a La ee ; 
u = asin ee od 5 cos ae 5 
If k—k' = 6k, w—w’ = dw then u & a cos( Fe —_ 1) sin(kz — wt) 


V, = group velocity = éw/6k 


3 x d(c/) ' dc/dA = dc f 
; oe a ee : 
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De Broglie postulated E = hv = hw and, by analogy with photon, 


p= E/e= “2 t= “ on “ = hk. With these conventions we have 
v= d(c/A) __ dv_—_— d(hv) 
atte d(1/.) 2 d(1/X) 3 d(h/2) 
Vy = dE/dp 


Compare this with the classical situation: 


p=mv 
i smo? +U (U= potential) 
aes 
, = -— - — (mv + 0) =v. 


De Broglie’s identification of energy E = hw and momentum p = hk 
creates a correspondence of classical velocity with the group velocity of 


wave packets. 
Digression on Relativity. 


In this digression I want to show how the pattern 


ee 
0, =0, 


07,0, =V-—lo, 
Oyo, =V—lo; 
0,0, =V-—lo, 


2 2 
=o,=1 


arises in special relativity. 


In special relativity there are two basic postulates: 


1. Physical laws take the same form in two reference frames that are moving at 


constant velocity with respect to one another. 


2. The speed of light as observed by persons in two inertial frames (i.e. moving 


at constant velocity with respect to one another) is the same. 
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The first postulate of special relativity is almost a definition of physical law. The 
second postulate is far less obvious. It is justified by experiment (the Michelson- 
Morley experiment) and the desire to have Maxwell’s equations for electromag- 
netism satisfy the first postulate. [In the Maxwell theory there is a traveling wave 
solution that has velocity corresponding to the velocity of light. This led to the 
identification of light/radio waves and the waves of this model. If the Maxwell 
equations indeed satisfy 1., then 2. follows.] 

Now let’s consider events in special relativity. For a given observer, an event 


may be specified by two times: [t2,t,;] =e. The two times are 
t,; = time signal sent 
t2 = time signal received. 


In this view, the observer sends out a light signal at time t,. The signal reflects 
from the event (as in radar), and is received by the same observer (transmitted 


along his/her world-line) at time to. 


C=t+00 2(k, 4, ] 


I shall assume (by convention) that the speed of light equals unity. Then the 
world paths of light are indicated by 45° lines (to the observer’s (vertical) time 
line t). Thus the arrow pathways in the diagram above indicate the emission of a 
signal at time t,, its reception (reflection) at the event at time t, and its reception 
(after reflection) by the observer at time t2. With c = light speed = 1, we have 
that 


to —t, = 22 
to +t; = 2t 


where z and ¢t are the space and time coordinates of the event e. Thus [t2, t;] = 
(t+ 2,t—2] gives the translation from light-cone (radar) coordinates to spacetime 


coordinates. 
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Regard the ordered pair [a, 6] additively so that: [a, 6] + [c,d] = [a+c,b+d] 
and k[(a, 6] = (ka, kb] for a scalar k. Then 


[t2,¢1] = ¢[1, 1] + 2[1, —1]. 
Let 1 abbreviate [1,1] and o abbreviate [1,—1]. Then 
e= [te, ta] = tl1+7ao. 


This choice and translation of coordinates will be useful to us shortly. 

Now let’s determine how the light-cone coordinates of an event are related for 
two reference systems that move at constant velocity with respect to one another. 
In our representation, the world-line for a second inertial observer appears as 


shown below. 


A coordinate (z,t) on the line labelled t' denotes the position and time as measured 
by O of a “stationary” observer 0’ in the second coordinate system. Note that 
the relative velocity of this observer is v = z/t. Since the velocity is constant, the 
world-line appears straight. (Note also that a plot of distance as measured by O' 
would not necessarily superimpose on the O’ diagram at 90° to the line t’.) 
Thus we can draw the system O and ©’ in the same diagram, and consider 


the pictures of signals sent from O to O’: 
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bt 


O is sending O' is sending 


At' = KAt At = KAt' 


The diagrams above tell the story. If O sends two signals to O' at a time interval 


At, then O’ will receive them at a time interval K At. The constant K is defined 


by 
A (time received) 
eeennmeneren BIE | . 
A (time sent) 


Here we use the first principle of relativity to deduce that O — O' (O sending 
to O') and O' — O have the same constant K. In fact, K is a function of the 
relative velocity of O and O'. (See [BO]. This is Bondi’s K-calculus.) 

Let’s find the value of K. 


[t2, ti] 
[¢’, t'] 


Consider a point e on O’’s time-line. Then e = [t2,t,] from O’s viewpoint and 
e' = [t', t'] represents the same event from the point of view of O' (just a time, no 
distance). 
Then we have 
ro = Kt, 
ty = Ke’ 
(by relativity and the assumption that O and O! have synchronized clocks at the 


origin). 


Thus t2 = K*t; and we know that 
to —— #4 + HH 
ti =t-2z 
where ¢ and z are the time-space coordinates of e from ©. Thus 
t+r2= K*(t—2) 
=> 14+(2/t) = K?(1—-(z/t)) 
Here 1 + v = K?(1—v) where v is the relative velocity of O and ©’. Thus 


es are pskit 


l—v 


We now use K to determine the general transformation of coordinates: 


The event e is now off O'’s time-line and O sends a signal at t,; that passes ©’ at 
t, (O' measurement), reflects from e, passes 0! at t}, is received by © at t;. Then 


we have (using the same assumptions) 
th = Kt, 
to = Kt!, 
Hence 
[to,t,] = [K~*te, Kt]. 


This is the Lorentz transformation in light-cone coordinates. 
With the help of the velocity formula for K and the identifications 


tg = t+z2 %& = +2’ 
t, = tme ff = 2! 
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it is an easy matter to transform this version of the Lorentz transformation into the 
usual coordinates. I prefer the following slightly more algebraic approach [LK17], 
(LK30]. 

1: Regard [K~!t2, Kt,] as a special case of a product structure given by the 


formula 
[A, B] * [C, D] = [AC, BD]. 
Thus [K~!, K]*[t2,t,] = [K7!t2, Kt,] = [t), t(] so that the Lorentz transformation 
is expressed through this product. I call this the iterant algebra [LK17]. 
2: Rewrite 
[A7', K) =[X+T7,-X +T] 
=T1+ Xo. 


Then 
1+(X/T)o 


V1 —(X/T) 


(T? — X? = KK =13 VT? — X? =1) 
=> T/1—(X/T)? =1 


and v = —(X/T) because 


T+Xo= 


oe l+v 
l-—v 
l-—v 
il, Syphon l+v 
T-X= l+uv 
l-—v 


_ 1+ (X/T) = J(1—v)/(1+v) BS odes 
1 —(X/T) (l1+v)/4—v) I1tv 


Using this iterant algebra, we have © 
1? = [1,1] * [1,1] = [1,1] =1 
o? =o%*o0 =(1,—1]*[1,—-1] =[1,1] =1 


leo =zo*+sl=eo. 
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Thus 
feasts) = LK, ak] [tay ta] 
t 
Pastew (5) ‘ (F5)« 
V1 —v? V1 —v? 
Thus 


t' = (t-—2v)/V1—v? 

z’ = (£-vt)/V1—v? |" 
This is the classical form of the Lorentz transformation with light speed equal to 
unity. 
Remark. We are accustomed to deriving the Lorentz transformation and then 
noting that t’? — 2’? = t? — x? and that the group of Lorentz transformations is 


2 


the group of linear transformations leaving the form t? — x? invariant. Here we 


knew that t)t) = K~1t2Kt, = tt, early on, and hence that 


(t! + 2')(t! — 2") =(t+2)(t—2) 


 t? = 2 Sh 2; 


This digression on relativity connects with our previous discussion of spin 
and angular momentum as follows: The algebra of the Pauli matrices arises 
naturally in relation to the Lorentz group. To see this we must consider 
what we have done so far in the context of a Euclidean space of spatial directions 
and displacements. So let us suppose that spacetime has dimension n + 1 with n 
dimensions of space. Let a9 denote the temporal direction and let 0),02,... ,on 


be a basis of unit spatial directions. Thus we identify 
7, =(1,0, 9)... ,0) 
02 = (0,1,0,. oe , 0) 


On = GOOG, oc ay5d. 


Let o = a101 +202 +...+4n0n denote a Euclidean unit spatial direction so that 
a? +az+...t+a2 =1. 


We are given that 
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ae eee 
2) oF = 1 


by our assumption that tog + zo; (i =1,...,n) and tog + zo represent points 
in spacetime with these given directions. (Any given, spatial direction produces 
a two-dimensional spacetime that must obey the laws we have set out for such 
structures. ) 


Now multiply out the formula for o?: 


a? = (ajo, +... + GnOn)(Q101 +... + Gnon) 


n 
o* = a?a? + ) a;a;0;0; 


i=] tj 7 
n 
= a? + 3 a;a;(o;0; + 0;0;) 
i=1 t<j 
a gs sa a;a;(0;0; + 0;0;). 
1<j 
Since o? = 1 for all choices of (a, a2,... ,a4n) with a?+...+a2 = 1, this calculation 


implies that 


0,0; = —0;0; for: Fj. 
Let’s look at the case of 4-dimensional spacetime, and then we have 
e=togp + 20, + yor + 203. 
If we take 01,02,03 as Pauli matrices then, 


fi 9 fas 743 
a O. ~1 Jarek and ah =~ \1 0 


The spacetime point e = too + ra, + yoo + zo3 is then represented by a 2 x 2 


Hermitian matrix as: 


1 0 11% 0 i a3 
ato a)+#(o 4) +0(S o)*2(2 a) 


ae t+xr twytz 
~ \-ty+z2 t—2 )° 
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Note that the determinant of e is the spacetime metric: 


t+2o ty+z 
—iy+z t-—2z 


Det(e) = t? — 2? — y? — 2?. 


Det(e) = 


This is a (well-known) that leads to a very perspicuous description of the full group 
of Lorentz transformations. 

That is, we wish to consider the construction of linear transformations of 
R‘ = {(t,z,y,z)} that leave the quadratic form t? — x? — y? — z? invariant. Let’s 


use the Hermitian representation, 


tee 

- ae 
where A and B are real numbers, and W is complex, with conjugate W. Let P 
be any complex 2 x 2 matrix with Det(P) = 1. The group of such matrices is 


called SL(2,C). Then (PeP*)* = Pe*P* = PeP*. Hence PeP* is Hermitian. 
Furthermore, 


Det(PeP*) = Det(P)Det(e)Det(P*) 
= Det(P)Det(e)Det(P) 
= Det(e). 


Thus, if £ denotes the group of Lorentz transformations, then we have exhibited 
a2—1map7:SL(2,C)— C. 
This larger group of Lorentz transformations includes our directional trans- 


forms 
[A, B] + [K~1A, KB). 


Let’s see how: 


[A,B] =(T+X,7-X] «| 4 4 
K-A A ee Al o] [aR 


. —1 
Sead A, KB] «»| 0 KB 0 VK||0 B 
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Quaternionic Representation. 

The Pauli matrices and the quaternions are intimately related. In the quater- 
nions we have three independent orthogonal unit vectors 7, j,h with 1? = 72 = h? = 
27k = —1 where the vectors 1,7,7,k form a vector space basis for 4-dimensional 
real space R*. This gives R* the structure of an associative division algebra. The 


translation between Pauli matrices and quaternions arises via: 


: a—b/—1.,ce—dyV—-1)\,../{; Z. W 
at bites +dkes (47 hY TE ivet) = (4% 7 ) 


With this identification, we see that the unit quaternions are isomorphic to 
; a 2 = + 
Z,W complex numbers 

The upshot of this approach is that we can represent spacetime points quater- 

nionically. It is convenient, for this, to change conventions and use 
V—-1T+71X+9Y +kZ =p. 
Then 
pp =(V—-1T +7X +9Y + kZ)(V—-1T —ixX —jY —kZ) 
= —T? 4+X*74Y? +27. 

Note that we are here working in complexified quaternions with ./—1 commuting 
with 2, 7 and k. 

Since pp represents the Lorentz metric, we can represent Lorentz transforma- 


tions quaternionically via | 
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T(p)T(p) = apg(gpg) [gg = 1 
= 9PIGP I 
- gp(V—1t + v)(V—1t —v)pg 


= 9p(—t* + lvl?) g 


=9PpPpg 
= (pp)gG 
. T(p)T(p) = pp. 


We must verify here under what circumstances T(p) is a point in spacetime. 
Note that 
g=t+vV—-lv=t+ v0; + v202 + 303 


and if g? = (t? + v- v) + V—1(2tv) actually represents our Lorentz boost, then 
gpg will perform the boost for p = /—1t +g, q in the direction v. If g L v then 
999 = q. Compare this discussion with the treatment of reflections in the next 


section. 
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10°. Quaternions, Cayley Numbers and the Belt Trick. 

First we will develop the quaternions by reflecting on reflections. Then come 
string tricks, and interlacements among the topological properties of braids and 
strings, and algebras. 

So we begin with the algebra of reflections in R*. Let u € R? be a unit 


vector. By R*® we mean Euclidean three-dimensional space. Thus 


R® = {(z,y,z)|z, y, z real numbers} 


u ps (uy, U2, U3) 
u a unit vector means ||u|| = \/u? + uz +uz =1. 


We have the inner product a:b = a,b, +a9b2+a3b3. Each unit vector u determines 


a plane Mu that is perpendicular to it: 


In order to use Mu as a mirror, that is in order to reflect a vector a with 
respect to it, we first write a = a, + ay where a, is perpendicular to Mu and 


ay is parallel to Mu. Then 
R(a) = aij + ay 


accomplishes the reflection. 


And we also see that 


(since u is a unit vector). Thus 


—— el 


ay =a-—(a-u)u 


and| R(a) = a—2(a-u)u| . This gives a specific formula for reflection in the 


plane perpendicular to the unit vector u. 


We wish to represent reflections by an algebra structure on the 


points of three-space. 


As geometry is translated into algebra the geometric roles (a lit- 
tle geometry in the algebra) become inverted. That which is mirrored in 


geometry becomes a (notational) mirror in algebra. 


In symbols: 


R(X) = uXu. 


Here X (which is acted on by the mirror in geometry) becomes a notational 
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mirror, reflecting u on either side. 


k 


if Standard Basis. 


€ 
# Vv 
We want uXu to be the reflection of X in the plane perpendicular to u. 


= 
j 
i 


Let’s assume that this algebra is associative (i.e. (ab)c = a(bc) for all a,b,c) and 


Therefore: 


kkk 
kjk 
kik 


that non-zero vectors have inverses. Then multiplying kkk = —k by k~! we 
have 
kk = —-1 
k= j 
ik 2. 


Therefore, multiplying the second two equations by k, we have 


jk = —kj 
ik = —ki. 


The same argument can be applied to reflections in the planes perpendicular to 2 
and j. Hence i? = j? = k? = —1, and, in fact, by the same argument u” = —1 for 
any unit vector wu. 

This may seem a bit surprising, since —1 ¢ R*! In fact, we see that for 
this scheme to work, it is necessary to use R* = {(z,y,z,t)} with (0,0,0,—1) 
representing the “scalar” —1. 


What about 77? Is this forced by our scheme? With the given assumptions it 
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is not, however one way to fulfill the conditions is to use: 


ij=k 2 
eas a Y 
Rim 3 

j ee 


the familiar vector-cross-product pattern. This algebra 
Va =k? =itjk=-1 
is Hamilton’s Quaternions. It produces an algebra structure on 
H = R* = {zi+yj +zk+t} that is associative and so that non-zero elements 
have inverses. In fact, writing 
q=t+ir+jytkz 
g=t—ir—jy—kz 
then qf = QqQ=t? +22 + y? + 2?. 
An element of the form ia + 7) + kc € R® is a pure quaternion (analogous 
to a pure imaginary complex number). Let 
A= 1X, + jX2 + kX3 
Then the quaternionic product is given by the formula 


XY = —X1Y, — X2¥Y2 — X33 


Y, X2 X, Xs 
1 aT 35 


“XY =-(X-Y)+(X xY) 


X2 X3| 


a= 2% 


+ j+ 


where X x Y is the vector cross product in R®. 
- Note that, as we have manufactured them, there is a 2-dimensional sphere’s 


worth of pure quaternionic square roots of —1. That is, if U € R® then 
UU =-U-U+UxU 
».U?=-U-U 
“U2? =-le» U-U=1 
U2? =-1le» UES’. 
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Here S? denotes the set of points in R® at unit distance from the origin. 
Any quaternion is of the form a + bu where a,b € R and u € S*. This gives 
H the aspect to a kind of “spun” complex numbers since 
H, = {a+ bula,b € R, u fixed} is isomorphic to C = {a+ bila,b E R, « = V—1}. 
Multiplication within H, is ordinary complex multiplication, but multiplication 
between different H, depends upon the quaternionic multiplication formulas. 
Another important property of quaternionic multiplication is that it is norm- 
preserving. That is, ||gq'|| = ||q|| ||¢’|| where ||q|| = 9g. This is, of course easy to 


see since 


llaq' ll = (99')(aq") 
= (4q')(q' 9) 
= q(q'q')G 
= (99)(¢'7) 


-*s llaq'll = lal lla’. 


Here we have used an easily verified fact: gq’ = q’ 7 and the associativity of the 
multiplication. 

In fact one way of thinking about how the quaternions were produced is that 
we started with the complex numbers C = {a + i} and we tried to add a new 
imaginary j (j? = —1) so that jZ = Zj, (Z = a+ib, Z = a—1b) and so that the 
multiplication was associative. (Then k = ij and k? = (ij)(j) = t(jt)j = 2(27)j = 
i(—i7)j = (2(—7))(j7) = (41)(—-1) ... k? = —1, recovering the quaternions. ) 

That this procedure treads on dangerous ground is illustrated when we try 
to repeat it! Try to add an element J to H so that the new algebra is 
associative, JA = AJ VA€H, and J is invertible. Then 
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J(AB) = J(BA) 
J~*(J(AB)) = J~*(J(BA)) 
(J~*J)(AB) = (J~*J)(BA) 

, AB = BA. 


Since this is to hold for any quaternions A and B and since AB # BA in general 
in H we see that associativity is too much to demand of this extension of 
the quaternions. 

There does exist an algebra structure on eight-dimensional space H + JH 
such that J? = —1, JZ = ZJ, called the Cayley numbers. It is necessarily non- 
associative. How can one determine the Cayley multiplication?? We now initiate 


a Cayley digression. 


Cayley Digression. 

First a little abstract work. Let’s assume that we are working with a normed 
algebra A. We are given Euclidean space R” having a multiplicative structure 
R” x R® | R" and a notion of conjugation Z ++ Z so that Zsa B, (For R itself, 
7 =r.) Assume that the Euclidean norm is given by ||Z|| = ZZ and that the 


multiplication is norm-preserving 
ZW] = 121] WII. 


(This no longer follows from ||Z|| = ZZ since we can’t assume associativity. ) 


Define a bilinear form 
[Z, W] = 5(2W + Zw). 
(We assume that 7+ W =Z+ W also.) And finally assume that the norm on 


the algebra is non-degenerate in the sense that 
[Zi X}. =5,0 WX 
>Z = 0 
Lemma 10.1. 2(Z,W] = ||Z + W|| — ||Z|| — ||WIl- 
Proof. Easy. 
Proposition 10.2. (J. Conway [CON1)). 
(1) [ac, be] = [a, 6][¢] 
(2) [ac, bd] + [ad, bc] = 2[a, b][c, d] 
(3) [ac, 6] = [a, be]. 
Here a,b,c,d are any elements of the algebra A and [a] = ||al|. 
Proof. 
[(a + b)c] = [ac + be] = [ac] + [be] + 2[ac, be] 
! 
[a + 8){c] = ([a] + [4] + 2[a, )) Ic] 
=> [ac, be] = [a, b][c], proving (1). 
To prove (2) replace c by (c + d) in (1): 
[a, b][c + d] = [a(c + d), b(c + d)] = [ac + ad, be + bd] 


[a, b]([e] + Ml + 2[c, d]). 
Continue expanding and collect terms. For (3) note that ¢ = 2[c, 1] —c, 
(2[c,1] —e =(c-1+¢-1)-—c=@) and let d=1 in (2). Then 
[ac, b] = 2{a, b][c, 1] — [a, bc] 
= [a, b(2[c, 1] — c)] 
= [a, be]. 


This completes the proof of the proposition. // 
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Conway’s proposition shows that we can use the properties 


[ab] = [a](6) 
[a, a] = [a] 
[a, b][c] = [ac, bc] 
2[a, b)[c, d] = [ac, bd] + [ad, bc] 
[ac, b] = [a, be] 
({a, bc] = [ae, b], [ac, b] = [c, ab], etc.) 


plus the non-degeneracy 


[Z,t]=([W,t] Via Z=Ww 


to ferret out the particular properties of the multiplication. Just watch! 


(1) f= 
Proof. 
[z, t] _— (1, tz] 
Ss (1 : z, t] 
[2,2] sii [z, t] 
(2) ab=ba 
Proof. 


[ab, t] = [a, t8] 
= [fa, 5] 
.*. [ab, t] = [#, 6 a] 
[ab, t] = [1(ad), t] 
= [1, t(ab)] = ff, ab] 
”. [6,6 a] = [E, ab] 


“ba =ab 


// 


// 
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Now suppose that H is a subalgebra on which [, ] is non-degenerate, and that 
there exists J 1 H (1 means [h,J] =0 Whe H whence hJ + Jh = 0 whence 
(assuming for a moment J =-—J) Jh=hJ. This was our previous extension idea. 


Here it is embodied geometrically as perpendicularity.). We assume [J] = 1. 
Theorem 10.3. Under the above conditions H + JH is a subalgebra of the given 
algebra A, and H 1 JH. Furthermore, if a,b,c,d€ H then 

(a + Jb)(c + Jd) = (ac — db) + J(cb + Gd). 


Remark. If H is H, the quaternions, then this specifies the Cayley multiplication. 


Proof. Note J =2[J,1)-J=-—JsineJ1H (1€ 4H). 


(a, Jb} =[ab,J]=0 Va,beH 
ae es: 2 


Also 


[Ja, Jb] = [J][a, 6] = [a, 8) 


.. JH is isometric to H. 


Claim 1. aJ=Ja VaceH 


Proof. 


[aJ, th LI at] 
= QJ, a][1, t] — [Jt, a] 
([ac, bd] = 2{a, &][c, d] — [ad, be]) 
“.(aJ,t] = —[Jt,a] 
= —[t, J a] 
= {t, Ja 
= [Ja, ¢]. 


Claim 2. (Jb)c = J(cb) 
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Proof. 

[(Jb)c, t] = [Jb, té] 
= [bJ, te] 
= —[b7@,tJ] (as above) 
= [(6 ¢)J,¢] 

“.(Jb)c = (6 @)J 
= J(bz) 

..{Jb)c = Jicd). 


Claim 3. a(Jb) = J(ab) 
Proof. 
[a( Jb), t] = [Jb, at] 
= —[Jt, ab] (by perpendicularity ) 
= [t, J(ab)] 
.. a( Jb) = J(ab). 


Claim 4. (Ja)(Jb) = —ba. 
Proof. 
[(Ja)( Jb), t] = [Jb, (Ja)t] 
= [bJ, (Ja)t] 
= —[bt, (Ja)J] 
as —[(bt)J, Ja] 
ve —[(ot)J, a J) 
se —[bt, a] [J] 
= —{t, ba] 
. (Ja)(Jb) = —ba. 


// 


// 
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This completes the proof. // 
Applying this construction iteratively, beginning with the reals R, we find 
ko Cc — H oH K 
reals complexes quaternions Cayley numbers 


At each stage some element of abstract structure is lost. Order goes on the passage 
from R to C. Commutativity disappears on going from C to H. The Cayley 
numbers K lose associativity. Finally, the process of the theorem, when applied 
to K itself simply collapses. Thus R C C CH C K are the only non-degenerate 
normed algebras. (This was originally proved in [HU)]). 

The situation is deeper than that. One can ask for division algebra (not 
necessarily normed) structures on Euclidean spaces, and again the only dimensions 
are 1, 2, 4 and 8. But now the result requires deep algebraic topology (see [Al] 


for an account). 


Exercise. 


t| 
WA 
BALK 


6 YA 


Show that there is a basis for K, {1,e1, €2, €3, €4, €5,€6,€7}, with 


2 
€; = —l 
exe; = —e€;e; t#J 


AA ON ill od ry 7 
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€1€2 = &4 €2€3 = &€5 €3€4 = &6 e 
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(indices modulo 7) 
This ends our digression into the Cayley numbers. 
Rotations and Reflections. 


So far we have used the quaternions to represent reflections. If R, : R* — R? 
is the reflection in the plane perpendicular to the unit vector u € S?, then 
R(p) = R,(p) = upu 
is the quaternion formula for the reflection. 
We have verified this for the frame {i, j,k}. To see it in general, let {u,, 2, u3} 


be a right-handed frame of orthogonal unit vectors in R?. Then we know (using 


uj; tu; =O"? £3, uf uj = 1, uy X Bo = Be eee) wee ee = US = Gs = 


U,U2U3 = —1 as quaternions. Hence the formula will hold in any frame, hence 
for any unit vector wu. 


Recall that we also know that the reflection is given by the direct formula 
R(p) = p— 2(u-p)u, 
as shown at the beginning of this section. Therefore 
p—2(u-p)u = upu 
=(-u-p+ux pu 
=—(u-p)u-(uxp)-u+(uxp)xu 
“.p—2(u-p)u=—(u-p)ju+(uxp)xu 


“| p—(u-p)u=(uxp) xu. 


This is a “proof by reflection” of this well-known formula about the triple vector 


product. 


Remark. It is important to note that the vector cross product is a non-associative 


multiplication. Thus 
ix(ix sj) sex be ay 
Gxi)xj=Qx ya, 
The associativity of the quaternion algebra gives rise to specific relations about 


vector cross products. 
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We now turn from reflections to rotations. Every rotation of three di- 
mensional space is the resultant of two reflections. If the planes M,, M2 
make an angle 6 with each other, then the rotation resulting from the composition 
of reflecting in M, and then in Mg is a rotation of angle 20 about the axis of 


intersection of the two planes. View Figure 10.1. 


R,R,(p) = T(p) 


(FE 


A, Rife) 


T = R2R, is rotation about a by 26 
Figure 10.1 


Now let’s examine the algebra of the product of two reflections. Let u,v € S a 
Then the vector u x v is the axis of intersection of the planes M,, My of vectors 
perpendicular to u and to v respectively. Thus we expect Rvo Ru = T to bea 
rotation about u x v with angle 26 for 9 = (angle between u and v) = arccos(u-v). 


And we have 
T(p) = Ru(Rv(p)) 
= u(vpv)u 
T(p) = (uv)p(vu). 
Let g = uv = —(u-v)+uxv and note that vu = —(v-u)+uxu= +i =G=g"". 
Thus T(p) = gpg = gpg~* where 
g = —cos(6) — sin(@)w, 
w =(u xX v)/|lu x v||. The global minus sign is extraneous since 
gpg = (—9)p(-9)- 


Hence 
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Proposition 10.4. Let g = (cos @) + (sin@)u where u € S? is a unit quaternion. 
Then T(p) = gpg~* = gpg defines a mapping T : R*  R? (R? is the set of pure 
quaternions), and T is a rotation with axis u and angle of rotation about 
u equal to 26, 

Put a bit more abstractly, we have shown that there is a 2 to 1 mapping 
a: S° —+ SO(3) given by 7(g)(p) = gpg-!. Here S® represents the set of all unit 


length quaternions in H = R*. This is the three-dimensional sphere 
S* = {ait bj +ck+tla? +0? 4c? 42? = 1}. 


Any element of S* can be represented as g = e”® = (cos @)+(sin @)u with u € S$? C 
R*. Since ||¢q'|| = |lq|| ||¢'|| for any quaternions gq, q’ € H, we see that S° is closed 
under multiplication. Hence S* is a group. This is the Lie group structure on S?. 
SO(3) is the group of orientation preserving orthogonal linear transformations of 
R®* — hence the group of rotations of R?. 

The mapping z : S* + SO(3) is 2 — 1 since m(g) = 2(—g). We conclude 
that, topologically, SO(3) is the result of identifying antipodal points in 
S*. In topologists parlance this says that SO(3) is homeomorphic to RP? = the 
real projective three space = the space of lines through the origin in R* & the 


three dimensional sphere S* modulo antipodal identifications. 


Remark. In general, RP” is the space of lines in R"*! (through the origin) and 
there is a double covering 7: S$" + RP”. Historically, the term projective space 
comes from projective geometry. Thus RP? = S?/ (antipodal identifications) is 
homeomorphic to a disk D? whose boundary points are antipodally iden- 
tified. 
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Figure 10.2 


This is a strange space, but arises naturally in projective geometry as the 
completion of a plane by adding a circle of points at infinity so that 
travel outward along any ray through the origin will go through oo and return 


along the negative ray. 


from co 


Exercise. Show directly that SO(3) & D?/~ where D® represents a three- 
dimensional ball, and ~ denotes antipodal identification of boundary points. [HINT: 
Let D® have radius 7. Associate to v € D® a rotation (right-handed) about v of 


|| v || radians.] 


Let’s return for a moment to the projective plane RP’. This is a closed 
surface, like the surface of a sphere or of a torus, but (it can be proved) there is 


no way to embed this surface into three dimensional space without introducing 
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singularities. If we start to sew the boundary of a disk to itself by antipodal 


identifications, some of the difficulties show themselves: 


Begin the process by identifying two intervals results in a Mdbius strip M as 
above. In the projective plane, if you go through infinity and come back, you 
come back with a twist! In projective three-space, the same process will turn your 
handedness. This consideration is probably the origin of the Mébius band. The 
Mobius band is a creature captured from infinity, and brought to live in bounded 
space. 

To complete M to RP?, all you must do is sew a disk along its boundary 
circle to the single boundary component of the Mébius M. (Figure 10.3). 


D* M 


Instructions for producing RP* 
Figure 10.3 


This description, RP* = M U D?, gives us a very good picture of the topology of 
RP?®. In particular it lets us spot a loop a on RP? that can’t be contracted, but 
a’? = “the result of going around on a twice” is contractible. The loop a is the 
core of the band M. a? is the boundary of M (you go around M twice when 
traversing the boundary). The curve a? is contractible, because it is identified 
with the boundary of the sewing disk D?. (a is a generator of m™(RP?) and 
™ (RP?) & Z,.) 
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The same effect happens in RP*, and hence in SO(3). There is a loop a 
on SO(3) that is not contractible, but a” is contractible. This loop can be 
taken to be a(t) = r(2zmt, n) where r(6, 7) is a rotation by angle @ about the axis 
n (call it the north pole). Note that each a(t) is a rotation and that a(0) = a(1)= 
identity. 

Given this loop a of rotations we can examine its geometry and topology by 
creating an image of the action of a(t) as ¢ ranges from 0 to 1. To accomplish 


this, let & : S? x [0,1] — S? x [0,1] be defined by 
a(p, t) = (a(t)p, t). 


If you visualize S? x (0, 1] as a 3-dimensional annulus with a large 5 2 (2-dimensional 
sphere) on the outside, and a smaller S? on the inside (See Figure 10.4.) then I 


can illustrate 


Figure 10.4 


the action of & : S? x [0,1] — S? x [0,1] by considering the image of a band 
BC S?x(0,1] so that B = A x (0, 1] where A is an arc on S? passing through the 
north pole. Since a(t) is a rotation about the north pole by 2zt, this band receives 
a 2m twist under &. And the fact that a? can be deformed to the identity map 
implies that &?(B)(= band with 47-twist) can be deformed in S* x I, keeping 
the ends of the band fixed, so that all twist is removed from the band. 
This is a “theoretical prediction” based on the topological structure of SO(3). 


In fact our prediction can be “experimentally verified” as shown in Figure 10.5. 
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This is known to topologists as the belt trick and to physicists as the Dirac 


string trick. 


(relax) (slide over) 


(slide under) (ti ghten) 


(tighten) 


Figure 10.5 


Another way of putting the string trick is this. Imagine a sphere suspended 
in the middle of a room attached by many strings to the floor, ceiling and walls. 
Turning the ball by 27 will entangle the strings, and turning it by 47 will ap- 
parently entangle them further. However with the 4m turn, all the strings can 
be disentangled without removing their moorings on the walls or the sphere, and 
without moving the sphere! 

A particle with spin is something like this ball attached to its surroundings 
by string. It’s amplitude changes under a 27 rotation, and is restored under the 


4x rotation. Compare with Feynman [FE]1]. 
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It is interesting to note that the structure of the quaternion group 
P=pa=k? =ik=-1 
can be visualized by adding strings to a disk-representation of the Klein 4-group 


PSP=_K?=1, [J=JI=K. 


To see this let’s take a disk 


() — one side smile , 
ak 
rotate 7 


and one side frown. Let J denote a rotation of 7 about an axis perpendicular to 


this page. Let J be a z rotation about a horizontal axis and K a 7 rotation about 


a vertical axis. 


Gr —Gs K 


Then, applying these operations to the disk we have 


() 4, 


&) 


tw 


Lx 
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and it is easy to see that J? = J? = K? = 1, IJ = JI= K in the sense that these 


equalities mean identical results for the disk. 


If we now add strings to the disk, creating a puppet, then a 27 rotation leaves 
tangled strings. Let 7,7,k denote the same spatial rotations as applied to our 
puppet. 


g~@€ 
| one 
— 

@ 


Figure 10.6 


As we see, k? is no longer 1 since there is a 27 twist on the strings. The same 
goes for i, 2. Thus we may identify a (+27) twist on the strings as —1 and set 
i? = j* = k? = —1 since by thebelt trick (i7)? =)? = (k*)? = 1. 

If a +27 twist is —1, then we can also identify a + twist with +/—1! And 
this is being done with all three entities i,j,k. Note that 7 = —1, 7 = —j, k = —k 
are all obtained either by reversing the rotation, switching crossings, or adding a 


+27 twist on the strings. 


The other quaternion relations are present as well: 
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Thus the puppet actually reproduces the quaternion relations. In its way this 
diagrammatic situation is analogous to our diagram algebra where a different 
string trick produces the relations in the Temperley-Lieb algebra. 

Another comment about possible extensions of the string trick arises in con- 
nection with the Cayley numbers. As we have seen, the Cayley multiplicative 
structure is given by starting with 7,j7,k,-1 and adding J so that Jz = ZJ, 


J? = —1. Is there a string trick interpretation of the Cayley numbers? 


Return to Proposition 10.4. 

Let’s return to Proposition 10.4. This shows how to represent rotations of 
R? = {rit+yj+zk|zx, y,z real} via quaternions. For g = e”? = (cos @)+(sin@)u, ua 
unit length quaternion in R?, the mapping T : R® > R*, T(p) = gpg, is a rotation 
about the axis u by 20. One of the charms of this representation is that it lets us 


compute the axis and rotation angle of the composite of two rotations. For, given 
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two rotations g = e”® and g' = e*®. Then Ty (Ty(p)) = 9'gpg9' = (g9'9)p(9'9). 
Thus Ty 0 T, = Tyg. 
This means that if g'g is rewritten into the form e“ ® then wu” will be the 


axis of the composite, and 20” will be the angle of rotation. For example, 


corresponds to a 7/2 rotation about the j-axis. Thus 


en (Te® i) (+3 x) 


= 51+ 5148) 
= S(t j+h-+ ik) 


A : ‘ 
= 5(1t+s +k +t) 

joule mbraci's ties 
od at 9 V3 


g'g= e((itit+k)/V3)x/3_ 


Hence the composite of two 7/2 rotations about the orthogonal axes j and k 
is a rotation of 27/3 around the diagonal axis. Figure 10.7 illustrates this directly 
via a drawing of a rotated cube. 

This ends our chapter on the quaternions, Cayley numbers and knot and 
string interpretations. We showed how these structures arise naturally via looking 
for a model of the algebraic structure of reflections in space. In this model, the 
geometry is mirrored in the algebra: the geometric point being mirrored becomes 


notational mirror for the representation of the mirror plane: R(p) = upu, u a unit 
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vector perpendicular to the mirror plane. 


E 


Figure 10.7 


Epilog. This chapter has been a long excursion, from reflections to normed alge- 
bras, quaternions, string tricks and back to reflections. We have touched upon the 
quaternions and their role in spin and special relativity (section 9° Part II). The 
role of the Cayley numbers in physics is an open question, but the quaternions, 
invented long before relativity, make a perfect fit with relativity, electromagnetism 


and the mathematics of spin. 


Exercise. [SI]. Let D = J/-1z + V where V = ine + 3% + k2. Here 7,7,k 
generate the quaternions, and \/—1 is an extra root of —1 that commutes with 2, 
j and k. Let pb = H++/—1E where E = E,t+ £,j+£.k, H = H,1+H,j + Hk 
are fields on R®. (i) Show that the equation Dy = 0, interpreted in complexified 
quaternions is identical to the vacuum Maxwell equations. (ii) Determine the non- 


vacuum form of Maxwell’s equations in this language. (iii) Prove the relativistic 
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invariance of the Maxwell equations by using the quaternions. (iv) Investigate 
the nonlinear field equations ([HAY], [STEW]) Dp = 5p /—1y* where y* = 
H—J-1E. (v) Let K = K, +./—1K? bea constant where K, and K> are linear 


combinations of 7,7 and k. Show that the equation Dy = Ky is equivalent to the 
Dirac equation [DIR]. 


D=i2- +V 
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11°. The Quaternion Demonstrator. 

As we have discussed in section 10° of Part II, The Dirac String Trick ([FE1], 
[BAT]) illustrates an elusive physical/mathematical property of the spin of an 
electron. An observer who travels around an electron (in a proverbial thought 
experiment ) will find that the wave function of the electron has switched its phase 
for each full turn of the observer. See [AH] for a discussion of this effect. Here we 
repeat a bit of the lore of section 10°, and continue on to an application of the 
string trick as a quaternion demonstrator. 

It is a fact of life in quantum mechanics that a rotation of 27 does not bring 
you back to where you started. Nevertheless, in the case of the spin of the electron 
(more generally for spin 1/2), a 4x rotation does return the observer to the original 
state. These facts, understandable in terms of the need for unitary representations 
of rotations of three space to the space of wave functions, seem very mysterious 
when stated directly in the language of motions in three dimensional space. 

In order to visualize these matters, Dirac found a simple demonstration of a 
topological analog of this phenomenon using only strings, or a belt. As the Belt 
Trick this device is well-known to generations of topologists. In fact, a closely 
related motion, the Plate Trick (or Philippine Wine Dance) has been known for 
hundreds of years. (See [BE], p.122.) 

Note that the trick shows that a 4m twist in the belt can be removed by 
a topological ambient isotopy that leaves the ends of the belt fixed. We have 
illustrated the fixity of the ends of the belt by attaching them to two spheres. The 
belt moves in the complement of the spheres. This trick is easy to perform with a 
real belt, using an accomplice to hold one end, and one’s own two hands to hold 
the other end as the belt is passed around one end. 

It is also well-known that the belt trick illustrates the fact that the funda- 
mental group of the space of orientation preserving rotations of three dimensional 
space (SO(3)) has order two. This is, in turn, equivalent to the fact that SO(3) 
is double covered by the unit quaternions, SU (2). 

It is the purpose of this section to explore the belt trick and the group SU(2). 
I will show how a natural generalization of the belt trick gives rise to a topologi- 


cal/mechanical model for the quaternion group, and how subgroups of SU(2) are 
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visualized by attaching a belt to an object in three space. This generalizes the 
belt trick to a theorem, (the Belt Theorem - see below) about symmetry and 
SU(2). The Belt Theorem is a new result. 

Finally, we show how to make a computer graphics model of the belt trick. 
This model is actually a direct visualization of the homotopy of the generator of 
m1(.SO(3)) with its inverse. 


The Quaternion Demonstrator. 


In order to create a mechanical/topological demonstration of the quaternion 


group, follow these instructions. 


1. Obtain a cardboard box, a small square of cardboard and a strip of paper 


about a foot long and an inch wide. 


2. Tape one end of the strip to the cardboard box, and tape the other end of 
the strip to the square of cardboard. 


Your demonstrator should appear as shown below. 


cavdboard 


+ i = SZueve 


Before we construct the quaternions it is useful to do the belt trick and then 
to construct a square root of minus one. After a few square roots of minus one 
have appeared (one for each principal direction in space), we shall find that the 


quaternions have been created. 


Belt Trick. 

To demonstrate the belt trick, set the cardboard box of the demonstrator on 
a table, pick up the card, and begin with an untwisted belt (The paper strip shall 
be called the belt.). Twist the card by 720 degrees, and demonstrate the belt trick 


as we did in Section 10°. 
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Minus One. 

Since the belt trick disappears a twist of 720 degrees, it follows that a twist 
of 180 degrees is the analog of the square root of minus one. Four 
applications of the 180 degree twist bring you back to the beginning (with a little 
help from topology). If this is so, then a twist of 360 degrees must be the 
analog of minus one. Of course you may ask of the 360 degree twist - which 
one, right or left? But the belt trick shows that there is only one 360 degree 


twist. The left and right hand versions can be deformed into one another. 


The presence of a 360 degree twist on the belt indicates multiplication 


by minus one. 


Many Square Roots of Minus One. 

There are many square roots of minus one. Just rotate the card around any 
axis by 180 degrees. Doing this four times will induce the belt trick and take you 
back to start. In particular, consider the rotations about three perpendicular axes 


as shown below. 


The Quaternions. 


Having labelled these three basic roots of minus one 2,7, k we find that 
=f? =k* =ijk = -1. 


These are the defining relations for the quaternion group. 


2 ) 
> od = 1 


Tes “oN 
te x @- 1 
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Thus we have made the promised construction of a simple mechanical demon- 


strator of the quaternions. 


The Belt Theorem. 

The demonstrator is a special case of a more general result. 

Let G be any subgroup of SO(3). Regard SU(2) as the set of unit quaternions: 
a+bhi+cj+dk with a,b,c,d real and a? + 6? +c? +. d* =1. 

Let p : S* = SU(2) — SO(3) be the two fold homomorphism defined by 
P(g)(v) = gv 
of quaternions of the form az + bj + ck with a, b,c real numbers. 


where v is a point in Euclidean three space — regarded as the set 


Then the preimage G = p~1(G) is a subgroup of SU(2) that has twice as 
many elements as G. G is called the double group of G. For example, the 
double group of the Klein Four Group, K, (i.e. the group of symmetries of a 
rectangle in three space) is the quaternion group, H, generated by 2, 7 and k in 
SU(2). 

We have seen that the quaternions arise from the Klein Four Group, by attach- 
ing a band to the rectangle whose symmetries generate K. With this attachment, 
the rotations all double in value (27 is non-trivial and of order two), and the result- 
ing group of rotations coupled with the sign indicated on the band is isomorphic 


with the quaternions H. 


The Belt Theorem. Let A be an object embedded in three space, and let G(A) 
denote the subgroup of SO(3) of rotations that preserve A. 

G(A) = {s in SO(3)|s(A) = A}. Then the double group G(A) C SU(2) is realized 
by attaching a band to A and following the prescription described above. That is, 
we perform a rotation on A and catalog the state of the band topologically. Two 
rotations of A are “equivalent if they are identical on A, and they produce the 
same state on the band. Then the set of ~ equivalence classes of rotations 


of A is isomorphic to the double group G(A). 


Proof of Belt Theorem. Let 2 : SU(2) — SO(3) be the covering homomor- 
phism as described in Part II, section 10°. Given an element g € Gcsu (2) where 
G is the symmetry group of an object O C R?, let g = 7(g) and let 6B denote the 
band that is attached to O. We assume that the other end of £ is “attached to 
infinity” for the purpose of this discussion. That is, O is equipped with an infinite 


band with one end attached to O. Twisting O sends some curling onto the band. 
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Each position of O in space curls the band, but by the belt trick we may compare 
2x and 47 rotations of O and find that they differ by a 27 twist in the band “at 
infinity”. That is, we can make the local configurations of (O, 8) the same for 
g and g followed by 27, but the stationary part of the band some distance away 


from O will have an extra twist in the second case. 


versus 


As a result, we get a doubling of the set of spatial configurations of O to the set 
of configurations of (O, 8). If S is the original set of configurations, let S be the 
set of configurations for (O, 2). Then S is in 1-1 correspondence with G, hence S 
is in 1-1 correspondence with G. It is easy to see that the latter correspondence 


is an isomorphism of groups. // 


Programming the Belt Trick. 

The program illustrates a belt that stretches between two concentric spheres 
in three dimensional space. A belt will be drawn that is the image under rotations 
of an untwisted belt that originally stretches from the north pole of the larger 
sphere to the north pole of the smaller sphere. 

Call this belt the original belt. Upon choosing an axis of rotation, the 
program draws a belt that is obtained from the original belt via rotation by 27t 
around the axis of the t-shell. The t-shell (with 0 < t < 1) is a sphere concentric 
to the two boundary spheres at t = 0 and t = 1. Thus, at the top (t = 0), the 
belt is unmoved. It then rotates around the axis and is unmoved at the bottom 
(¢ = 1) — the inner concentric sphere. 


For each choice of axis we get one image belt. The axis with u; = 0, u2 = 1, 
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u3 = 0 gives a belt with a right-handed 27 twist. As we turn the axis through 7 
in the u; — u2 plane, the belt undergoes a deformation that moves it around the 
inner sphere and finally returns it to its original position with a reversed twist of 
27. | 

The set of pictures of the deformation (stereo pairs after the program listing) 
were obtained by running the program for just such a set of axes. The program 
itself uses the quaternions to accomplish the rotation. Thus we are using the 


quaternions to illustrate themselves! 


10 PRINT“DIRAC STRING TRICK!” 
15 PRINT“COPYRIGHT(1989)L.H.KAUFFMAN - KNOTS INC.” 
20 PRINT“INPUT AXIS U1i+U2j+U3k” 
25 PI=3.141592653886 
27 U1=0:U2=1:U3=0:‘DEFAULT AXIS 
30 INPUT“U1”;U1:INPUT“U2”:U2:INPUT“U3”;U3 
40 U=SQR(U1*U14+U2*U2+U3*U3) 
50 U1=U1/U:U2=U2/U:U3=U3/U 
60 PRINT“THE TWISTED BELT!”:CLS 
65 ‘SOME CIRCLES 
70 FOR I=0 to 100 
75 A=COS(2*PI*1/100):B=SIN(2*PI*1/100) 
80 PSET(120+100*A ,125-100*B) 
90 PSET(120+20*A ,125-20*B) 
95 PSET(370+100*A ,125-100*B) 
97 PSET(370+20*A ,125-20*B) 
100 NEXT I 
105 ‘DRAW BELT 
110 FOR I=0 TO 50 
120 FOR J=0 TO 20 
130 X = -104J 
140 R = 100-I*(8/5) 
150 Y+SQR(R*R-X*X) 
160 Z=0 
170 P1l=X:P2=Y:P3=Z 
180 IF I=0 OR I=50 THEN 210 
190 TH=(PI/50)*1 
200 GOSUB 2000:K=Y:Y=Z:Z=W 
210 PSET(120+X,125-Y) 
215 PSET(370+X+.2*Z,125-Y) 
220 NEXT J 
230 NEXT I 
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235 A$=INKEY$:IF A$=”” THEN 235 
237 GOTO 10 
240 END 
1000 ‘THE QUATERNION SUBROUTINE! 
1020 ‘INPUT A+Bi+Cj+Dk 
1040 ‘INPUT E+Fi+Gj+Hk 
1060 X=A*E-B*F-C*G-D*H 
1070 Y=B*E+A*F-D*G+C*H 
1080 Z=C*E+D*F+A*G-B*H 
1090 W=D*E-C*F+B*G+A*H 
1100 RETURN 
2000 ‘ROTATION ROUTINE 
2020 ‘INPUT AXIS U1i+U2j+U3k 
2030 ‘INPUT ANGLE TH=(1/2)rotation angle 
2040 ‘INPUT POINT P1i+P2j+P3k 
2050 P=COS(TH):Q=SIN(TH) 
2060 A=P:B=Q*U1:C=Q*U2:D=Q*U3 
2070 E=0:F=P1:G=P2:H=P3 
2080 GOSUB 1000:‘QMULT 
2090 E=P:F=-B:G=-C:H=-D 
2100 A=X:B=Y:C=Z:D=W 
2110 GOSUB 1000:‘QMULT 
2120 RETURN 


The Quaternionic Arm. 

In an extraordinary conversation about quaternions, quantum mechanics, 
quantum psychology [O], quantum logic and the martial art Wing Chun, the 
author and Eddie Oshins discovered that the basic principle of the quaternion 
demonstrator can be done with only a single human arm. Hold your (right) arm 
directly outward perpendicular to your body with the palm up. Turn your arm 
by 180 degrees. This is 7. Now bend your elbow until your hand points to your 
body. This is 7. Now push your hand out in a stroke that first moves your palm 
downward - until your arm is once again fully extended from your body with your 
palm up. This is k. The entire movement produces an arm that is twisted by 360 


degrees. Whence 17k = —1. 
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12°. The Penrose Theory of Spin Networks. 


We begin with a quote from the introduction to the paper “Combinatorial _ 
Quantum Theory and Quantized Directions” [PEN4] by Roger Penrose. For the 


references to spin nets see [HW]. 


“According to conventional quantum theory, angular momentum can take 
only integral values (measured in units of #/2) and the (probabilistic) rules 
for combining angular moments are of combinatorial nature. ... In the 
limit of large angular momenta, we may ... expect that the quantum rules 
for angular momentum will determine the geometry of directions in space. 
We may imagine these directions to be determined by a number of spinning 
bodies. The angles between their axes can then be defined in terms of the 
probabilities that their total angular momentua (i.e. their “spins”) will be 
increased or decreased when, say, an electron is thrown from one body to 
another. In this way the geometry of directions may be built up, and the 
problem is then to see whether the geometry so obtained agrees with what 


we know of the geometry of space and time.” 


The Penrose spin networks are designed to facilitate calculations about angu- 
lar momentum and SL(2). Perhaps the most direct route into this formalism 1s 
to give part of the group-theoretic motivation, then set up the formal structure. 

Recall that a spinor is a vector in two complex variables, denoted by pa 
(A = 1,2). Elements U € SL(2) act on spinors via 


(Up)4 =) UBY”. 


B 
Defining the conjugate spinor by 
* = eany? 
(€4p is the standard epsilon: €;2 = 1 = —€21, €11 = €22 = 0. Einstein summation 


convention is operative throughout.), we have the natural SL(2) invariant inner 


product 
wp" = peasy”. 
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In order to diagram this inner product, let 
4 
Then it is nnbeenl to lower the index via 
vbw B 


so that 
pp* «» 


with the cap Fe representing the epsilon matrix €,p. 
Unfortunately (perhaps fortunately!) this notation is not topologically invari- 


ant since if QD «» €4BR and U «» 48 then ra 


Cc 
B «» Egger? = —55 «» — 


A A 


where 55 denotes the Kronecker delta. We remedy this situation by replacing 


A B «» V—1l€AB 
CD ww /-ie”? 


the epsilons by their multiples by the square root of —1. 
This gives a topologically invariant diagrammatic theory, but translations are 
required in carrying $L(2)-invariant tensors into the new framework. For example, 


the new loop value is 
a{}e = (vV-1)P + (-v-1)? = -2, 


whence the name negative dimensional tensors. 
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Even with this convention, we still need to add minus signs for each crossing 


in order to have 


d 
= —€,q6,5, = —€ba = Eab 


a 0d 


= f° 


a b 
Tam oS —§35° by definition. With these conventions, we have the basic 
d 


c 
binor identity: 
x + V+) (= 0. 
(\ 


ab .> ab 

% + DQ + ) (, 

= — 6552 + €*€ca(V/—1)? + 5264 

= (6268 — 6488) — eo 

= | // 


As aficionados of the bracket (Part I) we recognize the possibility of a topological 


xX 4 +47) ( 
G) — os 


but this is postponed to the next section. 


Proof. 


generalization via 


The next important spin network ingredient is the antisymmetrizer. This 


is a diagram sum associated to a bundle of lines, and it is denoted by 


where N denotes the number of lines. The antisymmetrizer is defined by the 


= >> sgn(c) 


cESNn 


formula 


objects), and the o in the box denotes the diagrammatic representati f thi 


ae =||-X 
Hen Pxenars] 
ae = 2)(+ A 
tte =|||-XI-IX-Ke XK 
=|l|+ RPI + [Xt 
+ A +¥l+lh sil 
+ +Ul4]A Ill 
= 543 4|43|q tat Cn AS 
= 5|I|+3%]43| At Ar Y 
TH+ [R= ”] 
din = || 4 ole [neat “A, 


ad; 


These antisymmetrizers are the basic ingredients for making spin network calcu- 
lations of Clebsch-Gordon coefficients, 37 and 6j symbols, and other apparatus of 


angular momentum. In this framework, the 3-vertex is defined as follows: 


Here a, b, c are positive integers satisfying the condition that the equations 
i+j=a,it+k=b,j+k=c can be solved in non-negative integers. Think of 
‘spins being apportioned in this way in interactions along the lines. This vertex 
gives the spin-network analog of the quantum mechanics of particles of spins b and 
c interacting to produce spin a. 


Formally, the 6j symbols are defined in terms of the re-coupling formula 


b ° 7 pe 3 
2D prt, d 


To obtain a formula for these recoupling coefficients, one can proceed diagram- 


matically as follows. 


The final formula determines the 67 symbol in terms of spin network evaluations 
of some small nets. 
This formulation should make clear what we mean by a spin network. It is 


a graph with trivalent vertices and spin assignments on the lines so that each 3- 
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vertex is admissible. Each vertex comes equipped with a specific cyclic ordering 
and is embedded in the plane to respect this ordering. A network with no free 
ends is evaluated just like the bracket except that each antisymmetrizer connotes 


a large sum of different connections. For example, 


and this expands into (2!)(3!)? = 72 local configurations. The rule for expanding 
the antisymmetrizers takes care of the signs. Each closed loop in a given network 


receives the value (—2). Thus for 


3 


the state 


contributes (—1)4(—2)? since the total permutation sign is (—1)* (from four cross- 
ings) and the two loops each contribute (—2). 
A standard spin network convention is to ignore self-crossings of the trivalent 


graph. Then the norm, ||G||, of a closed spin network G is given by the formula 


I = S(-)*(-2) 4 
Co 
where o runs over all states in the sense (of replacing the bars of the antisymmetriz- 
ers by specific connections), and x(a) is the total number of crossings (within the 


bars) in the state. ||c|| is the number of closed loops. 
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Just as with the bracket, we can also evaluate by using the binor expansion 


X=- va -)( . Thus 


—s 
__9 ee ee 
wi Q --9-) - 6-2? — (-2) = =8 4-9 = -2. 


Note also, that the antisymmetrizers naturally satisfy the formula 


£ + 


The Spin-Geometry Theorem. 


Penrose takes the formalism of the spin networks as a possible combinatorial 
basis for spacetime, and proceeds as follows [PEN4]: “Consider a situation in which 
a portion of the universe is represented by a network having among its free 
ends, one numbered m and one numbered n. Suppose the particles or structures 


represented by these two ends combine together to form a new structure. 


We wish to know, for any allowable p, what is the probability that the angular 


momentum number of this new structure be p.” Penrose takes this probability to 


—nnatiaeall “ee 
“Teal Ad 


where the norm of a network with free ends is the norm of two copies of that net 


plugged into one another. (analog of p*). 
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“Consider now the situation below involving two bodies with large angular 


momenta M and N. 


We define the angle between the axes of the bodies in terms of relative probability 
of occurrence of N +1 and N —1 respectively, in the “experiment” shown above. 
... To eliminate the possibility that part of the probability be due to ignorance, 


we envisage a repetition of the experiment as shown below. 


If the probability given in the second experiment is essentially unaffected by the 
result of the first experiment then we say that the angle 9 between the axes of the 
bodies is well-defined and is determined by this probability. It then turns out that 


and from this ... it is possible to show that the angles obtained in this 
way satisfy the same laws as do angles in a three-dimensional Euclidean 


space.” This is the Spin-Geometry Theorem. 


Calculating Vector Coupling Coefficients. 

Here I show how to translate a standard problem about angular momenta 
into the spin network language. Let J,, J2, J3 be the standard generators for the 
Lie algebra of SU(2) (compare section 9°, Part II). 
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Let Jy = J; tidz = (9 4) and JL = Jy —idg = (°°) be the raising and lowering 
operators, so that for u = (>) andd= (;) we have Jgu = (4)u, Jgd = (—})d and 
J,d=u, Jzu=0, Ju=d, J.d=0. Let u and d be diagramed via 


Fi, an & 


Let te denote symmetrization. Thus 4¥= || +X . Then, letting 


J=(J@1@1®...@1)+(1@J@1®...)+..., 


we let tit 
V(k, 2) = 4-4 *#es 9 + ea, 
k 4 


and get 
Iy(V(k,é)) = (=5*) V(k,£) 


in the corresponding tensor product. This yields an irreducible representation of 
st(2) with eigenvalues {—m/2,... ,m/2} and m = (k + £)/2. We write 


jm) _ foe ¢ee 
lim) = poy te 


with m = 5*, 7 =  . Then J3|jm) = ml|jm), and the raising and lowering 
operators move these guys around. 
We wish to compute the vector coupling coefficient, or Wigner coefficient 


giving the amplitude for three spins to combine to zero. This is denoted 


by 
Jeusiaic ds 
Mm, M2 mMm3{|- 
In order to compute this amplitude, we form the product state 


l71™1)|j2m2)|j3m3) and apply antisymmetrizers to reduce it to a scalar. 


Question. Why do we apply epsilons (i = €,p) (i.e. antisymmetrizers) to reduce 
a 


these tensors to scalars? 
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Answer. To combine to zero involves spin conservation. Thus the possibilities 


. Fi 
1 
T(time’s arrow) + 9 * 


And remember, the difference between these two is the difference in phase of the 


and — 


| 
bo] = 
Dol Re 


wave function. Thus this change in sign 


— 
ab ba 


corresponds to the change in phase when you walk around a spin (3) particle 
(Compare with sections 9°, 10° and 11° of Part II.). 
The diagram representing the structure of three spins of total spin zero is as 


shown below 


We wish to compute the contraction 


Wr = e- Sx)/2 


K=1,2,3 
sniaaenane ——: 
mm, mg mg 


In order to translate this into a spin network, we replace I] by /—1 U = U and 
II by “—1 II = N, and symmetrizers become anti-symmetrizers (by the 
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convention of minus signs for crossings). Thus 


the spin net 
4, = TtSk 
pla 


K 21,2, 3 


See [HW] for a discussion of combinatorial techniques of evaluation. 


The Chromatic Method. 
Here is a summary of Moussouris’ chromatic method of spin net evaluation. 


Recall that we have defined the norm ||G|| of a closed network to be 


Gl] = S> sen(o )(—2)!7! 


as 


Co 


where o is a “state” of the network consisting in specific choices for each anti- 
symmetrizer. Let sgn(o) denote the product of the permutation signs induced at 


each antisymmetrizer, and ||a|| denote the number of loops in a. For example, 


|) |-\O-O-O-9- 9-H 


= (—2)* — (-2)? — (-2)? + (-2) + (-2) - (-2) 
=-8-—4-—-4-2-2-4 
= —24. 
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Note that in this language, we can think of the network and its state expansion 
as synonymous. 


In order to facilitate computations it is convenient to define a polynomial 


Pg(6) as follows 
Pi(6)= (= sen(o st") / Tle! 


where Ile ! denotes the product of the factorial of the multiplicities assigned to the 
edges of G. Now note that in these strand nets the edges enter antisymmetrizer 


bars in a pattern 


where a, b, c, d denote the multiplicities of the lines. The term IIe! denotes the 
product of factorials of these multiplicities. Of course the standard spin network 
norm occurs for 6 = —2. 

If 6 = N (a positive integer), we can regard the strands as labelled from an — 
index set of “colors” J = {1,2,... ,N}. Then a non-zero state corresponds to an 
N coloring of the (individual strands) so that for each strand entering a bar there | 
is exactly one strand of the same color leaving the bar. (Note that N must be 
greater than or equal to the maximum multiplicity entering an antisymmetrizer 
in order to use this set up.) 

Thus for a given choice of permutations at the bars, we can count cycles in 
the resulting graph, and stipulate that cycles sharing a bar have different 
colors. 

For a state a, let ci(o ) denote the number of cycles in o of type i (assuming 
that we have classified the possible cycles into types so that cycles in a given type 
can receive the same color). The possibility of this type classification rests on the 
observation: All terms in the state summation for Pg(é) with a given set 


of cycle numbers {c;} have the same sign. 


Proof. The sign is the parity of the number of crossings that occur at the bars. 
The total number of crossings between different cycles is even. (Recall that for 


spin nets we do not count crossings away from bars.) Hence the total parity of the 
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bar-crossings equals the parity of the “spurious” intersections of different cycles 
away from the bars. The number of spurious intersections is 
:% €j-e; — y ci. 
e;Ne; self-intersecting cycles 
Hence the overall parity is determined by {cx}. // 
Note that for each allowed coloring of the cycles, the number of terms in the 


sum is Ie! (as defined above). Thus we have proved the 


Theorem 12.1. The loop polynomial Pg(6) of the strand net G is given by the 


formula (for 6 = N a positive integer) 


Pe(6) =o) eK ({c;}, 6) 
{ci} 


where 


g = (=1) eine 08) 


des Ce°Ck 
e€= (—1)seit intersections 
and K({c;},.N) is equal to the number of allowed colorings of the configuration 
of {c;} cycles. The sum is over all non-negative cycle numbers {c;} such that for 


each edge e; = )\c; where the c; catalog those cycles that pass through e;. 


Remark. Knowing Pg(6) as a polynomial in 6 via its evaluations at positive 
integers, allows the evaluation at 6 = —2. We get an integer for Pg(—2) since any 
polynomial that is integer valued at positive integers is integer valued at negative 
integers as well. In fact we will use the following: 


ed ss aillek) P< 


—N —-N)(—N -1)...(--N-K+1 
Note that (—N)! = (-1)%(2N - 1)!/(N — 1)!. 


Example. Here is an application of the theorem. Let G be the network shown 


below. 
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Thus, we have 


t1 = C5 + C6 S$3= Co +c ry = (1 + C3 
tg =¢1 + C2 S2= C3 + C6 rg = C4 + Cs 
t3 =c3 + C4 $3= C) + C5 r3 = Co + Ce 


and, letting t = syrq + 5173 + 7382 + co + c4 + cg, we have (—1)” is the sign of 
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the corresponding state. The equations above let us solve for all the c; in terms 


of 2 <a): 
Cj = 2 C5 = $3 —-2 
Cg =t2-2z Ce = t1 —$3 +2 
C3 =11-2 
C4 =t3-171 +2 
Thus 


® = $172 + $173 +1r3so + (te —z) + (t3 —m +2) 4+ (ti — 83+ 2) 


NT = 8179 + $173 +7352 +t, + to +t3 — $3 —71 + 2. 


Here K({c;}, N) equals the number of ways to distribute N objects in G bins with 
c; objects in each bin. Hence, letting J = )> cj; = t1 + te + ts, 
N!/(N — J)! 


€1!C2!'c3!c4!es!ceg! 


K({ci}, N) _ 


The chromatic sum is over the range of z giving non-negative values for all c;. 
Thus, at N = —2, N!/(N —J)! = (—2)(-3)...(-J—-1) = (-1)’(J+1)!. Let 
q = — z (above). Then 


(re!) Pg(—2) = 
tee a OE oe Oe 


Zz 


Exercise. Recall that the network G of this example is derived from the recou- 
pling network for spins [ ve = = as described in the first part of this section. 

Re-express the evaluation in terms of the j’s and m’s and compare your results 
with the calculations of Clebsch-Gordon coefficients in any text on angular mo- 


mentum. 
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13°. Q-Spin Networks and the Magic Weave. 

The last section has been a quick trip through the formalism and interpreta- 
tion of the Penrose spin networks. At the time they were invented, these networks 
seemed a curious place to begin a theory. Their structure was obtained by a pro- 
cess of descent from the apparatus of quantum mechanical angular momentum. 


Yet the basis of the spin network theory is the extraordinarily simple binor 


KH 


and we know this to be a special case of the bracket polynomial identity 


DG rid chats ( 


(brackets removed for convenience). In the theory of the bracket polynomial the 


identity 


loop value is 6 = —A? — A~?, hence binors occur for A = —1. We have already 
explained in Part I (section 9°) how the bracket is related to the quantum group 
SL(2)q for ,/q = A. 

Thus, it should be clear to the reader that there is a possibility for generalizing 
the Penrose spin nets to g-spin nets based upon the bracket identity. In this section 
I shall take the first steps in this direction, and outline what I believe will be the 
main line of this development. Even in their early stages, the g-spin networks 
are very interesting. For example, we shall see that the natural generalization of 
the anti-symmetrizer leads to a “magic weave” that realizes the special projection 
operators in the Temperley-Lieb algebra (see section 16° of Part I). We then use 
the g-spin nets to construct Turaev-Viro invariants of 3-manifolds. ([TU2], [LIX19]. 
[LK20].) 

Before beginning the technicalities of g-spin nets, I want to share foundational 
thoughts about the design of such a theory and its relationship with quantum 

mechanics and relativity. This occurs under the heading —- network design. The 
reader interested in going directly into the nets can skip across to the sub-heading 


q-spin nets. 
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Network Design — Distinction as Pregeometry. 


What does it mean to produce a combinatorial model of spacetime? One 
thinks of networks, graphs, formal relationships, a fugue of interlinked construc- 
tions. Yet what will be fundamental to such an enterprise is a point of view, or 
a place to stand, from which the time space unfolds. Before constructing, before 
speaking and even before logic stands a single concept, and that is the concept of 
distinction. I take this concept first in ordinary language where it has a mul- 
titude of uses and a curious circularity. For there can be no seeing without a 
seer, no speaking without a speaker. We, who would discuss this concept of dis- 
tinction, become distinguished through the conversation of distinction that is us. 
Distinction is a concept that requires its own understanding. Fortunately, there 
are examples: Draw a distinction; draw a circle in the plane; delineate the bound- 
ary of this room; indicate the elements of the set of prime integers. Speech brings 


forth an architecture of distinctions and a framework for clarity and for action. 


The specific models we use for space and spacetime are extraordinary towers 
of distinctions. Think of creating the positive integers from the null set (Yea, 
think of creating the null set from the void!), the rationals from the integers, the 
reals from limits of sequences of rationals, the coordinate spaces, the metrics and 
all the semantics of interpretation - just to arrive at Minkowski spacetime and the 
Lorentz group! It is no wonder that there is a desire for other ways to tell this 
story. (Compare [F12], [KVA], [LK17], [SB2].) 

There are other ways. At the risk of creating a very long digression, I want to 
indicate how the Lorentz group arises naturally in relation to any distinc- 
tion. We implicitly use the Lorentz group in the ordinary world of speech, thought 
and action. Recall from section 9° of Part II that in light cone coordinates for the 
Minkowski plane the Lorentz transformation has the form CL[A, B] = [Iv A, k~' B) 
whene K is a non-zero constant derived from the relative velocity of the two incr- 
tial frames. In fact, it is useful to remember that for time-space coordinates (t,x), 
the corresponding light-cone coordinates are [t + z,t — 2] (for light speed = 1). 
Thus (t— 2) can be interpreted as the time of emission of a light signal and (t+ x) 
as the time of reception of that signal after it has reflected from an event at the 


point (t, 2). 
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Writing [t+2,t—7] as [t+2,t—2] =t-1+20 where 1 = [1,1] ando = [{1,-1| 
we recover standard coordinates and the Pauli algebra. That is, it is natural to 
define 


[X, Y][Z, W] = [XZ, YW] 
[X,Y][Z,W] =[X+Z,Y+W] 


in the light-cone coordinates. Then L[A, B] = [K,K7~'][A, B], and the Lorentz 
transformation is a product in this algebra. In this algebra structure 

o? = [1,—1]f1,—-1] = [1,1] = 1, and in order to obtain a uniform algebraic de- 
scription over arbitrary space directions, we conclude that o? = 1 for any unit 
direction. This entails a Clifford algebra structure on the space of directions 


[LK17]. For example, if o,,0,,0, denote unit perpendicular directions in three 


2 


_ gt 
y= 9, = 1, 


space with o,0y = —Oy0z, 070, = —0z0z, TyFz, = —O;z0y and =o 
then (ao, + bo, +co,)* =a? +b?+c? for scalars a,b,c commuting with oz, oy,¢:. 
Hence, any unit direction has square 1. 

By this line of thought we are led to the minimal Pauli representation of a 


spacetime point as a Hermitian 2 x 2 matrix H: 


P+ ¥+y-12 


== Y..72 @.2 


=T+Xo, + Yo, + Zo, 
and ||H||? = Det(H) = T? — X2 —Y? — 2?. 

All this comes from nothing but light cone coordinates and the principle of 
relativity. I will descend underneath this structure and look at the distinctions 
out of which it is built. (See [LK30].) 


Therefore, begin again. Let a distinction be given 
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DB 


with sides labelled A and B. Call this distinction [A,B]. Consider A and B as 
evaluations of the two sides of the distinction. (In our spacetime scenario the 
distinction has the form [after, before], and numerical times are the evaluations.) 
Now suppose another observer gives evaluations [A’, B’] with A’ = pA, B’ = \B 


for non-zero p and X. Then 
[o, A] = VpA[K, K~] 


where K = \/p/X. 


[A’, B'] = /p\[K A, K71B]}. 


Thus, up to a scale factor the numerical transformation of any distinction 
is a Lorentz transformation. In this sense the Lorentz group operates in all 
contexts of evaluation. The Lorentz group arises at once along with the concept 


of (valued) distinction. 


We should look more closely to see if the Pauli algebra itself is right in front 
of us in the first distinction. Therefore, consider once more a distinction with sides 
labelled A and B: I will suppose only the most primitive of evaluations - namely 
+1 and —1. Thus the space of evaluations consists in the primitive distinction 


—1/ + 1 or unmarked/marked. By choosing a mark we can represent —1 as an 
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un-marked side and +1 as a marked side. 


a [-1, +1] 


> [+1, —l] 


In any case there are now two basic operations: 
(1) Change the status of a side. 


(2) Interchange the relative status of two sides. 


I represent change by two operations p[A,B] = [+A,—B] (change inside) and 
q|A, B] = [—A,+B] (change outside). The interchange is given by the formula 
[A,B] = [B, A]. We have pg[A, B] = [—A,—B] = —[A, B]. Hence pg = —1, or 
gq = —p. Thus —1 denotes the operation changing the status of two sides. For 
convenience, I let p denote —p. Of course 1 denotes the identity operation. We 


then have 1,p,® and p® with p®[A, B] = [+B,—A]. Hence 
(p)* = —1. 


The distinction (observed) gives rise of its own accord to a square root of negative 
one, and three elements of square one (1, p,®). By introducing an extra commuting 
/—1 (If it exists, why not replicate it?) we get oz = p, dy = ®, 0, = V—1p® and 
the event T+ Xp+Y®+ Z/—I1p® corresponds directly to the Hermitian matrix 


ywa{ Tt+X Y+v=12 
~1¥~-/48 =‘ X 


nr[} tJox [2 Sor [d devae[ gh 
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In fact, these 2 x 2 matrices 


[0 s}e=[r a}*=[ 


represent our operations by left multiplication, and p® = & oe Is 4 = & 3 


Spacetime arises directly from the operator algebra of a distinction. 
The basic Hermitian representation of an event proceeds directly from the idea 


of a distinction. Also, this point of view shows the curious splitting of 4-space into 
[T+xX,T-X|]=T+oX and Y+v-1Z. 


In the form 


T+Xp+(Y¥ + ZvV-l1p)® 


we see that operationally the split is between the actions that consider one side 
or both sides (change and interchange) of the distinction. 

The important point about this line of reasoning is that, technicalities aside, 
spacetime is an elementary concept, proceeding outward from the very roots of 
our being in the world. Resting in this, it will be interesting to see how spacetime 
arises in the g-spin nets. Since we are building it in from the beginning, it is 
already there. 

In particular, the. formula 


o ery +a) ( 


now appears in a new light as a knot theoretic way to write an ordered pair 
[A, A7}]. (And [A, A~?] is a possible Lorentz transformation in light cone coordi- 


nates.) Here the crossing indicates the distinction [A, B]: 


It is not the case at this level that the splices and ) ( have algebra structure 
related to the Pauli algebra. However, this does occur in the FKT [LK2] model 
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of the Conway-Alexander polynomial (see also [LK3], [LK9]). In that model, we 


ave <C =4_F -2+ esd 


where the dots indicate the presence of state markers. Here a state of a link shadow 
consists in a choice of pointers from regions to vertices, with two adjacent regions 


selected without pointers (the stars): 
* > 


In a state, each vertex receives exactly one pointer. The vertex weights are 


(For a negative crossing t and t~' are interchanged.) 


It is easy to prove (by direct comparison of state models) that 
Vx(2i) = *O/(K)(Vvi) 


where Vx = }>(K|S) is the Conway-Alexander polynomial using this state model, 
S 
w(K) is the writhe of K, and (K) is the bracket polynomial (Part I, section 3°). 


Example. 


RD) SD Jeb JS 


K Si S3 


Vx = (K|S1) + (K|S2) + (K|S3) 
= (t)(-t7*) + (-t7*)(-#") + ()(4) 
=-1+i7 +? 

Ve =(t—-t!) 41 


Vex x? +1 
V x(2t) = —3. 
Exercise. Prove that 
V x (28) = i*(K)(Vvi) 

where w(’) denotes the writhe of K. 

The point in regard to spacetime algebra is this: Let P =¥. Q iM 
Then P? = P, Q? = Q and PQ = QP = 0, P+ Q = 1 by the exclusion principles 
embedded in the formalism of this state model. Thus | 


Aye - A= AP- AQ =3[A,A"] 


- coincides with our spacetime algebra if we take P and Q to be the light cone 


generators 


(o* == 1). 

In summary, we have seen that elementary concepts of spacetime occur di- 
~ rectly represented in the formalisms of the bracket (Jones) and Conway-Alexander 
polynomials. It will be useful to keep this phenomenon in mind as we construct 


the g-spin networks. 
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g-Spin Networks. 


The first task is to generalize the antisymmetrizers of the standard theory. 


These are projection operators in the sense that 


and they kill off the non-identity generators of the Temperley-Lieb algebra 


C15-++ »>En—1- 
dil] Wel saw Ae 
a BB, 4 f\, since ae 0 by antisymmetry. 
e€1 €n-1 


These remarks mean that the expanded forms (using the binor identity) of the 
antisymmetrizers are special projection operators in the Temperley-Lieb algebra. 


For example 


te=IiK=2]+% 
ae aie = élll++ alten +242 74 


We shall now see that a suitable generalization produces these operators in 
the full Temperley-Lieb algebra. 
° ° MX am VU | ° . 
We use the bracket identity Mh = A nA + A in place of the binor 
identity and use loop value 6 = —A? — A~?. A q-spin network is nothing more 
than a link diagram with special nodes that are designated as anti-symmetrizers (to 
be defined below). Thus any q-spin network computes its own bracket polynomial. 


Define the g-symmetrizer a by the formula 


at - cere tb 
cES, 


where T(c) is the minimal number of transpositions needed to return o to the 


identity, and @ is a minimal braid representing o with all negative crossings, that 
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is with all crossings of the form shown below with respect to the braid direction 


iz 
ote = |X =| [AKAA)(| 


Hence ~ =(1+A~‘*)[ |] -67? ; ]. Here 6 = —A? — A~?. We recognize 
1 — 6~1e, as the element f; of section 16°, Part I. It is the first Temperley-Lieb 


Example 1. 


projector. 


Define the quantum factorial [n]! by the formula 


int = So (a4), 
cESn 


njt= + (ay 


cES, 


=> [n]! = 11 (34>). 


Exercise. 


k=1 


In the example, note that [2]! = 1+ A~*. Thus 


“om = [2]!f;. 


Recall from section 16°, Part I that the Temperley-Lieb projectors are defined 


inductively via the equations 


fo=1 


fn+1 = fna- Mn+ifnentifn 


‘41 = 1/6 
Mnt1 = 1/(6 — Hn) 


Thus 
fi=1—65"'e 


fo = 1— po(e1 + €2) + wi pe(e1e2 + €2€1) 


Hi = 1/6 
H2 = 6/(5° — 1). 
Theorem 13.1. The Temperley-Lieb elements f, with 6 = —A* — A~? are equiv- 


alent to the g-symmetrizers. In particular, we have the formula 


1 % 
f(n-1) coum [n]! 


Proof. f,, is characterized by f? = ff; ei fn = fne; = 0.1 =1,...,n-—1. That 
the g-symmetrizer annihilates €,,... ,€n—1 follows as illustrated in the example 
below for n = 2: 
vee = U +a = \J +(4-*)(-4°)|] = §. 

This completes the proof. // 

I have emphasized the construction of these generalized antisymmetrizers be- 
cause they clarify knot theoretically the central ingredient for Lickorish’s construc- 
tion of three manifold invariants from the bracket - as described in section 16°, 


Part I. Thus these 3-manifold invariants are, in fact, g-spin network evaluations! 


Example. 


dt = ||| +X] +e] N +P RS 
+ Me SO 2. Ke (x=A°) 


Hence 


6 ly U 1 ys VU 
— [3]! Ss ee pcemenaces 
aH + | §2—1 Heh ay =| Atay || 
Exercise. Verify this formula by direct bracket expansion. 


Now we can define the 3-vertex for g-spin nets just as before: 
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t+7 = 
es Sab ae 
CG 1+k = Ob 


with qg-symmetrizers in place of antisymmetrizers. 
The recoupling theory goes directly over, and this context can be used to 
define a theory of g-angular momentum and to create invariants of three manifolds. 


(See [LK19], [LK20]) for our work. 


Exercise. 
a (bs=a) 
su A A i 
b/ c b c 
Exercise. 
a 
+) p is ata! 
a’ 
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Exercise. Given that 


a had . 
Ae 


Show that (Elliot-Biedenharn Identity) 


eis Di athe As ; ih 


Exercise. 
e abr et bs Ss; 
= , Ck i 
¥: d 4 bes 


(Orthogonal ity ) ° 


Exercise. Read [TU2]. 

In this paper Turaev and Viro construct invariants of 3-manifolds via a state 
summation involving the g — 67 symbols. In [LK20] we (joint work with Sostenes 
Lins) show how to transfer their idea to an invariant based on the re-coupling 
theory of g-spin networks. The underlying toplogy for both approaches rests in 
the Matveev moves [MAT] shown below. 
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— Orth og onal i 


Lely AS 


san Elret -B iodecieaa™ 


Matve eV VAs Loves, 


These are moves on special spines for three-manifolds that generate piecewise linear 


homeomorphisms of three-manifolds. In such a spine, a typical vertex appears as 
shown below with four adjacent one-cells, and six adjacent two-cells. Each one-cell 


abuts to three two-cells. 
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For an integer r > 3 the color set is C(r) = {0,1,2,...,r — 2}. A state at 
level r of the three-manifold M is an assignment of colors from Cr) to each of 
the two-dimensional faces of the spine of M. 


Given a state S of M, assign to each vertex the tetrahedral symbol whose 


edge colors are the face colors at that vertex as shown below: 


and assign to each face the Chebyshev polynomial A; = (2+! —2~+)))/(x@—27") 


for z = —A?. 
» 
_— A; = ‘Cn /{i]!, 


whose index is the color of that face. 
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Then, for A = e'*/2, Jet I(M,r) denote the sum over all states for level 
r, of the product of vertex evaluations and the face evaluations divided by the 
edge evaluations for those evaluations that are admissible and non-zero. 
Thus, if any edge has zero evaluation in a state S$ , then this state is dropped from 
the summation. For a given r, the edge evaluations are non-zero exactly when 
a+b+c<2r—4., 


I] TET(v, S) I] As(f) 


(9) = > TSE), Sue), Bde) 

Here TET(v, s) denotes the tetrahedral evaluation associated with a vertex v, for 
the state S. S(f) is the color assigned to a face f and Sa(e), Sp(e), S-(e) are the 
triplet of colors associated with an edge in the spine. 

This is our [LK20] version of the Turaev-Viro invariant. It follows via the 
orthogonality and Elliot-Biedenharn identities that J (M,r) is invariant under the 
Matveev moves. The g-spin nets provide an alternative and elementary approach 
to this subject. 

In [TU5] Turaev has announced the following result. 


Theorem (Turaev). Let |M|, denote the Turaev-Viro invariant, and Z,(M) 
denote the Reshetikhin-Turaev invariant for SU (2),. Then 


|M|q a Z,(M)Zq(M) 


where the bar denotes complex conjugation. 
Since Z,(M) can be taken to be identical to the surgery invariant described in 
section 16° of Part I, we encourage the (courageous) reader to prove that I(M,r) = 


|Z4(M,r)|?. 


Exercise. Read [HAS]. These authors suggest a relationship between quantum 
gravity and the semi-classical limit of 6j symbols - hence the title “Spin networks 
are simplicial quantum gravity”. Investigate this paper in relation to g-spin net- 
works. Compare with the ideas in [MOU] and [CR3]. 
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14°. Knots and Strings — Knotted Strings. 

It is natural to speculate about knotted strings. At this writing, such thoughts 
can only be speculation. Nevertheless, there are some pretty combinations of ideas 
in this domain, and they reflect on both knot theory and physics. (See [ROB], 
[ZA], [Z2].) 

To begin with, the string as geometric entity is a surface embedded in space- 
time. Suppose, for the purpose of discussion, that this spacetime is of dimension 
four. (I shall speculate a little later about associating knots with super strings 
in 10-space.) A surface embedded in dimension four can itself be knotted — for 
example, there exist knotted two dimensional spheres in Euclidean four space. 
However, the most interesting matter for topology is the consideration of a string 
interaction vertex embedded in spacetime. Abstractly the vertex is a sphere with 


four punctures, and is pictured as shown below 


sma Ta <— a V 
" 
sy saa. By 


Thus we view the four-vertex as a process where two one-dimensional strings 


zx 


interact, tracing out a surface of genus zero with two punctures at t = 0 and 
two punctures at t = 1. Let V* denote this surface. Now, letting spacetime 
be E* = R? x R = {(z,t)}, we consider embedding F : V? — E* such that 
OV — R?x0 and 0,V © R*x1. Here OV and 0, V are indicated in the diagram 
above, each of these partial boundaries consists in two circles. The embedding is 


assumed to be smooth, and we can take this to mean that 


(i) All but finitely many levels F(V?)/N {(a, t) | t fixed} = F,(V) are embeddings 


of a collection of circles (hence a link) in R? = {(z,t) | z € R*}. 


(ii) The critical levels involve singularities that are either births (minima), deaths 


(maxima) or saddle points. 
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In a birth at level to there is a sudden appearance of a point at level tg. The point 
becomes an unknotted circle in the levels immediately above tp. Ata maximum 


or death point a circle collapses to a point and disappears from higher levels. 


<— death, 
tT S. bixth, Kk 


At a saddle point, two curves touch and rejoin as illustrated below. 


Lah 4: batter 
PT ae hitical 


saddle point 


Ld 
ee | 


We usually want to keep track of curve orientations. Thus the before, critical, 


\fore 


after sequence for an oriented saddle appears as: 


ee 


before critical after 


The requirement on the production of a standard vertex is that we 


(i) start with two knots 
(ii) allow a sequence of births, deaths, and saddles that ends in two knots. 
(iii) the genus of the surface so produced is zero. 
(As long as the surface is connected, the last requirement is equivalent to the 


condition that s = b+d-+2 where s denotes the number of saddles, b denotes the 


number of births and d denotes the number of deaths.) 
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For example, for two unknotted strings the vertex look like 


ao: © 

Cc saddle yinag 919 
<> bimod=D 
oo <—. J saddle 

Oo © 


Now the remarkable thing is that two knotted strings can interact at such an 
embedded four vertex and produce a pair of entirely different knots. For example, 


the trefoil and its mirror image annihilate each other, producing two unknots. 


Rosie? Kiss 


Oe ™ 


Cay 
. —- -.. 
te 
CxS 
Oo<G 


wD k BO Ke 
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In general a knot and its mirror image annihilate in this way. Some knots, called 
slice knots (see [FOX1]) can interact with an unknot and disappear. In general 
there is a big phenomena of interactions of such knotted strings. The corresponding 
topological questions are central to the study of the interface between three and 
four dimensions. This mathematical structure will be inherent in any theory of 
knotted strings. 

Now the primary objection to knotted strings is that the superstring is nec- 
essarily living in a space of 10 dimensions, and there is no known theory for 
associating an embedding of the string in spacetime that is detailed enough to 
account for knotting. Furthermore, one dimensional curves and two dimensional 
surfaces are always unknotted in R!°. The easy way out is to simply declare that 
it is useful to study string like objects in four-dimensional spacetime. 

_ The difficult road is to find a way to incorporate knottedness with the su- 
perstring. Moving now to the department of unsupported speculation, here is an 
idea. Recall that many knots and links can be represented as neighborhood bound- 
aries of algebraic singularities [MI]. For example, the right-handed trefoil knot is 
the neighborhood boundary of the singular variety Zi + Z2 = 0 in C?. That is 
K = {(a1, 22) | 27 + 23 = 0 and |z,|? + |z2|? =1} = L(K) = V(z? + 22)n $3. 
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In this algebraic context, we can “suspend” K to a manifold of dimension 7 sitting 


inside the unit sphere in R?°. 
O'(K) = V(2} + 23 + (23 +24 + 23) SH 
»7(K) c 5? e R?°. 


It is tantalizing to regard ©7(K) C R!° as the “string”. One would have to rewrite 
the theory to take inte account the vibrational modes of this 7-manifold associated 
with the knot. The manifold 57(K) has a natural action of the orthogonal group 
0(3) (acting on (23, z4, 25)) and D’(K)/0(3) = D* with K C S? Cc D* representing 
the inclusions of the orbit types. Thus we can recover spacetime (as D*) and the 
knot from ©7(K). This construction is actually quite general (see [LK]) and any 
knot K C S® has an associated 0(3)-manifold 57(K) C R*°. Thus this link- 
manifold [LK] construction could be a way to interface knot theory and the theory 
of superstrings. 

The manifolds 57(K) are quite interesting. For example (3,5) is the Milnor 
exotic 7-sphere [MI]. Here (3,5) denotes a torus knot of type (3,5) - that is a knot. 
winding three times around the meridian of a torus while it winds five times 
around the longitude. Thus we are asking about the vibrational modes of exotic 
differentiable spheres in R?°. 

This mention of exoticity brings to mind another relationship with super- 
string theory. In [WIT4] Witten has investigated global anomalies in string the- 
ory that are associated with exotic differentiable structures on 10 and 11 dimen- 
sional manifolds. In [LK22] we investigate the relationship of these anomalies with 
specific constructions for exotic manifolds. These constructions include the con- 
structions of link manifolds and algebraic varieties just mentioned, but in their 
11-dimensional incarnations. 

For dimension 10 the situation is different since exotic 10-spheres do not bound 
parallelizable manifolds. In this regard it is worth pointing out that such very 
exotic n-spheres are classified by ™4+4(S*)/Im(J) where Tn+k(S*) denotes a 
(stable) homotopy group of the sphere S$ k and Im(J) denotes the image of the 
J-homomorphism | 


J : tn(SO(k)) 4 tn4k(S*) 
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The very exotic spheres live in the darkest realms of homotopy theory. A full 
discussion of this story appears in [KV]. The J-homomorphism brings us back the 


Dirac string trick, for the simplest case of it is 
Ps. ™1(SO(3)) inl m4(9°). 


The construction itself is exactly parallel to our belt twisting geometry of section 
11°, and here it constructs the generator of 14(S*) & Z2. To see this, we must 
define J. Let g : S$” -—+ SO(k) represent an element of 7,(SO(k)). Then we 
get g* : S™ x SF-1 _, SF-1 via g*(a,b) = g(a)b. Associated with any map 
H:XxY—Z there isamap H:X+*Y > S(Z) where X *Y denotes the space 
of all lines joining points of X to points of Y, and $(Z) denotes the suspension 
of Z obtained by joining Z to two points. In general, S" * S'-! & §"+* and 
S(S*-1) = S*. Thus g* induces a map g* : S"+* 3 Sé representing an element 
in T+4z(S*). This association of g with g* is the J-homomorphism. 

In the case of 11(SO(3)) we have g : S' — SO(3) representing the loop of 


rotations around the north pole of S?. The map 
g*: SP Sass 


induces g* : S1 * S? —+ S(S?) hence g* : S4 + S*. This element generates tS”). 
In the belt trick, we used the same idea to a different end. g : S' — SO(3) gave 
rise to g : I ++ SO(3) where I denotes the unit interval and g(0) = g(1). Then 
g* : Ix S* + IxS? via g*(t, p) = (g(t)p,t) and we used g* to twist a belt stretched 
between S? x 0 and S? x 1. The fact that the 720° twisted belt can be undone in 
I x S? without moving the ends is actually a visualization of 74(S*) & Zo. 
Elements of 7,4%(S*) in the image of the J-homomorphism can correspond 
to exotic spheres that bound parallelizable manifolds (such as the Milnor spheres 
in dimensions 7 and 11). Thus there is a train of relationships among the concepts 
of knotted strings, high dimensional anomalies, the belt trick and the intricacies 


of the homotopy groups of spheres. 


Exercise 14.1. Show that any knot K can interact with its mirror image K* 
through an embedded genus zero string vertex in 3 + 1 spacetime to produce two 


unknots. 
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Exercise 14.2. The projective plane, P?, is by definition the quotient space 
of the two-dimensional sphere S?  (S? = {(x,y,z) € R® | 2? +y? + 2” = 1}) by 
the antipodal map T : S? > S?, T(z,y,z) = (—z,—y, —2). Topologically this is 
equivalent to forming P? from a disk D? by identifying antipodal points on the 
boundary of the disk. Examine the decomposition of P? indicated by the figure 


below: 


gdbe g CD «2 


Ten = 
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In this figure, points that are identified with one another on the disk boundary are 
indicated by the same letter. Therefore we see that the two arcs with endpoints 
c,d form a circle in P*, as do the arcs with endpoints e, f. Similarly, the arcs 
labelled a,a and 6,6 each form circles. Thus we see that except for the points 
p and q the figure indicates a decomposition of P? into circle all disjoint from 
one another except for the a and 6 circles at 6. We can therefore imagine P? as 
described by a birth of the point p; p grows to become a circle c;, cj undergoes a 


saddlepoint singularity to become yet another circle c2; cz dies at gq. 
m4 
£ a X-P' 
¢ 
COC, 
eP 


But how does a circle go through a saddle point with itself to produce a single 


circle? The answer lies in a twist: 


CQ) 
(SD 


With this idea, we can produce an embedding of P? in R* as follows. 


e t=1 


ae, t=7/s 
ae. tn Bis 


cat e=T72y Pp? + R' 


Co =1/4 
— t= 1/8 


° t =Q 


In this figure we mean each level to indicate the intersection P? 1 (R® x t) for 
0<t<1. Att =0 there is a birth (minimum). As t goes from 1/4 to 3/8 the 
curve undergoes an ambient isotopy the curled form at t = 3/8. Note that the 
trace of this ambient isotopy in R* is free from singularities. The saddle point 
occurs at t = 1/2. 

Corresponding to this embedding of P? in R* there is an immersion of P? 
in R3. An immersion of a surface into R® is a mapping that may have self- 
intersections of its image, but these are all locally transverse surface intersections 
modeled on the form of intersection of the x — y plane and the z — z plane in 


R?. We can exhibit an immersion by giving a series of levels, each showing an 
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immersion of circles in a plane (possibly with singularities). The entire stack of 
levels then describes a surface in R*. Instead of using ambient isotopy as we move 
from plane to plane, we use regular homotopy. Regular homotopy is generated 


by the projections of the Reidemeister II and III moves. Thus 


SC Fae 


are the basic regular homotopies. The Whitney trick is a fundamental example of 


a regular homotopy: 


On CROCE 


With the help of the Whitney trick we can obtain an immersion of P? in R?: 
@ 


oO 


cia” P? + R? 
CoS ] Whitney Trick 

DD 

© 


e 
Problem. You might think that the immersion above could be covered by an 
embedding of P? into R* so that each level is obtained from its ancestors by 
either minima, maxima, saddle points or regular isotopy. Prove that this is not 


so. 


The immersion shown above for P* + R? has a normal bundle. This is the 
result of taking a neighborhood of P? % R® consisting of small normals to the 


surface in R?. We can construct this normal bundle NV by replacing each level 
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curve by a thickened version as in 


FP SF 


The boundary of NV, ON , then appears as a sort of doubled version of the immer- 


sion of P? } R?. 
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Problem. Show that the boundary of NV, ON, is homeomorphic to a two sphere 
S*. Thus the induced immersion 2NV + R? is an immersion of S? in R°. Since 
the normal bundle has a symmetry (positive to negative normal directions) it is 
possible to evert this immersion a : S? % R?. In other words, you can easily 
turn this sphere inside out by exchanging positive and negative normals. It is 
not so obvious that the standard embedding of S? C R® can be turned inside 
out through immersions and regular homotopy. (([FRA]) Nevertheless this is so. 
The eversion follows from the fact that the immersion a : S? % R3 described 
above is regularly homotopic to the standard embedding of S?. Prove 
this last statement by a set of pictures. Think about sphere eversion in the context 


of knotted strings by lifting the eversion into four-space. 


Exercise 14.3. Investigate other examples of knotted string interactions, by find- 


ing pairs of knots that can undergo a 4-vertex interaction. 


Exercise 14.4, (Motion Groups) Dahm and Goldsmith (See [G] and references 
therein.) generalize the Artin Braid Group to a motion group for knots and 
links in R?. The idea of this generalization is based upon the braid group as 
fundamental group of a configuration space of distinct points in the plane. Just 
as we can think of braiding of points, we can investigate closed paths in the 
space of configurations of a knot or link in three space. The motion group is the 
fundamental group of this space of configurations. The simplest example of such 


a motion is obtained when one unlinked circle passes through another, as shown 


1G ~na, 
<6" x 
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below: 
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This is the exact analog of a point moving around another point. 
* 
Ws a, 
7 v 
* @ “ 
ub 
& 


ma 


It turns out that the motion group for a collection of n disjoint circles in R? is 
isomorphic to the subgroup of the group Aut(n) = Aut(F(Xi,... ,Xn)) (the group 
of automorphisms of the free group on generators X),... ,X n) that is generated 
by (in the case of n = 2 - two strings) T, E and S where Tie.) et; Tea). Sa. 
E(x1) = 22, E(x2) = 21, S(a1) = 224,27, S(x2) = t2. Imbo and Brownstein 


[IM2] calculate that the motion group for two unknotted strings in R® is 
2.5 |T* = £° =(TEy = 7ST “5s * =(TESE) = }). 


This has implications for exotic statistics ({IM1], [LK28}). 
Problem: Prove this result and extend it to n strings. 


Exercise. Read [JE] and make sense of these ideas (elementary particles as linked 
and knotted quantized flux) in the light of modern developments. (Compare with 
[RA].) 
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15°. DNA and Quantum Field Theory. 

One of the most successful relationships between knot theory and: DNA re- 
search has been the use of the formula of James White [W], relating the linking, 
twisting and writhing of a space curve. It is worth pointing out how these matters 
appear in a new light after linking and higher order invariants are re-interpreted 
a la Witten [WIT2] as path integrals in a topological quantum field theory. This 
section is an essay on these relationships. We begin by recalling White’s formula. 

Given a space curve C with a unit normal framing v,v+ and unit tangent 
t (v and v+ are perpendicular to each other and to t, forming a differentiably 
varying frame, (v,v+,t), at each point of C.) Let C, be the curve traced out by 
the tip of ev for 0 <e<1. Let Lk = Lk(C,C,) be the linking number of C' with 
this displacement C',. Define the total twist, Tw, of the framed curve C’ by the 
formula Tw = s- fv+-dv. Given (z,y) € C x C, let e(z,y) = (y—2)/|y—2| 
for zx # y and note that e(z,y) — t/|t| (for t the unit tangent vector to C at 
x) as x approaches y. This makes e well-defined on all of C x C. Thus we have 
e:CxC — S?, Let dd denote the area element on S? and define the (spatial) 


writhe of the curve C by the formula 


Wr = 4, e*dd> = ioe. Cr(z)dz. 
™ Joxe 4n Jzes? 
Here C'r(z) = — ,J(P) where J(p) = +1 according to the sign of the Jacobian 
pce*(z 


of e. 


CCX, ys) ea 


It is easy to see, from this description that the writhe coincides with the flat writhe 


(sum of crossing signs) for a curve that is (like a knot diagram) nearly embedded 


in a single plane. 


With these definitions, White’s theorem reads 
Dk=Tw+WwWr. 


This equation is fully valid for differentiable curves in three space. Note that the 
writhe only depends upon the curve itself. It is independent of the framing. By 
combining two quantities (twist and writhe) that depend upon metric considera- 
tions, we obtain the linking number - a topological invariant of the pair (C, C,). 
The planar version of White’s theorem is worth discussing. Here we have C' 


and C,, forming a pair of parallel curves as in the example below: 


OIOR 


ae 
y) 


The twisting occurs between the two curves, and is calculated as the sum of +(1/2) 


for each crossing of one curve with the other — in the form 


— ' 


a 


The flat crossings also contribute to the total linking number, but we see that they 
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also catalogue the flat writhe of C. Thus 


Cy 


is regarded as a contribution of (+1) to w(C). Thus, we get 
Lk(C, Cy) = Tw(C, C,) + Wr(C) 


where Wr(C) is the sum of the crossing signs of C. 

This simple planar formula has been invaluable in DNA research since pho- 
tomicrographs give a planar view of closed double-stranded DNA. In a given elec- 
tron micrograph the super-coiling, or writhe, may be visible while the twist is 
unobservable. If we could see two versions of the same closed circular DNA, 
then invariance of the linking number would allow a deduction of that number! 


For example, suppose that you observe 


«( 4 


- 


both representing the same DNA. In the first case Wr; = 0. In the second case 
Writ = —3. Thus 


LK; =Wr,;+Tw; =Twy 
LK7y = Wrys4+Tuwr = —34+ Twy7z. 


Since Lk; = Lkyy;, we conclude that Twy; = Tw; + 3. Since J is relaxed, one can - 
make an estimate based on the DNA geometry of the total twist. Let’s say that 
Tw; = 500. Then, we know that Twyy; = 503. 
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In this way the formula of White enables the DNA researcher to deduce 
quantities not directly observable, and in the process to understand some of the 
topological and energetical transformations of the DNA. The chemical environ- 
ment of the DNA can influence the twist, thus causing the molecule to supercoil 3 
either in compensation for lowered twist (underwound DNA) or increase of twist 
(overwound DNA). 

On top of this, there is the intricacy of the geometry and topology of recombi- 
nation and the action of enzymes such as topoisomerase — that change the linking 
number of the strands ([BCW]). These enzymes perform the familiar switching 
operation XG y yon interlinked strands of DNA by breaking one strand, and 
allowing the other strand to pass through it. In recombination a substrate with 
special sites on it twists into a synaptic complex with the sites for recombination 
adjacent to one another. Then in the simplest form of recombination the two sites 


are replaced by a crossover, and a new (possibly linked) double-stranded form is 


produced. 
a & 
? 
4 ‘ 
% 
> ——7 § 
recombination ; 
substrate synaptic complex 


(In the biological terminology a link is called a catenane.) Of course, many different 
sorts of knots and links can be produced by such a process. In its simplest form, 
this movement from substrate to synaptic complex to product of the recombination 


takes the form of the combining of two tangles. Thus if 


r=[f] s=[F) 5 Fa 


defines 


tangle addition, and any four strand tangle 7 has a numerator N(r) and a 
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denominator D(r): 


[r]=men (1)-Der, 
RET 3 is 


N(T+S) = 


This is the synaptic complex. The product of the recombination is 


A second round of the recombination constitutes N(T + R+ R): 


substrate synaptic complex N(T+R+R) 
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And a third round yields N(T+R+R+R). 


n(T+s)% O Unknot 


Thus we have 


N(T+ R)= Co Hopf Link 
N(T+R+R)& ¢ Figure Eight Knot 


N(T+R+R+R)2 /) Whitehead Link 


GC 


L/ 


In experiments carried out with T,,3 Resolvase [CSS] N. Cozarelli and S. Spengler 
found that just these products (Hopf Link, Figure Eight Knot, Whitehead Link) 
were being produced in the first three rounds of site specific recombination. In 
making a tangle-theoretic model of this process, D. W. Sumners [S] assumed that 
T and R are enzyme determined constants independent of the variable 
geometry of the substrate S$. With this assumption, he was able to prove, 
using knot theory, that in order to obtain the products as shown above for the 


first three rounds, and assuming that S =_, ¢ then 
T= and R= 


This is a remarkable scientific application of knot theory to deduce the under- 
lying mechanism of the biochemical interaction. | 
How did this result work? The key lay in Sumners’ reduction of the problem to 


one involving only so-called rational knots and links, and then the construction of 
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a tangle calculus involving this class of links. The rational tangles are characterized 
topologically by values in the extended rational numbers Q* = QU {1/0 = oo}. An 
element in Q* has the form B/a where a € N U {0}, (N is the natural numbers), 
and 6 € Z with gcd(a,B) = 1. Rational tangles themselves are obtained by 


iterating operations similar to the recombination process itself. Thus 


- o M- < 
[x] - 
[A] 


The image of a tangle is obtained by turning it 180° around the left-top to right- 


bottom diagonal axis. Thus 
2 a NEA ‘ a4 Pm = 


(-1)7 = 


H 


Rational numbers 
Thus 


Since two rational tangles are topologically equivalent if and only if they receive 


the same fraction in Q* (See [ES].), it is possible to calculate possibilities for site 
specific recombination in this category. Here we have an arena in which molecular 
operations, knot theoretic operations and the topological information carried 
out by a knot or link are in good accord! 

This brings us directly to the general question: What is the nature of 


the topological information carried by a knot or link? For biology this 
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information manifests itself in the history of a recombinant process, or in the 
architecture of the constituents of a cell. In this book, we have seen that such 
information is naturally enfolded in a quantum statistical framework. The most 
succinct statement of the generalized skein relations occurs for us in section 17° 


of Part I, where - as a consequence of the generalized path integral 
rag / dAetit/4n)C( 1) A) 


where L is the Chern-Simons Lagrangian, and (K|A) is the Wilson loop 


(KIA) = ur(P - (i A)), 
we find Pee, ese =2f 


where C denotes an insertion of the Casimir operator for the representation of the 
Lie algebra in the gauge field theory. The basic change of information in switching 
a crossing involves the full framework of a topological quantum field theory. Yet 
conceptually this viewpoint is an enormous advance because it is a context within 
which one can begin to understand the nature of the information in the knot. 

How does this viewpoint influence molecular biology? It may be too early to 
tell. The topological models used so far in DNA research are naive oversimplifica- 
tions of the biology itself. We do not yet know how to relate the topology with the 
information structure and coding of DNA sequencing, let alone with the full com- 
plex of cellular architecture and interaction. Furthermore, biology occurs in the 
physical context of fields and the ever present quantum mechanical underpinnings 
of the molecules themselves. 

In this regard, the Witten functional integral gives a powerful metaphor link- 
ing biology and quantum field theory. For remember the nature of the Wilson loop 
(K|A) = tr(Pexp(: bx A)). This quantity is to be regarded as the limit as the 
number of “detectors” goes to infinity of a product of matrices plucked from the 


gauge potential A (defined on the three dimensional space). Each detector takes 
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a matrix of the form (1 +72Adz) at a spatial point z. 


4A 
tana itn detector 


I like to think of each detector as a little codon with an “antenna” ae legs 
(yp ) for plugging into nearby codons. Put a collection of these together into 


a knot 


- eed 
and you have an element, ready to measure the field and form (K|A). The inter- 


connection is the product that computes the Wilson loop. 


Just so, it may be that the circularly closed loops of knotted and catenaned 
DNA are indeed Wilson loops — receivers of information from the enveloping bi- 
ological field. If this is so, then knot theory, quantum field theory and molecu- 
lar biology are fundamentally one scientific subject. Information is never carried 
only in a discrete mode. Why not regard DNA as the basic transceiver of the 
morphogenetic field? Each knotted form is a receptor for different sorts of field 


information, and the knots are an alphabet in the language of the field. 


If these ideas seem strange in the biological context, they are not at all unusual 
for physics. For example, Lee Smolin and Carlo Rovelli ({RS], [LS2]) have proposed 
a theory of quantum gravity in which knots represent (via Wilson loop integration) 


a basis of quantum mechanical states in the theory. 


Nevertheless, we should pursue the metaphor within the biological context. In 
this context I take a morphogenetic field to be a field composed of physical fields, 
but also fields of form and recursion. A simple example will help to elucidate this 
point of view. Consider John H. Conway’s cellular automaton the “Game of Life”. 
This is a two dimensional automaton that plays itself out on a rectangular lattice 
of arbitrary size. Squares in the lattice are either marked i= or unmarked =H 


The rules of evolution are: 
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1. ij —[_ | at less than two neighbors. 
2. 9 — [_| at more than three neighbors. 
3. [ ]— [at exactly three neighbors. 


The rules are applied simultaneously on the board at each time step. As a result, 


very simple initial configurations such as 


have long and complex lifetimes. At each step in the process a given square is 
(with its neighbor configuration) a detector of the morphogenetic field that is the 
rule structure for the automaton. The field is present everywhere on the board, it 
is a field of form, a non-numerical field. The particular local shapes on the board 
govern the evolutionary possibilities inherent in the field. 

Another example arises naturally in Cymatics [JEN]. In Cymatics one studies 
the forms produced in materials under the influence of vibration - such as the 
nodal patterns of sand on a vibrating plate, or the form of a liquid surface under 
vibration. To an observer, the system appears to decompose into an organism 
of correlated parts, but these parts are all parts only to that observer, and are 
in reality, orchestrated into the whole through the vibratory field. Each apparent 
part is (to the extent that “it” is seen as a part) a locus of reception for information 
from the field, and a participant in the field of form and local influence generated 
in the material through the vibration. 

One more example will help. This is the instantiation of autopoesis as de- 
scribed by Varela, Maturana and Uribe in [VMU]. Here one has a cellular space 
occupied by codons, 0, marked codons, [o}, and catalysts, +. The marked codons 


can interlink: ore ees | Se 1 a) .. . The catalyst facilitates marking via 


the combination of two codons to a marked codon: 0 0 * — [o] . Marked codons 


[o] 00 


may spontaneously decay 
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or lose or gain their linkages. Codons can pass through linkage walls: 


0 0 
0 {oj — jo] 0 
0 0 
: 0 
@ 
: 


but catalysts can not pass through a linkage. 
With these rules, the system is subjected to random perturbations in a soup 
of codons, marked codons and catalysts. Once closed, loops of marked codons 


enclosing a catalyst evolve they tend to maintain a stable form 


since the catalyst encourages the restoration of breaks in the loop, and has diff- 
culty in escaping since it cannot cross the boundary that the loop creates. 

In this example, we see in a microcosm how the cell may maintain its own 
structure through a sequence of productions that involve the very parts out of 
which it is constructed. The closing of the loop is essential for the maintenance 
of the form. It is through the closure of the loop that the cell has stability and 
hence a value in the system. The sensitivity of the closed loop is that of a unity 
that maintains its own form. 

These examples give context to the possibility that there really is a deep 
relationship between the Jones polynomial — seen as a functional integral for topo- 
logical quantum field theory in SU(2) gauge — and the role of knotted DNA in 
molecular biology. SU(2) can be related to local rotational structures (compare 


[BAT]) for bodies in three dimensional space (as we have discussed in relation to 
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the Dirac string trick) and hence there is the possibility of interpreting the Wilson 
loop in geometric terms that relate directly to biology. This is an idea for an idea. 

To make one foray towards a concrete instantiation of this idea, consider 
the gauge theory of deformable bodies as described in [WIL]. Here one wants to 
determine the net rotation that results when a deformable body goes through a 
given sequence of unoriented shapes, in the absence of external forces. That is, 
given a path in the space of unlocated shapes (This is what a swimmer, falling 
cat or moving cell has under its control.), what is the corresponding path in the 
configuration space of located shapes? How does it actually move? In order to 
make axial comparisons between the unlocated and located shapes we have to give 
each unlocated shape a standard orientation, and then assign elements of SO(3) 
relating the actual path to the abstract path. This ends up in a formulation that 
is precisely an SO(3) gauge theory. For a given sequence of standard shapes So(t), 
one wants a corresponding sequence of oriented shapes S(t) that correspond to the 


real path of motion. These two paths are related by an equation 
S(t) = R(t)So(t) 


where R(t) is a path in SO(3). Computing R(t) infinitesimally corresponds to 
solving the equation 


<* = R()A(t) (4 . RS), 


Once A is known, the full rotation R(t) can be expressed as a path ordered expo- 


i ( / A(t)dt), 


to 


nential 


Wilczek defines a gauge potential over the space of unlocated shapes Sp (also 
denoted by A) via 
Ag,[So(t)] = A(t). 


That is, A is defined on the tangent space to So - it is a vector field with a 
component for every direction in shape space - and takes values in the Lie algebra 
of SO(3). As usual, the curvature tensor (or field strength) 

OA; OA; 


Fj; = a Bag * ivAil 
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(w; are a basis of tangent vectors to Sp) determines the rotations due to infinites- 
imal deformations of So. 

In specific cases, the gauge potential can be determined from physical assump- 
tions about the system in question, and the relevant conservation laws. I have 
described this view of gauge theories for deformable bodies because it shows how 
close the formalisms of gauge theory, Wilson loops, and path ordered integration 
are to actual descriptions of the movement of animals, cells and their constituents. 
We can move to SU(2) gauge by keeping track of orientation-entanglement rela- 
tions (as in the Dirac string trick), and averages over Wilson loop evaluations then 
become natural for describing the statistics of motions. This delineates a broad 


context for gauge field theory in relation to molecular biology. 


501 


16°. Knots in Dynamical Systems — The Lorenz Attractor. 
The illustration on the cover of this book indicates a Lorenz knot; that is, it 
represents a periodic orbit in the system of ordinary differential equations in three 


dimensional space discovered by Lorenz [LOR]. This system is, quite specifically, 


X'=0(Y -X) 
Y'=X(r=Z)=¥ 
Z'’=XY-0bZ 


where o, r and 6 are constants. (Lorenz used o = 10, b = 8/3 and r = 28.) The 
constant r is called the Reynolds number of the Lorenz system. 

The Lorenz system is the most well-known example of a so-called chaotic 
dynamical system. It is extremely sensitive to initial conditions, and for low 
Reynolds number any periodic orbits (if they indeed exist) are unstable. Thus a 
generic orbit of the system wanders unpredictably, weaving its way back and forth 
between two unstable attracting centers. The overall shape of this orbit is stable 
and this set is often called the Lorenz attractor. Thus one may speak of orbits in 
the Lorenz attractor. 

A qualitative analysis of the dynamics of the Lorenz attractor by Birman and 
Williams {B3] shows that periodic orbits (in fact orbits generally) should lie on 
a singular surface that these authors dub the “knot holder”. See Figure 16.2 for 
the general aspect of the Lorenz attractor - as a stereo pair, and Figure 16.1 for a 


picture of the knot holder. 


Knot Holder 
Figure 16.1 
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Lorenz Attractor 
Figure 16.2 


The knot-holder can be regarded as the result of gluing part of the boundary 


of an annulus to a line joining the inner and outer boundaries as shown below: 


fo 
Bias tc b om 
Seal 


In Figure 16.1, we have indicated two basic circulations - z and y. The label 
x denotes a journey around the left-hand hole in the knot-holder, while y denotes 
a journey around the right-hand hole. Starting from the singular line, x connotes 
a journey on the upper sheet, while y will move on the lower sheet. If a point is 
told to perform z starting on the singular line, it will return to that line, and at 
first turn can return anywhere on the line. 

According to the analysis of Birman and Williams, the orbit of a point in 
the Lorenz attractor is modeled by an infinite sequence of letters x and y. Thus 


ry ry cy zy... denotes the simple periodic orbit shown below. 
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# 
4 


Vo 


sone 


w= £Y £y oy Sy... 


Already, many features of the general situation are apparent here. Note that this 
orbit intersects the singular line in points p and g and that from p the description 
is yr yx yx... . Thus we can write 

Wp = Ty Ty TY... 

Wg = Yr yr yz... 
Note that the list wy, wg is in lexicographic order if we take x < y and that p< q 
in the usual ordering of the unit interval homeomorphic with the singular line. 


Are there any other orbits with this description ry ry ry...? Consider the 


experiment of doing z and then returning to a point gq < p: 


It is then not possible to perform y, since this would force the orbit to cross 


itself transversely (contradicting the well-definedness of the Lorenz vector field). 
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Therefore for g < p, we see that 


Wp = T2I* 
Wg = r* 
and wy < wy. If wp = wy then wp = wy = rrrz... — an infinite spiraling orbit - 


not realistic for the Lorenz system at r = 28, but possible in this combinatorics. 


Otherwise, we find (e.g.) 


Wp = TITTY... 


Wg = Trry... 


and Wp < wg. Incidentally, we shall usually regard zzz... as a simple periodic 
orbit encircling the left hole in the knot-holder. 


Now, suppose we want a periodic orbit of the form 


w = (ryryy)(ryzyy)(zyzyy)... - 


Then this will cross the singular line in five points and these points will have 


descriptions corresponding to the five cyclic permutations of the word ryzryy: 
l. ryzyy : Wy = Tyryy ryryy... 
4. yryyr : Wa = yryyr yryyz... 
2. cyyry : We = ryyry ryyry... 
5. yyryr : ws = yyryr yyryz... 
3. yryry : w3 = yryzy yryzry... 


I have listed in order the cyclic permutations of ryryy and labelled each word 
with the integers 1,2,3,4,5 to indicate the lexicographic order of the words. The 
orbit must then pass through points p, p2,p3,p4,Ps on the singular line of the 
knot-holder so that w; is the orbit description starting from p;. We need (as 


discussed above for the simplest example) that pi < po < p3 < pa < Ps since, in 
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lexicographic order, wi < w2 < w3 < wa < ws. See Figure 16.3 for the drawing 
on the knot-holder. 


(GS) ~ D~Y 


Figure 16.3 


These considerations give rise to a simple algorithm for drawing a Lorenz knot 


corresponding to any non-periodic word in z and y. 


1) Write an ordered list of the cyclic permutations of the word, by successively 


transferring the first letter to the end of the word. 
2) Label the words in the list according to their lexicographic order. 


3) Place the same labels in numerical order on the singular line of the knot- 


holder. 


4. Starting at the top of the list, connect p; to p; by z or y — whichever is the 
first letter of the word labelled 1 where words 7 and 7 are successive words on 
the list. 


We have done exactly this algorithm to form the knot in Figure 16.3 corresponding 
to (ry)*y. Note, as shown in this figure, that (zy)?y is indeed knotted. It is a 


trefoil knot. 


Now we can apply the algorithm to the knot on the cover of the book. It is 


shown as a stereo pair in Figure 16.4. 


Figure 16.4 


This knot is a computer generated Lorenz knot obtained by myself and Ivan Han- 
dler. Our method is accidental search. The knot is a periodic orbit for our 
computer at r = 60, o = 10, b = 8.3, This is not a reproducible result! For a 
good discussion of the use of a generalization of Newton’s method for the produc- 
tion of computer independent Lorenz knots, see [CUR]. Also, [JACK] has a good 
discussion of the generation of knots at high Reynolds number (say r ~ 200). In 
this range, one gets stable unknotted periodic orbits; and, as the Reynolds number 
is decreased, these bifurcate in a period-doubling cascade of stable - but hard to 
observe - knots. 7 

Anyway, getting back to our knot in Figure 16.4, we see easily that it has the 


word z?yry* zy. 


Exercise 16.1. Apply the Lorenz knot algorithm to the word zr*yry*ry, and 
show that the corresponding knot is a torus knot of type (3, 4). 
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Exercise 16.2. Draw an infinite orbit on the knot-holder with word 


w= ryrzyyryyyr... . Figure 16.5 shows the first few turns. 


ryry ry zy’... 


Figure 16.5 


Remark. In regard to finite and infinite words, it is interesting to note that there 
is a correspondence between the lexicographic order of the partial trips on the 
knot-holder and the representations of numbers in the extended number system 
of John H. Conway [CON2]. To see this relationship, I use the representation of 
Conway numbers due to Martin Kruskal. For Kruskal, a Conway number is an 
ordinal sequence of z’s and y’s. Think of z as left and y as right. Then any word 


in z and y gives a sequence of “numbers” where 


0 «» @ the empty word 
+1 «» y 
+2 «>» yy 
—l1 «» x 
—2 «» ee 
-1 «» am 
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In general, z is taken as an instruction to step back midway between the last two 
created numbers, and y as an instruction to step forward. We always have that 


w <7 on the Conway line if w precedes 7 lexicographically. 


Universal 


Oxicoagraphic 


Order 


Example 16.1. 
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Example 16.2. ryyyyy... (This is a number infinitely close to zero.) 


ae 
O—+ + ——_———_O 
~ aga 
CU 4,°*° 


In general, given any infinite word w = e)e2¢3e€4... where e; = x or y we get an 


infinite sequence of Conway numbers: 
Wy, = €1€2€3€4... 
W2 = €2€3€4... 


W3 = €3€4€5..-. 


embedded in the Conway Interval JZ 


OE ay I FH o tA 


Define the Extended Lorenz Holder to be S! x J ~ where S' is a Conway 
circle, and ~ connotes the identification of the Conway annulus S' x JZ to form 
the singular line. Then for each w, the points w,w2,w3,... give the symbolic 


dynamics for a non-self intersecting orbit on the extended Lorenz Holder. 
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CODA. 
In the beginning was the word. 
The word became self-referential /periodic. 
In the sorting of its lexicographic orders, 
The word became topology, geometry and 
The dynamics of forms; 
Thus were chaos and order 
Brought forth together 
From the void. 


“That from which creation came into being, 
Whether it had held it together or it had not 
He who watches in the highest heaven 

He alone knows, unless... 


He does not know.” 


(Stanza 7 of The Hymn of Creation, RG VEDA 10.129 [DN}). 
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